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In classical mechanics, there are two objectivities: 1- The covariant objectivity concerns the universal 
laws of physics required to be observer independent (true in any reference frame); This is a main topic in 
this manuscript. 2- The isometric objectivity concerns the constitutive laws of materials once expressed 
in a reference frame. 

Covariant objectivity in continuum mechanics follows Maxwell’s requirements, cf. [13] page 1: “2. (...) 
The formula at which we arrive must be such that a person of any nation, by substituting for the different 
symbols the numerical value of the quantities as measured by his own national units, would arrive at 
a true result. (...) 10. (...) The introduction of coordinate axes into geometry by Des Cartes was one 
of the greatest steps in mathematical progress, for it reduced the methods of geometry to calculations 
performed on numerical quantities. The position of a point is made to depend on the length of three lines 
which are always drawn in determinate directions (...) But for many purposes in physical reasoning, as 
distinguished from calculation, it is desirable to avoid explicitly introducing the Cartesian coordinates, 
and to fix the mind at once on a point of space instead of its three coordinates, and on the magnitude 
and direction of a force instead of its three components. This mode of contemplating geometrical and 
physical quantities is more primitive and more natural than the other,...” 

And see the (short) historical note given in the introduction of Abraham and Marsden book “Foun- 
dations of Mechanics” [1], about qualitative versus quantitative theory: “Mechanics begins with a long 
tradition of qualitative investigation culminating with KEPLER and GALILEO. Following this is the period 
of quantitative theory (1687-1889) characterized by concomitant developments in mechanics, mathemat- 
ics, and the philosophy of science that are epitomized by the works of NEWTON, EULER, LAGRANGE, 
LAPLACE, HAMILTON, and JACOBI. (...) For celestial mechanics (...) resolution we owe to the genius of 
POINCARE, who resurrected the qualitative point of view (...) One advantage (...) is that by suppressing 
unnecessary coordinates the full generality of the theory becomes evident.” 

After having defined motions, Eulerian and Lagrangian variables and functions, we give the definition 
of the deformation gradient as a function. We then obtain a simple understanding of the Lie derivatives 
of vector fields which meet the needs of engineers. Then we get the velocity addition formula and verify 
that the Lie derivatives are objective. Note that Cauchy would certainly have used the Lie derivatives if 
they had existed during his lifetime: To get a stress, Cauchy had to compare two vectors, whereas one 
vector is enough when using the derivatives of Lie. 

We systematically start with qualitive definitions (observer independent), before quantifying with 
bases and/or Euclidean dot products (observer dependent). A fairly long appendix tries to give in one 
manuscript the definitions, properties and interpretations, usually scattered across several books (and 
not always that easy to find). 
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A quantity f being given then: g defined by « g equals f » is noted g := f. 


Part I 
Motions, Eulerian and Lagrangian 
descriptions, flows 


1 Motions 


The framework is classical mechanics, time being decoupled from space. R? is the classical geometric 
affine space (the space we live in), and (R3, +, .) = {pg : p,q € R3} =noted R3 is the associated vector 
space of bipoint vectors equipped with its usual rules. We also consider R and R? as subspaces of R°, i.e. 
we consider R” and R”, n = 1,2,3. 


1.1 Referential 


Origin: An observer chooses an origin O € R”; Thus a point p € R® can be located by the observer 
thanks to the bipoint vector Op = # € R"; Hence p= O + 2, and % = Op =noted » _ Q. 
Another observer chooses an origin O € R”; Thus the point p can also be located by this observer 


with the bipoint vector Op = EE R”; Sop=O+2%=0 +i, and Z=O0+2. 


Cartesian coordinate system: A Cartesian coordinate system in the affine space R” is a set Roart = 


Thus the location of a point p € R” can quantified by the observer 47 € R” s.t. 


n Ty 
p=O+8 with f=) x, ie. [Ope=[ae=| : |, (1.1) 
t=1 


In 


= AP? : é fhe A? — fo 
[t]|e¢ = [Op||e being the column matrix containing the components x; € R of Op = @ in the basis (€). 
n make the Cartesian coordinate 


pene 


system Reart,b = (Os, (Bit. 3 and gets for the same position p in R”, 


n oe Y1 
+ : ~ ue 2 a WEA ‘ 
p=O+9 with G=> 9b, ie (Odle=We= | = |. (1.2) 


i=l 
a Yn 


his = Ovls being the column matrix containing the components y; € R of Op = 7 in the basis (6;). 


- B45 ie GH Be) ha ik : Pe 5 . 
And Opp = O,0 + Op, i.e. 7 = OO + Z, gives the relation between Z and # (drawing). 


Chronology: A chronology (or temporal coordinate system) is a set Rime = (to, (At)) chosen by an 
observer, where to € R is the time origin, and (At) is the time unit (a basis in R). 


Referentiel: A referential R is the set 
R = (Rtime, Reart) = (to, (At), O, (€)i=1,....2n) = (“chronologie”,“Cartesian coordinate system”), (1.3) 


made of a chronology and a Cartesian coordinate system, chosen by an observer. 


In the following, to simplify the writings, the same implicit chronology is used by all observers, and 
a referential R = (Rime, Rcart) will simply be noted as the reference frame R = (O, (€;)) (so := Reart)- 
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1.2 Einstein’s convention (duality notation) 


Starting point: The classical notation x; for the components of a vector Z relative to a basis, cf. (1.1). 


Then the duality notion is introduced: x, ="°t®¢ x? (enables to see the difference between a vector and a 


function when using components). So 


n n Ty x 

#= Sng = Siste , and [ae] : || : |. (1.4) 
i=1 w=1 r gn 
—SsS_—’” —sS a n 


classic not. duality not. 


The duality notation is part of the Einstein’s convention; Moreover Einstein’s convention uses the notation 
yr" ate, noted gig, i.e. the sum sign $7"_, can be omitted when an index (i here) is used twice, once 
up and once down, details at § A.4. However this omission of the sum sign )> will not be made in this 
manuscript (to avoid ambiguities): The TmX-EATpX program makes it easy to print 7)"_,. 


Example 1.1 The height of a child is represented on a wall by a vertical bipoint vector Z starting from 
the ground up to a pencil line. Question: What is the size of the child ? 

Answer: It depends... on the observer (quantitative value = subjective result). E.g., an English 
observer chooses a vertical basis vector @, which length is one English foot (ft). So he writes ¢ = x1d1, 
and for him the size of the child (size of #) is x; in foot. E.g. x; = 4 means the child is 4 ft tall. A 
French observer chooses a vertical basis vector by which length is one metre (m). So he writes ¢ = yibi, 
and for him the size of the child (size of #) is yt metre. E.g., if x; = 4 then y,; ~ 1.22, since 1 ft := 
0.3048 m: The child is both 4 and 1.22 tall... in foot or metre. This quantification is written x = 4 ft 
= 1.22 m, where ft means @, and m means by here. NB: The qualitative vector x is the same vector for 
all observers, not the quantitative values 4 or 1.22 (depends on a choice of a unit of measurement). 

With duality notation: = x!@, = y1bj, so if x1 =4 then y! ~ 1.22. wa 


This manuscript insists on covariant objectivity; Thus an English engineer (and his foot) and a French 
engineer (and his metre) will be able to work together ... and be able to avoid crashes like that of the Mars 
Climate Orbiter probe, see remark A.14. And they will be able to use the results of Galileo, Descartes, 
Newton, Euler... who used their own unit of length, and knew nothing about the metre defined in 
1793 and adopted in 1799 in France (after 6 years of measurements), and considered by the scientific 
community at the end of the ninetieth century... and couldn’t explicitly use the “Euclidean dot products” 
either (which seems to have been defined mathematically by Grassmann around 1844). 


1.3 Motion of an object 


Let Obj be a “real object”, or “material object”, made of particles (e.g., the Moon: Exists independently 
of an observer). Let t),t2 € R, ty < te. 


Definition 1.2 The motion of Obj in R” is the map 
[t1, te] x Obj — R” 


®: (; Pov) => p= ®(t, Pow) a (1.5) 
oe — 
particle its position at t in the Universe 


And t is the time variable, p is the space variable, and (t,p) € R x R®” is the time-space variable. And 
® is supposed to be C? in time. 


With an origin O (observer dependent), the motion can be described with the bi-point vector 


= oted = 


, Axa Dp. _ A noted > 
= O(t, Poy) = Op =" l(t, Poy). (1.6) 


But then, two observers with different origins O and O, have different description of the motion. There- 
fore, in the following we won’t use ¢. Then (quantification) with a Cartesian basis (é;) to make a 
referential R, we get (1.1). 


1.4 Virtual and real motion 


Definition 1.3 A virtual (or possible) motion of Obj is a function ® “regular enough for the calculations 
to be meaningful”. Among all the virtual motions, the observed motion is called the real motion. 
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1.5 Hypotheses (Newton and Einstein) 


Hypotheses of Newtonian mechanics (Galileo relativity) and general relativity (Einstein): 
1- You can describe a phenomenon only at the actual time ¢ and from the location p you are at (you 
have no gift of ubiquity in time or space); 
2- You don’t know the future; 
3- You can use your memory, so use some past time tp and some past position p;,; 
4- You can use someone else memory (results of measurements) if you can communicate objectively. 


1.6 Configurations 
Obj — R” 


Fix t € [ti,t2], and define ®,: ee = 
Pov > p= D: (Por) = O(t, Pow): 


Definition 1.4 The “configuration at t” of Obj is the range (or image) of ®;, i.e. is the subset of R” 
(affine space) defined by 


% := {p ER”: APoy € Obj st. p = B,(Poy)} M24 G,( Oj) "4 Im(G,). (1.7) 


If t is the actual time then Q, is the actual (or current or Eulerian) configuration. 
If to is a time in the past then 2;, is the past (or initial or Lagrangian) configuration. 


Hypothesis: At any time t, Q; is supposed to be a “smooth domain” in R”, and the map ®, is assumed 
to be one-to-one (= injective): Obj does not crash onto itself. 

1.7 Definition of the Eulerian and Lagrangian variables 

e If t is the actual time, then p; = ; (Por) € MQ; is called the Eulerian variable relative to Poy and t. 


e If to is a time in the past, then p,, = 1, (Pow) € Qe is called the Lagrangian variable relative to Pow 
and tg. (A Lagrangian variable is a “past Eulerian variable”). (Two observers with two different origin of 
time tp and to’ get two different Lagrangian variable while they have the same Eulerian variable.) 


1.8 Trajectories 
Let ® be a motion of Obj, cf. (1.5), and Pow € Obj (a particle in Obj = e.g. the Moon). 


Definition 1.5 The (parametric) trajectory of Poy; is the function 


is = 1.8 
t ++ p(t) = ®p,,(t) = ®(t, Poy) (position of Poy at t in the Universe). oe 


Its geometric trajectory is the range (image) of Bn, Le. 


geometric trajectory of Poy := {q € R” : St € [t1, te] s.t. q= bn, (t)} = Im(®p,, ) = Bn, ({t1, t2]). (1.9) 


1.9 Pointed vector, tangent space, fiber, vector field, bundle 


(See e.g. Abraham—Marsden [1].) To deal with surfaces S in R3, e.g. with S = a sphere (and more 
generally with manifolds in R”), a vector cannot simply be a “bi-point vector connecting two points of S” 
(would get “through the surface”). A vector is defined to be tangent to S: Consider a “regular” curve 
c:8 €] —€,e|> c(s) € S where S is a surface in an affine space, and the vector tangent to S at c(0) is 
B(c(0)) = limp_+o oth) (0) (it is defined with a parametrization of c in a general manifold); Considering 
all the possible curves, we get “all possible vectors on S”. 


Notation: 
T,S := {tangent vectors W, at S at p} = The tangent space at p € S. (1.10) 


E.g., if S is a sphere in R® and p € S, then 7,,S is its usual tangent plane at p at S. 
E.g., particular case: If S = Q is an open set in R”, then T,,S = T,Q = R” is independent of p. 


13 


14 2.1. The set of configurations 


Definition 1.6 
The fiber at p:={p} x T,S={ (p,wp) €{p} x TS}, (1.11) 
Kj’ 


pointed vector 


i.e., the fiber at p is the set of “pointed vectors at p”, a pointed vector being the couple (p, w,) made of 
the “base point” p and the vector w, defined at. p. 

Drawing: A vector in R” can be drawn anywhere in R”; While a “pointed vectors at p” has to be 
drawn at the point p in R”. 

If the context is clear, a pointed vector is simply noted w(p) ="°t®4 w(p) (lighten the writing). 


Particular case: If S = Q is an open set in R”, then the fiber at p is T,Q = {p} x R”. 


Definition 1.7 
The tangent bundle T'S := U ({p} x 7,8), (1.12) 
pes 


that is, is the union of the fibers. 
Definition 1.8 A vector field w in S is a C® function (or at least CO? in the following) 
~ [8S TS 
w: i” 7 (1.13) 
p — O(p) = (p, 6(p)). 


If the context is clear, a vector field is simply noted Bp —noted GF (lighten the writing). 


2 Eulerian description (spatial description at actual time 1) 


2.1 The set of configurations 


Let © be a motion of Obj, cf. (1.5), and Q; = ©;(Obj) C R” be the configuration at: t, cf. (1.7). The set 
of configurations is the subset C C R x R” (the “time-space”) defined by 


C 


ij 


U ({t} x Q,) (= set in which you find particles in “time-space”) 
t€[t1 ,t2] (2.1) 


{(t, p) ERXR": A(t, Poy) € [t1, ta] x Obj, p= H(t, Pow) }, 


Question: Why don’t we simply use Uy <1, 1.) % instead of Ce setts to] Cth x Qe)? 

Answer: C gives the film of the life of Obj = the succession of the photos Q; taken at each t; And Q; 
is obtained from C thanks to the pause feature at t. Whereas se jts to] Q, C R” is the superposition of 
all the photos on the image Use jt to] Qy... and we don’t distinguish the past from the present. 


2.2 Eulerian variables and functions 


Definition 2.1 In short: A Eulerian function relative to Obj is a function, with m € N*, 


ful - C —+R™ (or more generally a suitable set of tensors) (2.2) 


tp) — Eul(t,p), 


the spatial variable p being the Eulerian variable. 
In details: A function Eul being given as in (2.2), the associated Eulerian function Eul is the function 


Ae C +C xR” (or Cx some suitable set. of tensors) 
Eul : | (2.3) 


t,p) > Eul(t, p) = ((t, p), Eul(t, p)) = (time-space position , value), 
and is called “a field of functions”. So Eul(t, p) is the “pointed Eul(t,p)” at (t,p) (in time-space). 
So, the range Im(€ul) = €ul(C) of an Eulerian function &ul is the graph of €ul. (Recall: The graph of 


a function f:«2¢€ A-— f(x) € B is the subset {(x, f(x)) € Ax B} C Ax B: gives the “drawing of f”). 
If there is no ambiguity, Eul ="°t4 €ul for short. 
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15 2.3. Eulerian velocity (spatial velocity) and speed 


— Qs —> OQ, x R” 
At t, the Eulerian vector field at t is Eul; : =e 
p — Eul;(p) := (p, Eul;(p)) = (position , value). 


Example 2.2 &ul(t,p) = 0(t,p) € R = temperature of the particle Poy which is at t at p = H(t, Pow); 


Example 2.3 ul(t,p) = tit, p) € R” = force applied on the particle Pov; which is at t at p. "s 
Example 2.4 €ul(t,p) = dii(t,p) € C(R” : R”) = the differential at t at p of a Eulerian function @. 


Question: Why introduce Eul? Isn't Eul sufficient? 

Answer: The “pointed value” Eul(t, p) = ((t, p), Eul((t, p))) is drawn on the graph of Eul. 

E.g., at t at p the velocity vector U(t,p) € 3 can be drawn anywhere, while the “pointed vector” 
O(t, p) = ((t,p); 0(t, p)) is v(t, p) drawn at t at p (and @ is called the velocity field). 

Moreover (2.3) emphasizes the difference between a Eulerian vector field and a Lagrangian vector 
function, see (3.14). 


Remark 2.5 E.g., the initial framework of Cauchy for his description of forces is Eulerian: The Cauchy 
stress vector t = g.n is considered at the actual time ¢ at a point p € 0. (It is not Lagrangian.) os 
2.3 Eulerian velocity (spatial velocity) and speed 


Definition 2.6 In short: Consider a particle Poy and its (regular) trajectory On, :t > p(t) = Dn, (t), 
cf. (1.8). Its Eulerian velocity at t at p(t) = Dp, (t) is 


U(t, p(t)) = Gp, ‘(t) gas = (t, Poy’), when p(t) = Op, (t), (2.4) 


ie., U(t, p(t)) is the tangent vector at t at p(t) = Dn, (t) to the trajectory ®p,,- This defines the vector 
C +R" 


field (in short) v: 7 
(t, pe) — v(t, pe) 


C >CxR™ 
t,p) + U(t,p) = ((t,p), H(t, p)) 


In details: cf. (2.3), the Eulerian velocity is the function CG: {, 


(pointed vector) where U(t,p) is given by (2.4). 


Remark 2.7 try (t) = v(t, ®n,, (t)), with p(t) = Bn, (t), is often written 


dp di dz 


a = v(t, p(t)), or aH) 7 v(t, z(t), or dt = u(t, £), (2.5) 
the two last notations when an origin O is chosen and z(t) = Op( (t). Such an equation is the pro- 
totype of an ODE (ordinary differential equation) solved the Cauchy-—Lipschitz theorem, see § 5. 
(A Lagrangian velocity does not produce an ODE, see (3.21).) wa 


Definition 2.8 If an observer chooses a Euclidean dot product (-,-), (e.g. foot or metre built), the 
associated norm being ||.||,, then the length ||v(t, p)||g is the speed (or scalar velocity) of Poy (e.g. in 
ft/s or in m/s). And the context must remove the ambiguities: the “velocity” is either the vector velocity 
u(t, p) = ®p,,'(t) or the speed (the scalar velocity) ||@(t, p)||9- 


Exercice 2.9 Euclidean dot product (-,-),, €(t) = Op(t), T = -or and f(t) = ||@’(t)||, (speed). 
Prove : ¥ (t) = GIO, FO), =noted a" . T(t) (= ee acceleration). 

Answer. 2-D and Euclidean basis: Z(t) = Gy gives f(t) = (a(t)? + y'(t)?)2, thus f’(t) = 
He" neyvow'@ _ Hse" Idem in nD. = 


He’ CyTI 


2.4 Spatial derivative of the Eulerian velocity 


Q, 3 R@ 


t € [t,t] is fixed, ul is a given Eulerian function, and Eul; : is Cl. 
p — Eul;y(p) := Eul(t, p) 
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16 2.4. Spatial derivative of the Eulerian velocity 


2.4.1 Definition 


Recall: If Q is an open set in R” and if f : Q — R is differentiable at p, then its differential at p is the 
linear form df(p) € £(IR";R) (linear map with real values) defined by, for all 7 € R” (vector at p), 


ha) — 
FC peg ace it AC (2.6) 
h—0 h 
This expression is the same for all observers (English, French...: There is no inner dot product here). 


Definition 2.10 The space derivative of Eul at (t,p) is the differential dEul, at p, ie., for all ¢ € [t, ta], 
all p € Q; and all w, € IR? (vector at p), 


aah es _ ,.  Eul(t,pthw,) — Eul(t,p) | noted OEul 3 
(d&ul;(p).W, =) | d€ul(t,p).wy = jim h Sap (t, p).Wp. (2.7) 


In Q; (the photo at t), d€ul(t,p).w, gives the rate of variations of Eul; at p in the direction Wy. 
E.g., at t, the space derivative dv of the Eulerian velocity field is defined by 


h 


du(t, p).Wp = iim = dv; (p).wp). (2.8) 


Remark 2.11 In differential geometry, (2.6) is also written a(f)(p) = 4 f(pt+ht)|,~0; Don’t use this 
notation if you are not at ease with differential geometry (where a vector is defined to be a derivation, 
so ti[f] is the derivation of f by wt). ws 
2.4.2 The convective derivative dful.v 


Definition 2.12 If @ is the Eulerian velocity field, then d€ul.v is called the convective derivative of Eul. 


2.4.3 Quantification in a basis: df.vi is written (ii.grad) f 


Quantification: Let f :p €R” > f(p) € R be C?. Let (&) be a basis in R”. Let (usual definition) 


Of 
Ox; 


(p) = df(p).& and [df(r)je= (gh (pv) -- gh (p)) (line matrix). (2.9) 


(Recall: The matrix which represents a linear form is a line matrix.) And [df(p)]\¢ is the Jacobian matrix 
of f at p relative to (€;). So, with @= )°"_, uié; a vector at p, and with the usual matrix multiplication 
rule, we have 


af). = laf WVhelje = SF (py = rush)" (Werea)je Fl), (2.10) 


w=1 t=1 


where (@.grad)). : C1(Q;R) + C°(Q;R) is the differential operator defined relative to a basis (&;) by 


(i.grad) lef = 5 as (2.11) 


—noted > 


If the basis (€;) is unambiguously imposed, then (w.grad)), i.grad 


For vector valued functions f: Q-> R™, the above steps apply to the components of fin a basis (0;) 


in R™: Tf f = 2, fibi, ie. f(p) = 0, filp)bi, then 


m m n 0 : 5 
(i.grad)\e(f) =~ (dfi-ti)bi = S~ ((@-grad))- fi)bi 2S G Uj. Fa ; (2.12) 
w=1 


t=1 t=1j=1 
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17 2.5. Streamline (current line) 


2.4.4 Representation relative to a Euclidean dot product: grad f 


An observer chooses a distance unit (foot, metre...) and uses the associated Euclidean dot product (-,-)g. 
Let Q be an open set in R”, f € C1(Q;R) (scalar valued function), and p € Q. Then the (-,-),-Riesz 
representation vector of the differential form df(p) is called the gradient of f at p relative to (-,-)g, and 


named grad, f (p) € R”: It is defined by 
Vie R”, (grad, f(p),@), =df(p).i, written gradf +d = df.i, (2.13) 


the last notation iff a Euclidean dot product (-,-), is imposed to all observer (quite subjective: foot, 
metre ?). 

(The first order Taylor expansion f(p+hi) = f(p) + hdf(p).u + o(h) can therefore, after a choice of 
an Euclidean dot product, be written f(p+hi) = f(p) + herad, f(p) «, U + o(h).) 


Quantification: Let (é;) be a Cartesian basis in R”. Then (2.13) gives [df].[@] = [gradf]" .[g].[@], for all 
i € R? (more precisely [df]\2.[u]|e = [grad, fiz. [glje-[t]\2), thus (since [g]\¢ is symmetric) 


[grad f] = [g].[df]’ (column matrix). (2.14) 


Le., if gradf = 57"_,ai@ then a; = pee for all i. In particular, if (é;) is a (-,-)-orthonormal 
J 
basis then [grad f] = [df]*. 
With duality notations, grad f = )7j_, a’; and (2.14) gives a’ = S1"_ gi; 2: The Einstein convention 
is not satisfied (the index j is twice bottom), which is expected since the definition of grad, f depends on 


a subjective choice (unit of length). In comparison, df = S>;_, of dx’ satisfies the Einstein convention (a 


differential is objective). 


Mind the notations: The gradient grad, f =noted oradf depends on (., Nos 
(i.grad) f does not (only depends on a basis), cf. (2.11) (historical notations...) 


cf. (2.13)-(2.14), while 


2.4.5 Vector valued functions 


For vector valued functions f: Q-> Rm, the above steps apply to the components f; of f relative toa 
basis (b;) in R™... But, depending on the book you read: 

1- Ambiguous: d i. the differential of a is unfortunately also sometimes called the “gradient: matrix” 
(although no Euclidean dot product is required). 

2- Ambiguous: It could mean the differential... or the Jacobian matrix... or its transposed... because 
an orthonormal basis relative to an imposed Euclidean dot product is chosen (which one?) and then 
[grad f;] = [df;|7... And calculations confuses [.] and [.]°... 

3- Non ambiguous: In the objective framework of this manuscript, we will use the differential d f 
(objective) to begin with; And only after an explicit choice of bases (€;) for quantitative purposes, the 
Jacobian matrix, which is [df])z, will be used. 


Exercice 2.13 A Euclidean framework being chosen, prove: (v.grad)v = Lerad(||i|?) + rote A v. 


Answer. Euclidean basis (E:), Euclidean dot product (-,-)g =noted (-,-), associated norm ||.||g =noted ||.||. Thus 


, sy dos a 2 Ula? Ovi 
0 = WL wiki gives ||o|° = dv thus Dap = or Dan’ for any k = 1,2,3. And, the first component 


of rotd is (rot’), = —- — —, idem for (rot#) and (rott)3 (circular permutation). Thus (first component) 


Ovi Ov; Ju ( 
3 
0x3 Ox, Ox, Ox2 
Ov1 Ove Ov3 Ov1 0v3 Ov2 Ov1 = Ov1 Ov1 8u1 _a(p 
Ulony + U23aq, 1 UB U3 v3 V2 + Bay ¥2 = V1g2; + 23925 + U39>5 = (W-grad)vi. Idem for the 
other components. ar 


rotvAv)1 = v2, idem for rot@Av)> and (rot@A@)2. Thus (4 rad(||@]|2 +rotvAd), = 
28 


2.5 Streamline (current line) 


Fix t € R, and consider the photo Q; = ®, (Obj). Let p, € Q;, € > 0, and consider the spatial curve in 0, 


at p,; defined by: 
[ere : t (0) = (2.15) 
: S.t. =pt- . 
Cp, ig d= Cp, (s) Coe Pt 
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18 2.6. Material time derivative (dérivées particulaires) 


So s is a curvilinear spatial coordinate (dimension of a length), and the graph of cp, is drawn in the photo 
Q: at t. 


Definition 2.14 @: (t,p) — v(t, p) being the Eulerian velocity field of Obj, a streamline through a point 
pe € Q is a (parametric) spatial curve c,, solution of the differential equation 


dpe 
ds 


And Im(cp,) is the geometric associated streamline (C 9;). 


(s) = %(cp,(s)) with cp,(0) = pr. (2.16) 


NB: (2.16) cannot be confused with (2.5): In (2.5) the variable is the time variable t, while in (2.16) 
the variable is the space variable s. 


Usual notation: If an origin O is chosen at t by an observer and £(s) := Ocp,(s) , then (2.16) is written 


(5) = HCAs) with (0) = Op. (2.17) 


Moreover, with a Cartesian basis (€;)) chosen at t by the observer, with Z(s) = \"_,ai(s)é; we get 


=> 


d&(g) — S~"_, 41 (s)é, and (2.17) reads as the differential system of n equations in R” 


ds i=l ds 
Vi=1,...,7, a (s) = v;(t,21(s),...,2n(s)) with 2;(0) = (Opr); (2.18) 
(the n functions x; : s + x;(s) are the unknown). Also written 
ee (2.19) 
V1 Un 


which means: It is the differential system (2.18) of n equations and n unknowns which must be solved. 


(With duality notations, dx (g) = v'(t,1(s),...,2"(s)) and x'(0) = (Op;)! for all 2.) 


2.6 Material time derivative (dérivées particulaires) 
2.6.1 Usual definition 


Goal: To compute the variations of a Eulerian function €ul along the trajectory Bn, of a particle Foo; 
(e.g. the temperature of a particle along its trajectory). So consider the function gp, giving the values 
of Eul relative to a Poy along its trajectory: 


Po, (t) = Eul(t, p(t)) when p(t) := Gp, (t). (2.20) 


Definition 2.15 The Material time derivative of Eul at (t,p(t)) is gr,"(t) =noted Peul (t p(t)). 


Foy 


So: 
DéEul a ; —,. Eul(t+h,p(t+h)) — Eul(t, p(t)) 
pe (bP) = JP, (t) (= iim h 

Since gp, (t) == Eul(t, &p,, (t)) we get gr," (t) = 4 (t, p,, (t)) + déul(t, Op, (t)). Op, (t), thus, having 


hp, (t) = o(t, p(t)) (Eulerian velocity), 2& (t, p(t)) = 9! (¢, n(t)) + dEul(t, p(t)).e(t, p(t)): 


). (2.21) 


Dt 
DEul OEul 
= — 4+ d&ul.v). 2.22 
De ee) 
Exercice 2.16 Prove, if €ul is C?: 
DEul 0 Eul OEul _, Ow» — ae 
De = op +24 ay Ut ul 5p + CEG, 8) + dEul. 0.0 (2.23) 
Answer. 
D&ul DP, (26 + d&ul8) Bul eee 
DE De F'Poy, (t) BE + d( BE + d&ul.v).0 
_ PEul  O(dEul) _ av Oful © ee oe 
ae pe + déul. a, +d ae + d°Eul(U, 0) + d&ul.dv.v, 
and Eul C? gives s od=do 2 (Schwarz theorem), hence (2.23). os 
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19 2.6. Material time derivative (dérivées particulaires) 


Exercice 2.17 Prove, if €ul is C?, for any vector field w, 


D(dEul. OEul Ow Sos 
( Di =d At w+ déul. + dEul(v, @) + dEul.da.v. (2.24) 
Snewer Pe) 2 CRO) ae eg = one | aga i(d(aeu) a) ai: déubdaia Maa’ the 
Schwarz theorem gives O(deut) = d( 2") since ul € C?. Hence (2.24). os 
2.6.2 Remark: About notations 
d 
e The notation 4 (lowercase letters) concerns a function of one variable, e.g. oo (t) = gry,’ (6) = 
t+h))— t 
limp-+o ha VE tal) dl FFoy , 
e The notation Z concerns a function with more than one variable, e.g. dul (t, p) = 
li Eul(t+h,p)—Eul(t,p) , 
IM <30 2 —===p 


e The notation # (capital letters) concerns a Eulerian function differentiated along a motion, 
cf. (2.21). 
e Other notations, often practical but might be ambiguous if composed functions are considered: 


dEul(t,p(t)) _ DE&ul 
dt SDE 


dEul(t, p(t)) _ DEul 


t, p(t qe, _ et 
(t,p(t)), an an Ds 


(to, p(to)). (2.25) 


2.6.3 Definition bis: Time-space definition 


Consider a C+ time-space function f : (t,p) € R x R" > f(t,p) where t = time and p = space. 


Definition 2.18 The differential of f : (t,p) € R"*! — f(t, p) considered as a function on the Cartesian 
(time xspace) product R x R” is called the “total differential”, or “total derivative”, and is written Df 
(here time and space are of a different nature). 


So if p; = (t,p) € Rx R” and wy, = (wo, W) € RxR” (time xspace) then, by definition of a differential, 


f(p4 + hws) — f(p4) 


Df (p+)-B4 = lim i ; (2.26) 
i.e. 
Df(t,p)-(wo, i) == im Mesh pen) — ftp) (2.27) 
Thus 
DyYG ws oF t.p) dt + df(t,p). (2.28) 


Along a trajectory Bn, >t > p(t) = Bn, (t) with f = €ul a Eulerian function: Consider the 
time-space trajectory 


a [t1, te] —> Rx R” 
Un : s " (2.29) 
t > Vp, (t) = (Or, (4) (=, p@)). 
(So Im(¥p,,) = graph(®p,, ).) The tangent vector to this curve at t is 
Up,,'(t) = (1, Op,’ (t)) = (1, (t, p(t)) € R x R” (2.30) 
where U(t, p(t)) the Eulerian velocity at p, = (t, p(t)). And (2.20) reads 
GPa, (t) = (Eul o W py, )(t) = Eul(V py, (t)), (2.31) 
thus s s 
Poy (t) = DEul(U(t)).U ry, ‘(t)- (2.32) 


And we recover (2.22): g/p,, (t) = (7-28) 9&ul (¢, p(t)).1+ dEul(t, p(t)).a(t, p(t) =noted D&ul (¢ p(t)) : The ma- 


terial time derivative is the “total derivative’ D€ul along the time-space trajectory U Poy: 
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20 2.7. Eulerian acceleration 


2.6.4. The material time derivative is a derivation 


Proposition 2.19 All the functions are Eulerian and supposed C'. 
e Linearity: 
D(Euly + dEul2) = DEul, DEuly 


= : 2. 
Dt Dt Dt ey) 
e Product rules: If Eul,,€ulg are scalar valued functions then 
D(EulyEulo) _ re DEul2 
l 2.34 
Di Euly + Euly Di (2.34) 
And if W is a vector field and T a compatible tensor (so T. is meaningful) then 
D(T.we) DT Dw 
= w+ T. 4 23 
Di fi Ds ese) 
Proof. Let i = 1,2, and g; defined by g;(t) := Eul;(t, p(t)) where p(t) = Dry, (t). 
© (91 + Aga)! = 91 + Age gives (2.33). 
© On the one hand 24) — 20) 4 q(Tap).6 = ow + 7.28 + (dT). + T.(dd.@), and on the 
other hand 2? + T. Do = = (a0 + dT.0).0 + T.( 22 + db.0). Thus (2.34)-(2.35). os 


2.6.5 Commutativity issue 


The Schwarz theorem that, when €ul is C?, the derivatives 0&ul and d€ul commute. But 


ot 
Proposition 2.20 The material time ee aes Di ir - commute with the temporal derivation 2 
or with the spatial derivation d: We have 2 oe a) 42 Ge ) and d(2at) 4 Dieu) in general (because 
the variables t and p are not independent wot a trajectory). In facts: 
o( Bet) _ D(24) ae Ov gees _ D(déul) | aenae 
at Dt — "Ot od Dt Dt , (2.36) 
a a — O(dEul ; 
=o | ae | aéul. = | Eula + dul dd 
Pee oP a(S + déul.) — O() | OdEul 1g, 1, DE Schware a(S) oe ss atu oe 
a. an at lon me: at a” Bt ot’ 
thus (2.36). 
DEul OEul O(dEul 
ar = d( = t + d&ul.8) = oe) + d(dEul).6 + d&ul.dv, thus (2.36)2. 
ae) p(s Déul, _, D(déul 
So Be ) x ei ) and d( ar \F# sae in general. "a 
Exercice 2.21 Prove (2.36) with components. 
ty dEul AEul yi ; F 
Answer. (é;) is a Cartesian pee é “BE = Peon: a ope a fh a Eul ae Beil oe = a Eul 
? Eu v D(2 oe ) ? Eu I a E as =e ? Eu I 2 &u a 
b2e aaa "+ déul. 3 emu Bt =e peer Zz - = a" ' 'S, Bias a 
And d( 2a) =>, 0 Rg ae ae o*oE fe aes aati v4) wi = S, ete wi S. & oe viws S. eu! Oe w _— 
a xd 9 xed J xed wy xt Ox np gee ee 
yo, Solw + a Eul(G, wD) + déul.dded. And PE) yg = (24D 4 g(déul).d)6 = ©) ag + ees = 
yo, SH wi + PEul(v, 2). Thus d( 28!) a = D(a) 8 + dEul.dé.@ for all w. a 


2.7 Eulerian acceleration 
Definition 2.22 In short: If Dn, is C?, then the Eulerian acceleration of the particle Pou which is at t 
at py = ®(t, Poy) is 

> os " noted oF ® 

Ft Pr) = Gry" (t) "TS Ut, Fou). (2.37) 


In details: as in (2.3), the Eulerian acceleration (vector) field 7 is defined with (2.37) by 


T(t, pe) = ((t, pe), V(t, pt) EC x R” (pointed vector). (2.38) 
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21 2.8. Time Taylor expansion of ® 


Proposition 2.23 


, Dv Ov ies 
2 Dt Bt + dv. |. (2.39) 
And if @ is C? then adv) Dido) 
+ — Ms 20.0 v.dv = e v.dv. 2.40 
dy DE + d°Uv.0 + dv.dv Di + dv.dv ( ) 


Proof. With g(t) = v(t, p(t)) = Dp,‘ (t) and (2.22) we get 7(t,p(t)) = g/(t) = 2 (t, p(t)). And v 


a(d@) 


being C?, the Schwarz theorem gives d22 = So". vs 


Definition 2.24 If an observer chooses a Euclidean dot product (-,-), (based on a foot, a metre...), the 
associated norm being ||.||,, then the length ||7(t, p:)||, is the (scalar) acceleration of Pov. 


2.8 Time Taylor expansion of ® 


Let Pox € Obj and t €]t1, te[. Suppose Dry, € C?(|t1, t2[;R”). Its second-order (time) Taylor expansion 
of Dn, is, in the vicinity of a t €]t1, tal, 


Op, (7) = Op, (t) + (Tt) Bp, (t) + ae Of, (t) + o((7—-t)*), (2.41) 
p(r) = ptt) + (7A) a(t, w(t) + 2 ¥¢4, () + o((r—1), (2.42) 


3 Motion from an initial configuration: Lagrangian description 


Instead of working on Obj, an observer may prefer to work with an initial configuration Q:, = P(to, Obj) 
of Obj (essential for elasticity): This is the “Lagrangian approach”. This Lagrangian approach is not 
objective: Two observers may choose two different initial (times and) configurations. 


3.1 Initial configuration and Lagrangian “motion” 

3.1.1 Definition 

Obj is a material object, ® : [t1, t2[x Obj > R” is its motion, Q, = ®, (Obj) is its configuration at 7, 
to €]t1, te[ is an “initial time”, and {,, is the initial configuration for the observer who chose to. 


Definition 3.1 The motion of Olj relative to the initial configuration Q;, = &(to, Obj) is the function 


to [t1, te] x OQ, — R” 


= i (3.1) 
(t, Pig) > Pt = po (t, Pin) = O(t, Pow) when py, = ®(to, Pow): 


So, p, = ®°(t, D4.) = P(t, Pow) is the position at t of the particle Poy, which was at p;, at to. In particular 
Pto = ©" (to, Pin) = ®(to, Por). 


Marsden and Hughes notations: Once an initial time to has been chosen by an observer, then 
to —noted ® then Pto =noted P (capital letter for positions at to) and p, ="°'*4 p (lowercase letter for 
positions at t), so 

p=O(t,P) EM. (3.2) 
(When objectivity is under concern, we need to switch back to the notations ©, p,, and p,.) 

NB: e Talking about the motion of a position p,;, is absurd: A position in R” does not move. Thus 
0 has no existence without the definition, at first, of the motion © of particles. 

e The domain of definition of &‘° depends on to through 9;,: The superscript ‘° recalls it. And a late 


observer with initial time to’ > to defines ©’ which domain of definition is [t1, te] X Qy,7; And hio A Hto 
in general because Q:,, 4 N4, in general. 
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e The following notation is also used: 


6 (t, Dt, ) — ®(t; to, Pio): (3.3) 


(The couple (to, p;,) is “the initial condition”, or to and p,, are the initial conditions, see the § on flows). 
e If a origin O € R” is chosen by the observer, we may also use, with (1.6), 


TOES = = a Sic @ LO 
ts = Ob, = 6 (hy, %,) =X = OP and t= Op; = p(t, %,) = £ = Op. (3.4) 
3.1.2. Diffeomorphism between configurations 
With (3.1), define 
QM, 22 
CSUN Sela ees ; (3.5) 
Pto — Pt = ©, (pio) == O° (t, Pty). 


Hypothesis: For all to,t €]t1,t2[, the map ®/° : Q;, > 9; is a C* diffeomorphism (a C* invertible 
function whose inverse is C*), where k € N* depends on the required regularity. 


Thus (3.5) gives ; (Por) = 6 (6, (Por)), true for all Poy € Obj, thus ®/° o ®,, = G, ie. 


Hf := &, 0 (&,,)-1 |. (3.6) 


Thus, f° = I and ©f, 0 Bf = (B, 0 (®,,)~!) 0 (®;, o (®)~!) = I give 
b, = (O°). (3.7) 


3.1.3. Trajectories 
Let (to, pio) € [t1, t2] X Quy (initial conditions) and with (3.1) define 


fy 7 (3.8) 
t + p(t) = On) (t) = Ory, (t) = B(t, peo) when pio = Opp, (to)- 


” 


Definition 3.2 on. is called the (parametric) “trajectory of p,”, which means: Ons is the trajectory 


of the particle Fox; that is located at pi, = H(t, Pow) at to. And the geometric “trajectory of p;,” is 
Im(@%) = © ([t1,¢2])= LU {62 ©} (=Im(p,,)). (3.9) 
tE[t1 ,t2] 


NB: The terminology “trajectory of p;,” is awkward, since a position p;, does not move: It is indeed 
the trajectory ®p,, of a particle Pox; which is at p;, at to that must be understood. 


3.1.4 Streaklines (lignes d’émission) 


Take a film between to and T (start and end). 


Definition 3.3 Let Q be a fixed point in R” (you see the point Q on each photo that make up the film). 
The streakline through Q is the set 


Ev7(Q) = {p €Q: 37 € [to, T] : p = 84(Q) = (87)-1(Q)} 
= {peEQ: que (0, T-to] :p = OF “(Q) = (®F_,,) 1(Q)} 


= the set at T of the positions (a line in R”) of all the particles which were at Q at aT € [to, T]. 


(3.10) 


Example 3.4 Smoke comes out of a chimney. Fix a camera nearby, choose a point @ at the top of 
the chimney where the particles are colored, and make a film. At T stop filming. Then (at time 2) 
superimpose the photos in the film: The colored curve we see is the streakline. os 


In other words = U, ep, r{®Q(T)t = Weert @o. M2)y- 
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3.2 Lagrangian variables and functions 

3.2.1 Definition 

Consider a motion ©, cf. (1.5). An observer chose (subjective) a to € [t1,t2] (“in the past”); So Q,, = 
®(to, Obj) is his initial configuration. Let m € N*. 


Definition 3.5 In short: A Lagrangian function, relative to Oly, ® and to, is a function 


ty, te] x Q4, Rm or, more generally, some adequat set 
Lag": [t1, t2] x Qe, ( g y. q ) (3.11) 


(t, Pto) =e Lag” (; Pto)s 


and p;,, is called the Lagrangian variable relative to the (subjective) choice to. 
(To compare with (2.2): A Eulerian function does not depend on any to.) 


Example 3.6 Scalar values: Lag'®(t, p;,) = 0" (t, pz,) = temperature at t at pp = 6!°(p,,) = H(t, Pov) 
of the particle Poy that was at p;, at to. (So, continuing example 2.2, O'°(t, p:,) = A(t, pt)-) ar 


Example 3.7 Vectorial values: Lag'®(t,p;,,) = U'(t,pi,) = force at t at pp = ®1°(p,,) = ®(t, Por) 
acting on the particle Po, that was at p,. at to. (So, continuing example 2.3, ito (t, pio) = U(t, pr).) 


If ¢ is fixed or if py, € Q4, is fixed, then we define 


0, > R™ or, more generally, some adequat set 
hageae ( " oe 7 ) (3.12) 
Pto —? Lag,° (Pto) = Lag °(t, Pto)s 
t1,te| - R™ or, more generally, some adequat set 
Lage 3 ee) : : : (3.13) 
0 t—-7 Lagy, (t) := Lag’ (t, pi, )- 


Remark 3.8 The position p,, is also sometimes called a “material point”, which is counter intuitive: 
Pov (objective) is the material point, and p;, is just its spatial position at to (subjective); And a Eulerian 
variable p; is not called a “material point” at. t... 

By the way, the variable p; is also called the “updated Lagrangian variable”... os 


3.2.2 A Lagrangian function is a two point tensor 


Definition 3.9 In details: Cag’ being defined in (3.11), a Lagrangian function is a function 


—~ to [t1, ta] xX Oto >+Cx Rm 
: (3.14) 


Lag boo3 
(t,p1)) + Lag’ (t,pio) = ((t, pe), Lag’ (t,peo)) when py = ©) (pi). 
Le. Lag” (t, py,) = ((t, ®° (p,,)), Lag’ (t, p;,)). (And R™ can be replaced by some set.) 


Definition 3.10 (Marsden and Hughes [12].) A Lagrangian function is a “two point vector field” (or 
more generally a “two point tensor”) in reference to the points pz, € Q1, (departure set) and pp € OQ: 
(arrival set) where the value Lag‘? (t,p;,) is considered. 


Interpretation: (3.14) tells that Lag" (t, p,,) is not represented at (t, pz, ), but at (t,p;): That is, having 


graph(Lag") = {((t,p1),Lag’?(t,peo)) and Im(Lag’) = {((t,pe), Lag" (t, pe.) }: (3.15) 


we have 


Im(Lag °) # graph(Lag’’) : (3.16) 


So a Lagrangian function does not define a tensor in the usual sense. To compare with the Eulerian 
function €ul which defines a tensor (in particular Im(E€ul) = graph(Eul)), cf. (2.3). 
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3.3 Lagrangian function associated with a Eulerian function 
3.3.1 Definition 
Let © be a motion, cf. (1.5). Let ul be a Eulerian function, cf. (2.3). Let to € [t1, te]. 


Definition 3.11 The Lagrangian function Lag" associated with the Eulerian function Eul is defined by, 
for all (t, Pon) E [t1, ta] x Obj, 


Lag’ (t, ®(to, Poy)) = Eul(t, B(t, Poy), (3.17) 
ice., for all (¢, pe.) € [t1, ta] x Qe, 
Lag’? (t, pt.) == Eul(t, pe), when py = (t, Pow) = 6/°(p:) (3.18) 
ie., Lag’ (t, pio) := Eul(t, pz) when pz, = (®;°)~! (pz) for all (t, pz) € C. In other words: 


Lag}? := Eul; o 8° |. (3.19) 


3.3.2. Remarks 
e If you have a Lagrangian function, then you can associate the function 

Euli? := Lag’ o (6)°)~* (3.20) 
which thus a priori depends on to. But, a Eulerian function is independent of any initial time to. 


e For one measurement, there is only one Eulerian function €ul, while there are as many associated 
Lagrangian function Lag’? as they are to (as many as observers): The Lagrangian function Lag’ of a 
late observer who chooses to’ > to is different from Lag” since the domains of definition Q;, and Q,,’ are 
different (in general). 


3.4 Lagrangian velocity 


3.4.1 Definition 


Definition 3.12 In short: The Lagrangian velocity at t at py = ®(t, Pow) of the particle Poy is the 
function 


- Rx, +R” 
(ito - ae " (3.21) 
(t, Pip) 2 V'°(t, Dip) = ®p,, (t) when py, = ®(to, Poy). 
In details: With (3.21), the Lagrangian velocity is the two point vector field given by 
—_ Rx%, 3C xR” 
Vt0(t, pio) : (3.22) 


(t, Dio) 3 Vito (t, Pty) = ((t, pz), V" (t, pig))s when Pt= oto (t, Dt): 


Thus V(t, p:,) = Bp, '(t) = U(t,p,) is the velocity at t at p, = O(E, Poy) of the particle Pox; which 


was at pi, = ®(p2,, Poo) at to; And V'(t, py.) is not tangent to graph(V*), cf. (3.16): It is tangent. to 


graph(w) at (t, pr). 
If t is fixed, or if pz, € Qe, is fixed, then we define 


Ve (Pt) om Veo (t; Po) or ve (t) = ve (t, Pty). (3.23) 
Remark: A usual definition is given without explicit reference to a particle; It is, instead of (3.21), 
4 OOo 
V °(t, Dio) = Bp (ts Pto) V(t, Pto) E R x Qi. (3.24) 


3.4.2 Lagrangian velocity versus Eulerian velocity 
(3.21) and (2.4) give (alternative definition), with p, = ®(r, Pow), 


+ - do ~ . 
V(t, pty) = T(t, pe) (= ap Mt Pto) = Op,,/(t) = velocity at t at p, of Pow). (3.25) 


In other words, 


V,° =i 0 8 |. (3.26) 
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3.4.3. Relation between differentials 
For C? motions (3.26) gives 


dV; (Deg) = dvs (pr)-d®i? (pig) when py = B;° (p1,). (3.27) 
Le., with 
Ff = doje noted the deformation gradient relative to to and t, (3.28) 
dV; (Pig) = Ae(pe)-FY (Dig) | when py = ©? (peg). (3.29) 
Abusively written (dangerous notation: At what points, relative to what times?) 
dV =di.F. (3.30) 


3.4.4 Computation of dv called L = F.F-} wih Lagrangian variables 
The Lagrangian approach can be introduced before the Eulerian approach: Vto being given, define 


ye (t, pt) = ye (t; Dea) when p; = 0° (Pt), (3.31) 


cf. (3.20). (Le. 0°(t, p,) = V(t, 6! "(p,))). So H(t, © (p,,)) = 222 (t, pep), thus 


_ Oto O(d&*?) OF 
dd"? (t, pr).d®" (t, pig) = al on )(t, Pto) = ap (ts Pto) = ap (bs Pto)s (3.32) 
when © is C? and F’ := d®*. Thus 
—t GE t =a : : > pb p-l : : 
dv? (t, p4) = ap bb Pto) F °(t,p1,), written in short dv = F.F (points? times?). (3.33) 


And di{° can be written L}° in classical mechanics books, so you can find 
L? (p;) 2= Le (t).F{°(p,,)', written in short L = F.FO (at what points, what times?). (3.34) 


Here it is not obvious that L/°(p;) does not depend on to, which is indeed the case, cf. (3.29): 
Li? (pi) = dee (2). (3.35) 


Reminder: if possible, use Eulerian quantities as long as possible!. 


3.5 Lagrangian acceleration 
Let Poy € Obj, to,t € R, pip = Dn, (to) and py = Op, (t) (positions of Poy at to and t). 
Definition 3.13 In short, the Lagrangian acceleration at t at py of the particle Poy is 
T(t, pig) = Or,,"(t) when pi. = p,, (to). (3.36) 


In other words 
T(t, pio) = F(t, pe) when p, = © (t,p,,), (3.37) 


where 7(t, pt) = ®p,,"(t) is the Eulerian acceleration at t at py = O(t, Pow), cf. (2.37). 
In details, the Lagrangian acceleration is the “two point vector field” defined on R x 9;, by 


T''(t, pi.) = (Pt), Pry,"(E)), when py = &°(t, pio). (3.38) 


(To compare with (2.38).) In particular I''(t,p,,) is not drawn on the graph of I at. (t,p;,), but on 
the graph of ¥ at (t, pz). 


'To get Eulerian results from Lagrangian computations can make the understanding of a Lie derivative quite difficult: To 
introduce the “so-called” Lie derivatives in classical mechanics you can find the following steps: 1- At t consider the Cauchy 
stress vector f (Eulerian), 2- then with a unit normal vector 7, define the associated Cauchy stress tensor o (satisfying 
t= g.7t), 3- then use the virtual power and the change of variables in integrals to be back into Qi, to be able to work 
with Lagrangian variables, 4- then introduce the first Piola-Kirchhoff (two point) tensor Mx, 5- then introduce the second 
Piola—Kirchhoff tensor 9¢ (endomorphism in Q;,), 6- then differentiate Px in Qz, (in the Lagrangian variables although the 
initials variables are the Eulerian variables in Q;), 7- then back in Q; to get back to Eulerian functions (change of variables 
in integrals), 8- then you get some Jaumann or Truesdell or other so called Lie derivatives type terms, the appropriate choice 
among all these derivatives being quite obscure because the covariant objectivity has been forgotten en route... While, with 
simple Eulerian considerations, it requires a few lines to understand the (real) Lie derivative (Eulerian concept) and its 
simplicity, see § 9, and deduce second order covariant objective results. 
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26 3.6. Time Taylor expansion of &*° 


If t is fixed, or if pz, € Qu, is fixed, then define 
T}(p,) :=T*(t,p..), and Tp (t):=T*(t,p,,). (3.39) 


Thus 2 
Tyo = Ho, and dl;°(pi,) = d¥e(pe)-Fe° (Pio) (3.40) 


when p, = ®;°(p,,) and FY := d®}° (the deformation gradient). 
Risky notation: dl’ = dy.F (points? times?). 


3.6 Time Taylor expansion of 6” 


Let pi, € Q4,- Then, at second order, 


(ct 


2, (7) = O88) + (7-2) OB, () + 8," + o((7-#)”), (3.41) 
that is, with p(t) = ®p,,(7) = © (p,,), 
p(T) = p(t) + (r-t)V" (t, pig) + ype (t, pr.) + 0((r-#)?). (3.42) 


NB: There are three times involved: to (observer dependent), ¢ and 7 (for the Taylor expansion). To 
2 
compare with (2.41)-(2.42): p(r) = p(t) + (r7—-t)U(E, p(t)) + &—)" F(t, p(t)) +o((7—t)”), independent of to. 


3.7 A vector field that let itself be deformed by a motion 


C oR" 
Consider a C° Eulerian vector field w : {, . Let to € [ti,te[ and let wi, 


t,pt) —> W(t, pe) 
1, +R” 


. “ (vector field in Q;,). Then define the (virtual) vector field 
Pto ma Bro (Dio ) — (to, Pty) 


i Cie 
Dip 6 : = F (3.43) 
(t, Pt) > Wiyx(t, pt) -= dO (t, pt,)-Wt, (Pig), When p(t) = ®'°(t, p:,). 


(The push-forward = result of the deformation of w,, by the motion, see figure 4.1.) 


Proposition 3.14 For C? motions, we have (time variation rate along a virtual trajectory) 


DWiox 


ie. Loti,» = 0, where Lit := a — dvi (= a + di. — dv.ti) is the Lie derivative of a (unsteady) vector 
field @:C + R” along W. 


Interpretation: We will see that CeW(to, pi.) = limisty whe, Oey) 


measures the “re- 


sistance of w to a motion’, see § 9.3.2; Thus the result Leta t0,.00 = 0 is “obvious” (= 
Beg (t,P(t))— Tepe (ts0(4)) y, If 


lim4—+to 


is WwW = W,,. then the vector (“force”) field w does not oppose any re- 
sistance to the flow. 


Erol, Pto being fixed, with d&*(t,p,,) =P°te4 F(t) we have w,,«(t, p(t)) =@-49) F(t).w:,(pi,), thus 
pe (t, p(t) = F'(t)-r9 (Pto) = F'(t) FQ)" ios (tp) =F) dot, p(t) tox (t, p(t), Le. (3.44). 


4 Deformation gradient F := d® 


Be R x Ob} — R” 
Consider a motion ® : Pe ‘ 
(t, Pou) — pe = P(t, Poy) 
Qt, —> Q: 


Pio = ©(to, Pow) > pt = ©1 (pio) = Ct, Pow) 
diffeomorphism. Notations for calculations (quantification), to comply with practices: 


Qa = ®(t, Obj) the configuration of Obj at any t, 


fix to,t in R, and let &{° : supposed to be a C! 
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27 4.1. Definitions 


1- Classical (unambiguous) notations as in Arnold, Germain: E.g., (@) and (b;) are bases resp. in Re 


and RP, Wr (Pip) = 1; Wio.i (Pt )4i € RE, We e(pe) =O, wes(pe)bi € RP; And 
2- Marsden-Hughes duality notations: Capital letters at to, lower case letters at t, duality notation, 
e.g. (E'7) and (&) are bases resp. in R?, and R?, W(P) = >,W!(P )Er € RP, wo w(p) = do, w' (pe € R?. 


4.1 Definitions 
4.1.1 Definition of the deformation gradient F 
Q% + L(RE RP) 


Pt.) EP (Pt) a do;° (Pt) 
ant deformation gradient between to and t”, or simply “the deformation gradient”. And “the covariant 
deformation gradient at a between to and %”, or in short “the deformation gradient at p,,.” is the linear 


map F'°(p;,,) € LR? ;R”), so defined by, for all w,,(pi,) € Re (vector at pi), 


Definition 4.1 The differential dojo —noted Fo ; is called “the covari- 


to? 


oi? hw — 6) 
F° (pig) ts (Pio) ae re (Dt) + Wto (Dt, )) t (Pte) 


ted + ted 
: MO (B1? )a(Deo)(Pe) "eon (tvs), (4-1) 
—0 h 


with p, = ©/°(p;,). See figure 4.1. 


Marsden—Hughes notations: © := 6°, F := d®, P := p,,, W(P) := Wx(pip), p = O(P), thus 


&(P+hW(P)) — ®(P) Bate 97 (yy Bal (a (4.2) 


Figure 4.1: Wis a Eulerian vector field. At to define vector field w,, in 01. by Wz (pi) = W(to, Pio). The 
(spatial) curve cz, : S > Pty = Cey(S) in Qy, is an integral curve of w,,, i.e. Bouchie Ct! (8) = Weg (Cty (8))- 
It is transformed by ©/° into the (spatial) curve c, = ®/° o cj, : 8 > pi = C(s)=®}° (cr,(s)) in Q4; Hence 
cy! (8) = d®'(p;,)-Cto’ (8) = d®* (pi,). Wig (Dio) =P**4 Wi,(t, pr) is the tangent elton at c, at p; (the 
push-forward of w;,, by ®/°). And w(t, p(t)) (actual value) is also drawn. 


NB: The “deformation gradient” FY? = d®/° is not a “gradient” (its definition does not need a 
Euclidean dot product); This lead to confusions when covariance-contravariance and objectivity are at 
stake. It would be simpler to stick to the name “F/° = the differential of ®{°”, but it is not the standard 
usage, except in thermodynamics: E.g., the differential dU of the internal energy U is not called “the 
gradient of U” (there is no meaningful inner dot product): It is just called “the differential of U”... 


4.1.2 Push-forward (values of F’) 
Qu, Re 


Pty > Wt (Pt) 
vector field (®}°),.(1,) in Q; defined by 


Definition 4.2 Let wi, : ! be a vector field in Q,,. Its push-forward by ®/° is the 


note 


3 4 dts 
(Bi) «tr (Pt) = FY? (pig) -Wto (Pio) “= Weox(t, Pe) when pe = 81° (p4,). (4.3) 


See figure 4.1. Marsden notation: ®,W(p) = F(P).W(P) ="°t4 w&,(p) when p = ®!°(P). 
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In other words 
(Df )atihig = (Fy°-Wiy) 0 (O,)?. (4.4) 


Marsden notation: ®,W = (F.W)o ®-! = w&. 


4.1.3. F is a two point tensors 


With (4.1), “the tangent map” is 


to . 
Fie ; 


_ { OQ, 4% x L(R?;R?) ae 


Pt) EP (Pto) = (pt, FY? (pto)) when p; = o/° (pies). 


Definition 4.3 (Marsden—Hughes [12].) The function F/° is called a two point tensor, referring to the 
points py, € 24, (departure set) and py = ®;°(p4,) € OQ: (arrival set where wi,,x(t, p:) = Ff? (pig )- Wig (Pto ) 


is drawn). And in short F/° =°ted Ffo is said to be a two point. tensor. 


Remark 4.4 The name “two point tensor” is a shortcut than can create confusions and errors when 
dealing with the transposed: F/° is not immediately a “tensor”: A tensor is a multilinear form, so gives 
scalar results (€ R), while F(P) := F{°(P) =2°ted Fp € LRP; R") gives vector results (in R?). However 
Fp can be naturally and canonically associated with the bilinear form Tne L(RP*, RZ; R) defined by, 
for all Zp € Rf and ¢, € R?*, with p = 6%(P), 


Fp(lp, tp) := l.Fp.ttp (€ R), (4.6) 


see § A.13, and it is Fp which defines the so-called “two point tensor”. 

But don’t forget that the transposed of a linear form (Fp here) is not deduced from the transposed 
of the associated bilinear form (Fp here). So be careful with the word “transposed” and its two distinct 
definitions. Indeed, the transposed of a bilinear form 0(-,-) is intrinsic to b(-,-) (is objective), given by 
b” (ui, @) = b(w, @), while the transposed of a linear function L is not intrinsic to L (is subjective), given 
by (L7.ti, w) = (L.w, @);, where (-,-), and (-,-);, are inner dot products chosen by human beings. (details 
in § A.7.2 and § A.11.1). ar 


Remark 4.5 More generally for manifolds, the differential of 6 := 6)° at P € Q,, is F(P) := d®(P) : 


TpQ:, —> TpQe . t F 
= 7 with p = ®,°(P). And the tangent map is 
W(P) > W,(p) := d®(P).W(P) 


TQ, => TO: (4 7) 
[(P,W(P)) > TO(P,W(P)) := (p,d®(P).W(P)) = (p, de(p)), where p = &;°(P), 
called the associated two point tensor. us 


4.1.4 Evolution: Toward the Lie derivative (in continuum mechanics) 


— LJ({e} x) 3 R” 


Consider a Eulerian vector field w : , e.g. a “force field”. Then, at to 


(t,p) > w(t,p) 
OQ, => Ry, 


consider Wy, : = of 
Pto > Wty (Pio) = W(to, Pto) 


\ The push-forward of w,, by ®/° is, cf. (4.2), 


Wrox(t, p(t)) = FA (Dip )- Bro (Pto) where p(t) =o" (t, Dip). (4.8) 


See figure 4.1. Then, without any ubiquity gift, at ¢ at p(t) we can compare w(t, p(t)) (real value of w 
at t at p(t)) with w,,.(t, p(t)) (transported memory along the trajectory). Thus the rate 
W(t, p(t) — Box (t, p(t)) _ actual(t, p(t)) — memory(t, p(t) 


a = a is meaningful at (t, p(t)) (4.9) 


(no ubiquity gift required). This rate gives, as h — 0, the Lie derivative Lyw (the rate of stress), and we 
will see at § 9.3 that C5 = 2% — di.w (the dv term tells that a “non-uniform flow” acts on the stress). 
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4.1.5 Pull-back 
Formally the pull-back is the push-forward with (/°)~! 


Definition 4.6 The pull-back (®{° )*w; of a vector field wi, defined on (, is the vector field defined on ;, 
by, with Pty = (®)°)-1 (pe), 


Gt (to, Pto) = (B19) "We(pt) == (Fy?) (pe) -He(pe), written W*(P) = F7\(p).d(p). (4.10) 


4.2 Quantification with bases 


(Simple Cartesian framework.) (@;) is a Cartesian basis in R?, (b;) is a Cartesian basis in R?, 0; is an 


origin in R” at t, 6! =noted 6 supposed C?, y; : Q,, — R is its components in the referential (o;, (b;)): 


(pi, ) oS Pty )d i, Le. o,® ®(pi,) = S vi (Dio )Bi- (4.11) 
i=1 


1=1 


Thus, with the classic notation dy;(p;,).d; ="te4 Sei “(Pto) since (@;) is a Cartesian basis, and (b;) being 
a Cartesian basis, 


n 


dB (p,).d; = Y(deiloe,).d)B = 24 (p,,)B;, thus [Abe dhaa = [ag Pr0)] = FOr aay 


i=1 i=l 


[d® (pio )hra = LF (Pto ra j) being the Jacobian matrix of ® at p;, relative to the chosen bases. In short: 


poe 


-b;, thus [d0] Ae 
J 


d®.a; = [a,b] = [a,b] a [Fi,], (4.12) 


Thus, if We Re is a vector at pz, and W = ja WG; then, by linearity of differentials, 


= Fliag-(Wa (4.13) 


(more precisely: F/°(pi,)-W (Pig) = Doha Fig (to) W5 (Dio )Bi)- . 
Similarly, for the second order enue a?’ = dF (when ® is C?): With U = )°_,U;d; and 


W= 1 Wee, and with (d;) and (b;) Cartesian bases, we get 


aod, ees n ea n 0; 7 n s z ¥ 
dF PO =S #9; = Uj Wid = ( ja-[dvilja- a) b, 
(U,W) =@O0,W) s ei(O,W)b PR ern UiWebs =D (Cele echa-LWha) b, 
j (4.14) 
[pi (Pe ha = so OOK, (Pio) a= oe n being the Hessian matrix of y; at p;, relative to the basis (d;). 
With Marsden duality ae 
ep=O(P)=4+ (PI) sO 2) te Ov (P) (= dp'(P).E3) 
= ; Ox! : 
0 F(P)W= 5° Fi(P)W%é, [F] = [FY] = [45], (4.15) 
i,J=1 
odF(O.W) = OCW) = > FP wwe =>> ((G1 ee LM) € 
; j OXJAX* 4 : ; 7 
i,J,K=1 i=1 
Remark 4.7 J,j are dummy variables when used in a summation: E.g., df.W = jel Ae Wi = 
pee imbWw! = we Sen pew = saw? + ZEW? +... (there is no uppercase for 1, 2...). And 
Marsden-Hughes notations (capital letters for the past) are not at all compulsory, classical notations 
being just as good and even preferable if you hesitate (because they are not misleading). See § A. os 
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4.3 The unfortunate notation di = F.dX 
4.3.1 Issue 
(4.3), i.e. wy (p) := F(P).W(P), is sometimes written 

d# = F.dX : “a very unfortunate and misleading notation” (4.16) 
which amounts to “confuse a length and a speed”... And you also the phrase “(4.16) is still true if 
\|dX|| = 1”... while dX is supposed to be small... 
4.3.2 Where does this unfortunate notation come from? 


The notation (4.16) comes from the first order Taylor expansion ®(Q) = ®(P) + d®{°(P).(Q—P) + 
o(\|Q—P||), where P,Q € Q4,, i-e., with p = ©/°(P) and q = /°(Q) and h = ||Q—P||, 


qg—p=F(P).(Q-P)+o(h), written 6% = F.6X + 0(5X), (4.17) 
or pg = F(P).PQ +o(h). So as Q — P we get 0 = 0... Quite useless, isn’t it? 
While Pp 
a = FP). 2 +0(1) is useful: (4.18) 


As Q > P we get w, = F(P).W which relates tangent vectors, see figure 4.1 Details: 


4.3.3 Interpretation: Vector approach 


. ; [s1, 52] 4 OQ4, . : t 
Consider a spatial curve ¢, : in Q,,, cf. figure 4.1. It is deformed by ,° to 


s > P:=c,(s) 
[s1, $2] 4 MQ 


- in Q;. Hence, 
S > p:=c(s) = &°(c,(s)). 


become the spatial curve defined by c; := ®/° 0 ct, : 


relation between tangent vectors: 


(s),, ie. w&,(p)=F(P).W(P) written ear | (4.19) 
S S 


dc; 
ds 


dct, 


(s) = d®}? (ce,(s)) 


But you can’t simplify by ds to get dz = F-.dX: It is absurd to confuse “a slope aX (3) and “a length jx’, 
NB: || (s)|| = ||4*(s)|| = 1 is meaningful in (4.19): It means that the parametrization of the 


curve cj, in Qy, uses a spatial parameter s such that ||c;,/(s)|| = 1 for all s, ie. s.t. ||Wp|| = 1 in 
figure 4.1. You cannot simplify by ds: ||dX|| = 1 is absurd together with dX “small”. 


4.3.4 Interpretation: Differential approach 
(4.16) is a relation between differentials... if you adopt the correct notations; Let us do it: With (4.11), 
£E = HP = 0,61? ( ) = S ei(P)bi oes Sai P)bi, where 4; pad x, (function of P). (4.20) 
i=1 i=1 
Thus, with (a;) = (dX;) the (covariant) dual basis of (@;) we get the system of n equations (functions): 
n oO 
dpi (P) = Lj-1ax, (P) dX; 


d@i=F, ie. , which is noted dz= F.dX, (4.21) 


dipn(P) = Djar oe (P) AX; 


this last notation being often misunderstood’: It is nothing more than d® = F (coordinate free notation). 


Spivak [17] chapter 4: Classical differential geometers (and classical analysts) did not hesitate to talk about “infinitely 
small” changes dx* of the coordinates «*, just as Leibnitz had. No one wanted to admit that this was nonsense, because 
true results were obtained when these infinitely small quantities were divided into each other (provided one did it in the 
right way). Eventually it was realized that the closest one can come to describing an infinitely small change is to describe 
a direction in which this change is supposed to occur, i.e., a tangent vector. Since df is supposed to be the infinitesimal 
change of f under an infinitesimal change of the point, df must be a function of this change, which means that df should 
be a function on tangent vectors. The dX; themselves then metamorphosed into functions, and it became clear that they 
must be distinguished from the tangent vectors 0/0X;. Once this realization came, it was only a matter of making new 
definitions, which preserved the old notation, and waiting for everybody to catch up. 
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4.3.5 The ambiguous notation di = F.dX 
The bad notation d= F.dX gives the unfortunate and misunderstood notations dz — Fax, and then 
d?=L.d# where L=F.F-}. (4.22) 


Question: What is the meaning (and legitimate notation) of (4.22)? 


e 
Answer: d% = L.dz means 


Dt, 


Di dv... | = evolution rate of tangent vectors along a trajectory (4.23) 


see figure 4.1. Indeed, w,x(t, p(t)) =4®) F% (t, pig), (Pio) gives 


Dib ys OFte arte 


Dt (t, p(t) = Bp (ts Pto) Gro (Pio) = pp Mts Po) Fe (Dio) *-ttox(t, p(t))), (4.24) 


. Dt» = > : : Dig « = + 
ie. —S2* (t, p(t)) = du(t, p(t)).wryx(t, p(t), ie. (4.23). In particular —S2* (to, pi.) = dU (to, Pto)-Wro (Pty) 
is the evolution rate of tangent vectors at to at pio. 


4.4 Tensorial notations, warnings, remarks 


As already noted, cf. (4.6), the linear map F := d®! (p;,,) € ECR? 3 R?) is naturally canonically associated 


> 


with the bipoint tensor F € £(R?*, R?.;R) defined by, for all (¢,W) ¢ Re* x RP 


to? 
F(0,W) :=€E.W, (4.25) 
Quantification of F: basis (@;) with dual basis (z4;) in R, basis (b;) in RP: 
if papas es, then F = ee 5.0 may = hed (4.26) 
ty | OX; i) Zz OX; a aj uv Pi- bs 
w=1 1,g=1 i=1 
And similarly 

= n yi y n & : 

dF = . >, 5X,0%, bi ® (Taj ® Tak) = dS @ dj. (4.27) 


Warning: The tensorial notation can be misleading, in particular if you use the transposed, see re- 
mark 4.4. So, you should always use the standard notation for the linear form F' € L(RY,; R?) to begin 
with, ie. use F.G; = or Fibs or F.E; = ye aie (Marsden notations). And only use the tensorial 
notations for calculations purposes at the end (after application of the proper definitions). 


Remark 4.8 In some manuscripts you find the notation F = d@ ="°ted 6 @ Vx. It does not help to 
understand what F is (it is the differential d®), and should not be used as far as objectivity is concerned: 

e A differentiation is not a tensorial operation, see example R.1, so why use the tensor product 
notation ® @ Vx, when the standard notation d® ~ F = S7"_,é; @ dp’ is legitimate, explicit, objective 
and easy to manipulate? 

e And it could be misinterpreted, since, in mechanics, Vf is often understood to be the vector )7, gle; 
(contravariant) which needs a Euclidean dot product to be defined (which one?), while the differential df 
is covariant (a differential is unmissable in thermodynamics because you can’t use gradients). 

e It gives the confusing notation ® ® Vx ® Vx, instead of the legitimate d?® = yb: ® d?p; which 
is explicit, objective and easy to manipulate: d?6(U,W) = 3<"_,d?yi(U, W) bj. ar 


Exercice 4.9 Use Marsden duality notations for (4.26)-(4.27). 


Answer. Cartesian bases, with (d.X°*) the (covariant) dual basis of (E;): with F’; = oe, we get d® =noted Fr _ 


Ti 1& @ dy =" F4 &% @ dX", and 2 = TP, Ody = Oy eo gare G @ (dX? @dX*). 
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4.5 Change of coordinate system at ¢ for F 


Let pip € Qe, Pt = 8 (p,,) € OM, W (pip) € Rr, w(p,) = Fi (pto)-W (Dio) E RP (its push-forward), 
written w= F.W for short. The observer at to used a basis (@;) in Rf. At t, in R?, a first observer 


> > 


chooses a Cartesian basis (boia,;), and a second observer chooses a Cartesian basis (bnew,;). Let P = [Pi,] 
be the transition matrix from (bo1a,i) to Grails, i.e. Drew,j = >2;—1Pijboia,i for all 7. The change of basis 


> 


formula for vectors from (Bota,i) to (Onew,i) (in R?) gives 


(e,.. =P als.» thus [FW] = PEW)... (4.28) 
Thus . : 
Flin Wha =P" lias. .lV ha: (4.29) 
true for all W, thus 
Flizbew =P Fla | (4.30) 


NB: (4.30) is not the change of basis formula [L])neu = PED iste? for endomorphisms, which would 
be nonsense since F := F/°(pi.) : RP — RB” is not an endomorphism; (4.30) is just the usual change of 


basis formula for vectors w in R’, cf. (4.28). 


4.6 Spatial Taylor expansion of © and F 


gio —noted © is supposed to be C? for all to,t. Let P € 2%, d® = F, and We RP vector at P. Then, 
in QO, 


®(P+hW) = O(P) +h F(P).W + a dF(P)(W,W) + o(h). (4.31) 


4.7 Time Taylor expansion of F' 


The motion ® is supposed to be C®. ty € R, © be the associated motion, p(t) = B(t, Por) and 
Pto = ®(to, Pow), with v(t, pi) = 2 Ut, Poy) the Eulerian velocity and Vo (t, Pip) := a8 (t, 4) = U(t, pt) 
the Lagrangian velocity, and F;° (t) = F(t, pio) = d®"(t, Peo) —noted F(t). We have 


OF te O(d®"?) Ooo 
—— (t = ——_ tt =d t 
at ( ; Pto) at ( , Pto) ( at ) : Pto) (4.32) 
= dV"°(t,p,,) = da(t,p(t)).F(t), in short | F =dV =do.F |, 
Then Cae (t,p4,) = A(t, pio) = V(t, p(t)) (Lagrangian and Eulerian accelerations), hence 
02 Fto 4 - . ee ~ “t, 
ge (ts Pro) = dA (t,p:,) = d7(t,p:)-F(t), inshort F =dA=dy¥.F. (4.33) 
Thus, the second order time Taylor expansion of a =noted F is. in the vicinity of ¢, 
2 peat 
F(t+h) = F(t) + hdV(t) + — dA(t) + o(h?) 
2 (4.34) 


= (1 +hdi+ * a) (t, p(t)).F(t) + o(h?) when p(t) = ©'°(t, p,,). 


NB: They are three times are involved: ¢t and t+h as usual, and tp through F := ae Vis Vee and 
A:= Ais. (observer dependent), as for (3.41). 
In particular F(p;,) := ie (pt,) = I gives, in the vicinity of to, 


h2 
F(tot+h) = (I+ hdo + > 49) (to, Pt) + 0h”). (4.35) 


Remark 4.10 y = oe + dv.v is not linear in v. Idem, 


Di ae ae D(dé 
dj = A=) = US + dé.0) = d= +@00+db.dd (= wo) + d.dé) (4.36) 
is non linear in @, and gives Ee "(t) = (422 4+ Pve+ dd.dv)(t, pt) Fp? (t), non linear in @. wa 
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Exercice 4.11 Directly check that F’ = dv.F gives F” = d7.F. 


Answer. F’(t) = di(t,p(t)).F(t) gives F”(t) = 2“ (t, p(t). F(t) + do(t, p(t)).F'(t) with 249 = ay — dvi, 
cf. (4.36), thus F(t) = (d¥ — dv.dv)(t, p(t)). F(t) + du(t, p(t)).dd(t, p(t)).F (t) = dy(t, p(t)).F (0). os 


4.8 Homogeneous and isotropic material 
Let P € Q4,, let F/°(P) := d&'°(P); Suppose that the “Cauchy stress vector” f;(pz) A t at pp = &!°(P) 
only depends on P, i.e. there exists a function fun such that 


fi(p:) = fun(P, F'°(P)). (4.37) 


Definition 4.12 A material is homogeneous iff fun doesn’t depend on the first variable P, i.e., iff, for 
all PE O4,, 
fun(P, F'°(P)) = fun(F!(P)). (4.38) 


(Same mechanical property at any point.) 


Definition 4.13 (Isotropy.) Consider a Euclidean dot product, the same at all time. A material is 
isotropic at P € Q;, iff fun is independent of the direction you consider, i-e., iff, for any rotation R;,(P) 
in R? 


to? 


fun(P, F'°(P) = fun(P, F!°(P).Ri)(P)). (4.39) 


(Mechanical property unchanged when rotating the material first.) 


Definition 4.14 A material is isotropic homogeneous iff it is isotropic and homogeneous. 


4.9 The inverse of the deformation gradient 
((B}9)-1 0 &°)(P) = P gives, with p = &)°(P), 

d(O?)= "p) doh (P) She, this: (GP) *@) db (Py? = Fe (P)-*, (4.40) 
where F/° = d®/° is the deformation gradient. We have thus define the two point tensor 


2, > L(RP;RE) 
Hee (Pas? = = a : (4.41) 
p | H,°(p) = (Fi?) (p) = (° (P)) when p= ®,°(P). 


So 
H}°(p).20(p) = (FY) \(p).8(p) := F°(P)-!.8(p) ER", inshort Hw = Fol, (4.42) 


to? 


for all w@(p) € RP vector at p. This defines, with p, = ®"°(t, P), 


C =f xO) > CORP; RR) 
sats (4.43) 


(t, pe) > H(t, pe) = Hy? (pe) = (Ft, P))*. 


NB: H* looks like a Eulerian map, but isn’t: H’° depends on a initial time to and is a two point tensor 
(starts in R}, arrives in R?). We will however use the material time derivative # notation in this case, 


that is, we define, along a trajectory t > p(t) = ®°(t, P), 


DH‘ OH* , : DH* OH" - 
Dy (tsplt)) = S(t PO) + aH” (t,p(t)) H(t, pO), ie. =<" 4aH"8, (4.44) 


Dt Ot 
which is the time derivative g’(t) of the function g: t > g(t) = H*(t, &°0(t, P)) (ie. g(t) = H(t, p(t))). 
Hence, with p(t) = 6 (t, P) and H‘°(t, p(t)).F°(t, P) = i,,, written H.F = I, we get 


DH 
pp Ft Hea =o thus > = —Hdé, (4.45) 
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Exercice 4.15 With w;,.(t, p(t)) = F (t, P).W(P), ie. H(t, p(t)).z8;,x(t, p(t)) = W(P), when p(t) = 
© (t, P), ia (4.45). 
Answer. 2%0* (+, p(¢)) = du(t, p(2)). ihion(F.P(O), ch (4.28); And (H° ign) (t, p(t) = W(P) gives 2° tig. + 


Dt 
to DWtox DH‘O = DH _ > 
A”, ore = 0; Thus Di = 0, thus Di H.dv. Ar 


Exercice 4.16 Prove: Hj® = ” o Hi’ and Dae (t, p(t)) = Hp). 
t= 0° (Pto)- 

Answer. We have H/o (pig) = of (7° (pto)), cf. (5.18), hence Fy° (ptp) = Fh (pt,).FYo (pt), thus Fio (Pig) = 

Fo (pig) Fe (pa), ie. Heo (pe) = He? (pi,)-He' (p(t), thus, H'°(t,p(t)) = Hi? (pe,)-H (t, p(t), thus 
DES (t,p(t)) = Hi? (pe). Pe (t,B(O). 


DH" (t,p(t)) for all to,t, with 


5 Flow 


5.1 Introduction: Motion versus flow 
e Motion: A motion © : (t, Poy) + pie = &(t, Poy) locates at t a particle Poy; in the affine space R”, 


cf. (1.5); From which the Eulerian velocity field @ is deduced: &(t, p:) := Bree, Pow), cf. (2.4). 
e Flow: A flow starts with a Eulerian velocity field @, from which we deduce a motion by solving the 


ODE (ordinary differential equation) 42 (t) = v(t, ®(t)). 


5.2 Definition 
RxR" >R" 
Let v: 7 oe 


= be a unstationary vector field (e.g., a Eulerian velocity field which definition 
(t,p) — v(t, p) 


R — R” 
domain is C = septs to] ({t} x Q2)). We look for maps © : ieee ! which are locally (i.e. in 
the vicinity of some to) solutions of the ODE (ordinary differential equation) 
d® d dz 
G7 (t) = Blt, P(t), also written = (t) =i(t,p(t)), or a) = o(t, z(t) (5.1) 


where x(t) = Op(t) after a choice of an origin. Also written @ = u(t, p) or @ = v(t, Z). 


Definition 5.1 A solution ® of (5.1) is a flow of #; Also called an integral curve of @ since (5.1) also 
reads ®(t) = ['_, 87, ®(r)) dr + ®(t1). 


T=t1 


Remark 5.2 Improper notation for (5.1): 


Beret PO (= aU, p(t). (5.2) 

Question: If the notation a is used, then what is the meaning of wT) 9 
Answer: It means, either ® ( F(t), or dee) (t) = ® (f(t) 4 (t): Ambiguous. So it is better to use 
oP (¢ ), and to avoid (0, unless the context is clear (no composite functions). wa 


5.3 Cauchy—Lipschitz theorem 
Let (to, pio) be in the definition domain of @. We look for ® solution of “the ODE with initial condition 
(to, Pt, )”, in some vicinity of to, i.e. such that 
d® 
dt 


(The couple (to, pz.) is the initial condition, and the values to and p;, are the initial conditions.) 


(t) = o(¢, ®()) and ®(to) = pa. (5.3) 


Definition 5.3 Let t,t. € R, t; < tz. Let Q be an open set in R” and 2 its closure supposed to be a 


regular domain. Let ||.|| be a norm in R”. A continuous map JU: [t,, t2] x Q > R” is Lipschitzian iff it is 
“space Lipschitzian, uniformly in time”, that is, iff 


So, Hee ial <k, for all t and all p  q (the variations of U are bounded in space, uniformly in time). 
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Theorem 5.4 (and definifion) (Cauchy-Lipschitz). If @ : [t1,t2] x Q > R” is Lipschitzian and 
(to, Pto) €]t1, t2[xQ, then there exists € = Et),p,, > 0 s.t. (5.3) has a unique solution ® :|to—e, to+e[> R”, 
noted One 


Pt = 

7 “(t) = U(t, or (t)) and oF, (to) = Dio (5.5) 
Moreover, if © is C® then ® is CFT. 
Proof. See e.g. Arnold [2], or any ODE course. In particular ||@||. := sup \|O(t, p)||pn 


t€]to—e,tote[, pEQ 
(maximum speed) exists since @ € C° on the compact [t1, tg] x 2), see definition 5.3, hence we can choose 
ig 0) (the time needed to reach the border OQ from p,,). on 


Ul [oo 


EeE= min(to ti, te to, g 


We have thus defined the function, also called “a flow”, 


fe Quo 32 ( 
®: 5.6 
ted 
(t, to, Pto ) = p= ®(t, to, Pio) = BP (t) pe O(t; to, Pt) 
And (5.5) reads 
O® = , 
py (ti tos Pto) = O(t, B(t; to, Pt), with (to; to, Pio) = Pto- (5.7) 
We have thus defined the function, also called “a flow”, 
pio [to—e, to +e] x QU, —> R” 5.8) 
(t, Pto) > p= 0” (t, Pto) = oF. (t) : 
And (5.5) reads 
OGto topes to 
p(t Pto) = U(t, O° (t,p,)), and (to, pi.) = Pto- (5.9) 
Other definition and notation (can be ambiguous): ®;.;, = ®/° : Q,, > R”, and (5.7) is written 
d®,. ‘S 
Arta Pra) = u(t, Pi:t, (Pt); and Pt5;t0 (Pt) = Pto- (5.10) 


Theorem 5.5 Let v be Lipschitzian, let to €]ti,t2[, and let Q1, be an open set s.t. Q4, CC Q (i.e. there 
exists a compact set K € R” s.t. Qi, C K CQ). Then there exists « > 0 s.t. a flow ® exists on 
|to—eé, toFe[X Qe. 


Proof. Let d = d(K,R"—Q) (la distance of K to the border of 2. = 

Let ||@||o:= sup — ||d(t,p)||r» (exists since ¥ € C° on the compact [t1, te] x ©). 

t€ [ti ,t2],pEeQ 

Let ¢ = min(tp—t1, to—to, Tic) (less that the minimum time to reach the border from K at maximum 
speed |||). 

Let px, € K and t €|to—e,tot+e[. Then oF exists, cf.theorem 5.4, and eee (t) — oy (to)|IRn < 
[t—to] SUP; e}ip—e,to rei (Il(Pp, )’(7)||w) (mean value theorem since, ¢ being C°, ® is C*). Thus ||®7 (t) — 
D2 (to)ilR» < [t — tol ||v|loo, thus oF. (t) € Q. Thus ©2 exists on |to—e, tote, for all pz, € K. a 


Remark 5.6 The definition of a flow starts with a Eulerian velocity (independent of any initial time), 
and then, due to the introduction of initial conditions, leads to the Lagrangian functions °°, cf. (5.8). 
Once again, Lagrangian functions are the result of Eulerian functions. os 
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5.4 Examples 


Example 1 _R with an origin O, a Euclidean basis (€1, €2) and 2 = [0,2] x [0, 1] (observation window). 
Let p € R?, Op = =noted 7 — re, + ye, —Doted (gz, y). Let t) = —1, tp = 1, to €]t1, t2[, a,b C R, a #0, and 


o(t,p) = es mis (5.11) 


v(t, 2, y) = bsin(t—t). 


(b = 0 corresponds to the stationary case = shear flow.) Z(to) = i } X(t) = Ga = OG? (t) and 
0 
(5.9) give 


—(t) = v(t, x(t), t)) = ay(t), = 
7H) (t, x(t), y(t)) = ay(t) sia ( Lag Sa: = 
— (t) = v?(t, x(t), y(t)) = bsin(t—tp), y(to) = yo- 


Thus 


Z(t) = Op(t) = ODT. (é = & _ ee a — absin(t— ae (5.13) 


Example 2 Similar framework. Let w > 0 and consider (spin vector field) 


ian= ee = @ a) e mOted ia), (5.14) 


wi a et oa Diy -_ 3 3 ~ _ [ to =Ttp cos(wto) : . 
With Opi, = Tt. = & i: Tto = / Vtg + Vio» and Oo S.t. Ty = & = ry, 8in(wty) the solution ©) 


of (5.9) is 
7 ART = ) Se COS (SE) 
t) = Op(t) = Or | \= G ee at (5.15) 
Ox > 1 E> 
pets %o)\ _ ful(t, a(t, Zo), y(t, Zo —wy(t oY dye) - 4 
Indeed, (ae) = CS waierbeee) oe thus 3 (t,%0) = —wy(t, Zo) 
and &Y (t, Bo) = wa(t, Zo), thus FY (t,@) = —w7y(t,%), hence y; Idem for x. Here di(t,xz,y) = 


sin= cos% 


2 2 


-1 zt —sinZ)\. : “ ‘ : 
wW Gi 0 ) =W & 2 com ) is the 7/2-rotation composed with the homothety with ratio w. 


5.5 Composition of flows 


Let v@ be a vector field on R x Q and oF. solution of (5.5). We use the notations 
Pt = ,° (Pto) = Pi; (Pip) := ; Bn, (t )= o" (t, Pto) 3 P(t; to, Pto) s Gi Dig (t). (5.16) 


5.5.1 Law of composition of flows (determinism) 
Proposition 5.7 For all to,t1,t2 € R, we have (determinism) 


PA oGP =OP, Le. Bry2, 0 rt) = Ptyito- (5.17) 


te? 


(“The composition of the photos gives the film”). So, 


tz = es (pt, ) = oe (Pte) when Pu = 0° (Pte): (5.18) 
Leé., 
to = Pro:t: (Ptr) = Pra;to(Pto) When pry = Pry;to (Pt). (5.19) 
Thus 
doe (pt, ).d®,° (Pte) = do? (Pte): Le. AD 4,4 (Dt, )-d®z, sto (Pte) = A® 4, -to (Pty )- (5.20) 


Summary with commutative diagrams: 


Ptr Pty 


t t 
?! O,: Pt, -to Dt, :4 
i.e. 


Pte Pt > Dt 
gp! 0 2 
te 


Pto 
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Proof. Let p,, = on. (ti). (5.9) gives 


d&'o 
2 (t) = a(t, 8 (4), 

don with pr, = OP (t1) =p) (t1). 
Pt ee t 
dt : (t) — v(t, © (t)), 


Thus on and oF satisfy the same ODE with the same value at t;; Thus they are equal (uniqueness 
thanks to Cauchy—Lipschitz theorem), thus OF (t) = oF (t) when pr, = ®/°(pz,), that is, ©} (ps,) 
®/°(pi,) when p:, = ©;°(p1.), which is (5.17) for any t = ta. Thus (5.20). wa 


l| 


Corollary 5.8 A flow is compatible with the motion ® of an object Obj: (3.6) gives ooo = (®,, 0 


(®;,)~!) 0 (®;, 0 (®;,)~!) = &, 0 (®;,) 7! = 8”, that is (5.17). 


ta? 


5.5.2 Stationnary case 


Definition 5.9 vis a stationary vector field iff oo = 0; And then o(t, p) ="°te4 Gp). And the associated 


flow ®'° which satisfies 
Ovto 2 y 
pp (to Pto) = U(p:) when p; = ®'°(t, pi), (5.21) 


is said to be stationary. 


Proposition 5.10 If v is a stationary vector field then, for all tg, 1, h, when meaningful (h small enough 
and t, close enough to to), 


Ds = OF ks Le. Ot, thet = Pt +hito> (5.22) 
ie. ® (4) = O°, (9); Le. O(t1 +h; t1,q) = O(to+h;to,q) for all g € 4, (see theorem 5.5). In other 
words, 

aie = O,°, Le. Ot, 4 hsto+h = 4, :t0, (5.23) 
i.e. CC) = 0° (q), Le. ®(t1 +h; tot+h, gq) = ®(t1; to, g) for all g € Qu. 


Proof. Let ¢ € %,, a(h) = ©;°,;,(q) = ® (to+h) and B(h) = 1, ,(q) = OF (t+). 
Thus a/(h) = SP (toth) = o(to+h, &! (to+h)) = G(6'(to+h)) = G(a(h)) (stationary flow), and 
B'(h) = 9 (t, +h) = H(t +h, O48 (ty +h)) = G(G4(t,+h)) = T(6(h)) (stationary flow). 
Thus a and £6 satisfy the same ODE with the same initial condition a(0) = 8(0) = gq. Thus a = £. 
Hence (5.22). Thus, with h = t;—to, i.e. with t) = to+h and to+h = ty, we get (5.23). ws 


Corollary 5.11 If v is a stationary vector field, cf. (5.21), then 
d®}” (Pig)-F(Pig) = F(pr) when pz = 1° (pi), (5.24) 


that is, if 0 is stationary, then @ is transported (push-forwarded by ®{°) along itself. 


Proof. (5.18), t2 = tits and t; = to+s give ®°73(®/°, .(pi,)) = f° 4..(Pt), and V is stationary, thus 
BP (O10, 6 (Pig)) = OY 4 4(Ptp), Le. O(t1; to, Di0.p,, (to+S)) = Pto,p,, (ti +5), thus (s derivative) 


d®(t1; to, O(to+s; to, Dio))-Pto.pr, (tots) = Pto,p,, (t1 +8), 


thus d®,°(®(to+s; to, Pto))-0(to+s, Pion, (to+s)) = Ut +8, Pio ,p,, (ti+s)). Thus with s = 0, and v being 
stationary, do‘? (®(to; to; Pte ))-U( Pt p15 (to)) _ U(Pr6,04 (t1)), thus (5.24). ar 
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5.6 Velocity on the trajectory traveled in the opposite direction 


e , E kk, , an e . Consider e trajectory ; - po 
ie : . Pto q Pto t—- p(t) > De (t) i: 
ue 


d 
is the beginning of the trajectory, pp, = ®;°(pz,) at the end, o(t, p(t)) = —“*(t) being the velocity. 
Define the trajectory traveled in the opposite direction, i.e. define 


Sie | [to, ti] +R” 


Ree u > q(u) = ee (u) = on (to+ti—u) = Br (t)=p(t) when t=to+ti—-w. 


(5.295) 
In particular q(to) = U7 (to) = &) (t1) = p(tr) and q(ti) = Wp (t1) = ®P (to) = plto). 


Proposition 5.12 The velocity on the trajectory traveled in the opposite direction is the opposite of 
the velocity on the initial trajectory: 


att 
—" (u) = q'(u) = P(t) = alt, p(t) when t= toHti—u, (5.26) 
U 
: Pt d@? 5 
Proof. Loe (u) = oe (tot+ti—u) gives 4 (u) = ae (tot+ti—u) = —U(tot+ti—u, on (totti—u)) = 
—u(t, oP. (t)) when t = to+t,—u. “s 


5.7 Variation of the flow as a function of the initial time 
5.7.1 Ambiguous and non ambiguous notations 


Let ®: (t,u,p) €R x Rx R" > O(t,u, p) € R” be a C! function. The partial derivatives are 


@O(t+h — O(t 
O, ®(t, u, p) := lim Kenly ie) ( UP) (5.27) 
h-0 h 
P(t h,p) —® 
O20(t,u,p) := lim (uth, p) (6, Uy) (5.28) 
h—0 h 
and 03®(t, u, p), defined for all w € R” (a vector at p) by, 
P(t hw) — O(t 
038(t, u, p).w := lim apy) (6, UP) ce d®(t, u, p).w, (5.29) 
h-0 h 
When the name of the first variable is systematically noted t, then 
O® O®(t 
A, B(t, u, p) "4 pp (ts ts) nated = (5.30) 


NB: This notation can be ambiguous: What is the meaning of 2 (t; t,p)? In ambiguous situations, use 


d&(t,u,p) 


the notation 0,®, or (if no composed functions inside) use FE so t is the derivation variable, 


ju=t ( 
and after the calculation you take u = ft). 
When the name of the second variable is systematically noted u, then 


noted 0® noted OO(t, u,p) 


02®(t, u, p) Ou (t, u, p) du 


(5.31) 


NB: Idem this notation can be ambiguous: What is the meaning of 2? (u; u, p)? In ambiguous situations, 


: O®(t,u,p) 
use the notation 02®, or use aa: ec 


When the name of the third variable is systematically a space variable noted p, then 


noted oo noted OO(t, U, p) 


A,B(t, usp) "2° d(t,u,p) "=" = (t,u,p) 
p Op 


(5.32) 
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5.7.2 Variation of the flow as a function of the initial time 
The law of composition of the flows gives (5.19) gives ®(t; u, ®(u; to, po)) = B(t; to, po). Thus the derivative 


in u gives 


O28 (t; U, B(u; to, Po)) + d®(t; U, P(u; to, po))-1®(u; to, Po) = 0, 


7 5.33 
ie. OQj®(t;u, p(u)) = —d®(E; u, p(u)).e(u, p(u)) when p(u) = ®(u; to, po). (5.33) 
In particular u = to gives, for all (t, to, po) € R? x Q4,, 
O®(t; to, 7 
( a Po) =) Q)P(t;to, po) = —d®(t; to, po).U(to, po). (5.34) 
In particular 
d®(t; to, . 
(t; to, Po) =) &8(to; to, po) = —U(to, po). (5.35) 
dto |t=to 
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Part II 
Push-forward 


6 Push-forward 


The general tool to describe “transport” is “push-forward by a motion” (the “take with you” operator), 
cf. § 4.1 and figure 4.1. The push-forward also gives the tool needed to understand the velocity addition 
formula: In that case, the push-forward is the translator between observers. The push-forward can also 
be used to write coordinate systems. As usual, we start with qualitative results (observer independent 
results); Then, quantitative results are deduced. 


6.1 Definition 


E and F are affine spaces, E and F are the associated vector spaces equipped with norms ||.||z and ||.||r 
with dim EF = dim F = n, Ue and Ue are open sets in the affine space € and Ff, or possibly the vector 
spaces F and F’, and 


vf% eas (6.1) 


De > pr =V(pe) is a diffeomorphism 


(a C! invertible map which inverse is C‘), called the push-forward, and U~! is the pull-back (push-forward 
with W~*). 


Us Pa wv ie 8 


We (pe) 


Pe =Ce(s)7 


Im(Ce) 


Figure 6.1: ce : s > pe = ce(s) is a curve in U&. Push-forwarded by W it becomes the curve ce, := Voce 
in Ur. The tangent vector at pe = ce(s) is We(pe) = ce'(s), and the tangent vector at pr = cr(s) = 
W(ce(s)) is Wex(pr) = cx’(s) = dV (pe).We (pe). Other illustation: See figure 4.1. 


Example: UV = ®/° : Q1, > 04, the motion that transforms Q,, into 4, cf. (3.5). 
Example: UV : Ug > Ur a coordinate system, see example 6.11. 
Example: UV = ©; : Rg > Ra, a change of referential at t (change of observer), see § 10. 


6.2 Push-forward and pull-back of points 
Definition 6.1 If pe € Ue (a point in U&) then its push-forward by W is the point 


Dr =|WVape = V(pe) |= pex Ur, (6.2) 


see figure 6.1, the last notation if V is implicit. And if pr € Ue then its pull-back by W is the point 


te =|U" pr = UV" (pr) |=pr* Clk. (6.3) 


We immediately have U* o U,, = I. 


The notations , for push-forward and * for pull-back have been proposed by Spivak; Also see Abraham 
and Marsden [1] (second edition) who adopt this notation. 
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6.3 Push-forward and pull-back of curves 
We push-forward (and pull-back) the points on a curve: 


— €,€| Ue 


Definition 6.2 Let ce : 
8 > fe =Ce(s) 


! be a curve in U¢. Its push-forward by W is the curve 


J-e,e, 3 Ur 
Wyce = Voce: odbaa (6.4) 
8 > pr = W.ce(s) = U(ce(s)) =" cex(s) (= V(pe)), 
see figure 6.1. (Vice =noted ©. when W is implicit.) This defines 
F (| —_ €,€|;Ue) =< Fi oat €,€|;UF) 
Vs: noted (6.5) 
ce > WV, (ce) = Voce = Vyace = Cex. 
éi* ] _ E,e| ad Ur * 7 
Definition 6.3 Let cr: is a curve in Ur. Its pull-back by W is 
8 > pr =cF#(s) 
1 ] —€, El > Ue 
Wer := Voce baa (6.6) 
8 > pe = V*cr(s) = Ul (e¢(s)) "S c*(s) (= U(r). 
We have thus defined 
F(C*()-e,el:Ue) + F(C*() — eels) 
Ww: : = Sata ey ; (6.7) 
cr 2 Wier) := Voce = Wer = ce". 


6.4 Push-forward and pull-back of scalar functions 
6.4.1 Definitions 


+R 
Definition 6.4 Let fe: fe as (scalar valued function). Its push-forward by W is the (scalar 


pe — felte 
valued) function 
ur > R 
ted = 
pr > Vs fe(pr) = fe(re) "=" fex(pr) when pe =U! (pr), 


(noted fe. when W is implicit), ie. UV. fe(Vape) := fe(pe), or fex(pex) = fe(pe) when pe. = U(pe). We 
have thus defined 


Wi fe:=feow!: (6.8) 


F(Ue;R) + F(Ur;R) 
Uy: 1 noted (6.9) 
fe > fr =. (fe) = feo = Wife, 
the notation Wa(fe) = ae nce Wy is Hears Ue + Age) 0 9p) = (Fe ae) = fete) + 
Age (ne) = (fe oY") (pr) + A(ge 0 Y*) (pF) gives U.(fe + Age) = Va(fe) + AV. (Ge). 
Definition 6.5 Let fz: . Its pull-back by W is the push-forward by U~1, i.e. is 
f= <2 IF a 
—R 
Wfri=frow ae aad (6.10) 
pe + VU" fr(pe):= fr(pr) = fr" (pe) when pr = U(pe), 
i.e. U* fe(U* pr) := fr(pr), ie. fr*(pF*) := fr (pr) when pr = U* (pr). We have thus defined 
F(Up;R) > F(Ue;R) 
Uw": noted Oy) 
fr 7 W( fr) =fr* = frov W" fr. 


We immediately have V*oWU, = J and W, 0 W* = I (the first I is the identity in F(U&;R), the 
second I is the identity in F(Ur;R)). 

NB: We used the same notations V, and W* than for the push-forward and pull-backs of points: The 
context removes ambiguities. 
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6.4.2 Interpretation: Why is it useful? 


E.g.: Let ®:Rx Obj — R” be a motion of an object Obj. An observer records the temperature 6 at. 
7 C =|J{t} x Q) +R 
all t € [to, T] and all p = ®(t, Obj): He gets 0: t a Eulerian scalar valued 
(t,p) — O(t,p) 
function, cf. (2.2). Then he chooses an initial time to and considers the associated motion ®*°, cf. (3.1), 
Q,, +R 
Pto > At, (Pto) = O(to, Pte) 
push-forward of 6, by ®/° is (®;°).01, := 91, 0 (®)°)~! defines the “memory function” 


t OQ: +R 
(O°)... : " ‘ (6.12) 
Pt (®; ) At, (pt) = Ot, (Pio) when p, = ®, (Pto) 


and considers 6;, : snapshot of the temperatures at to in Q;,). The 
0 0 


And he writes (®}°),.0;, (pt) =noted 6,,x(t, pz), $0 the memory transported is at t at p; (along a trajectory) 
by 
6i9x(t, p(t)) = 4, (Pio): (6.13) 


Question: Why do we introduce 6;,. since we have 0;,? 

Answer: An observer does not have the gift of temporal and/or spatial ubiquity; He has to do with 
values at the actual time t and position p, where he is (Newton and Einstein’s point of view). So, when 
he was at to at pz, the observer wrote the value 6;, (p:,) on a piece of paper (for memory), puts the piece 
of paper is his pocket, then once at t at p(t) = ®'°(t,p,,), he takes the paper out of his pocket, and 
renames the value he reads as 0;,.(t, p_) because he is now at t¢ at p,. And, now at t at p;, he can compare 
the past and present value. In particular the rate 


O(t, p(t)) — O45» (t, p(t)) = actual(t, p(t)) — memory,,(t, p(t)) 
t— to t—to 


(6.14) 


is physically meaningful for one observer at t at p; (no ubiquity gift required). For scalar value functions, 
we get the usual rate 2% ee (to-.P(to)) but it isn’t that simple for vector valued functions. 


And the limit t > to in (6. 14) defines the Lie derivative for scalar valued functions. 


6.5 Push-forward and pull-back of vector fields 


This is one of the most important concept for mechanical engineers. 


6.5.1 A definition by approximation 


Elementary introduction. Let pe and ¢ be points in U&, and let pr = pes = V(pe) and gr = gex = V(g) 
in Uf be the push-forwards by W cf. (6.1). The first order Taylor expansion gives 


(U(g@) — U(pe) =) a — pr = dV (pe).(@& — pe) + O(|\e — velle), (6.15) 


thus, 


Pee ee 
Elle Elle 


And the definition of the push-forward is obtained by “neglecting” the o(1) (limit as @ — pe): 


= dU (pr). o(1). (6.16) 


Definition 6.6 It We(ne) € FE is a vector at pe € U then its push-forward by W is the vector 
Wr (pr) =P’ tex (pe) =P We (pe) € F defined at pr = pe» = U(pe) € Ur by 


> 


Br(pr) =| Wea (pe) = dV(pe). De (pe) PEt Weide (pr). (6.17) 


6.5.2 The definition of the push-forward of a vector field 


To fully grasp the definition, and to avoid making interpretation errors as in § 4.3 (the unfortunate 
notation dz = F.dX), we use the following definition of “a vector’: It is a “tangent vector to a curve” 
(needed for surfaces and manifolds). Details: 
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—é,el 9 ; ; 
e Let ce: | - be a C! curve in Ue. Its tangent vector at pe = ce(s) is 
8 > De =Ce(s) 


We (pe) — ce’ (8) (= lim ce(s + 7 = Ce (s) 


), (6.18) 


Im(ce) > EB 


see figure 6.1. This defines the function we : = 
Re —> We (De) 


! called a vector field along Im(cg)Clé. 
e The push-forward of ce by W being the image curve ce, = WV ocg (the curve transformed by W) 

cf. (6.4), its tangent vector at pr = ce.(s) is 
Wes (pr) = cex'(s) thus = dW(pe).ce'(s) = dU (pe).We (pe). (6.19) 


Thus we have defined the vector field we, along Im(c¢,) called the push-forward of we by W. 
With all the integral curves of a vector field defined in Ue, we get: 


Definition 6.7 The push-forward by U of a C® vector field we : fe = eS ! is the vector field 
re — We(re) 
. : Ur > F 
icamias pr | VU. We(pr) = dU (pe).e (1) noted Wex(pr) when pr = V(pe), ey 
see figure 6.1. (UW, we =te4d aig, if U is implicit). In other words, 
UW, We = (dWbg)o U!, (6.21) 


C° (Ue; FE) + C™ (Ug; F) 


This defines the map W,, : 7 2 ay - 
We OW, (We) := Vi we = We, 


\ (We use the same notation WV, as 


in definition 6.4 for scalar valued functions: The context removes ambiguity.) 


Remark 6.8 Unlike scalar functions, cf. § 6.4.2: At to at pz, you cannot just draw a vector Wz, (pio) 
on a piece of paper, put the paper in your pocket, then let yourself be carried by the flow VW = 6° 
(push-forward), then, once arrived at t at p,, take the paper out of your pocket and read it to get the 
push-forward: The direction and length of the vector w;,.(t,p¢) are modified by the flow (a vector is not 
just a collection of scalar components). os 


Exercice 6.9 Prove: 


e""(s) = dwe (pe). We (pe), (6.22) 

and 
dibe.(pe).dV (pe) = dV (pe) .dibg (pe) + d?U (pe ).we (pe), (6.23) 

and 
cex' (8) = dibe.(pr).ex(pr) (= dV (pe).ce"(s) + AU (pe).c8"(s)."(s)). (6.24) 


8) = We(ce(s)) gives c2"(s) = dwe (ce(s)).cé'(s), hence (6.22). 
) = d®(pe).e (pe) by definition of wWe., hence (6.23). 

) gives c#'(s) = dW(ce(s)).cé'(s) = dW(ce(s)).We (ce(s)) = Wesx(er(s)). Thus c¥"(s) = 
.Ce'(s) + dW (ce (s)).c2"(s) = d&e.(cx(s)).c#'(s), hence (6.24). 7 


6.5.3. Pull-back of a vector field 


ur -~ F 


pr — Wr(pF) 
push-forward by W—!, i.e. is the vector field on Ue defined by 


Definition 6.10 If we : is a vector field on Ur, then its pull-back by W is the 


ue OE 
Wwe: - - fd (6.25) 
pe | Wiz (pe) = dW (pr) (pr) |S" We" (pe), when pr = V(pe). 
In other words, 
Wie = (dU hide) 0 UME g,*, (6.26) 
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And we get 
WoW,=I and Wot =I. (6.27) 
Indeed, W*(W,.t8¢) (pe) = dW! (pr).W. We (pr) = dV~ 1 (pr).dU (pe) We (pe) = We(pe), for all pe. Idem for 
the second equality. os 


6.6 Quantification with bases 
6.6.1 Usual result 
(@;) is a Cartesian basis in E, Or and (b;) are an origin in F and a Cartesian basis in F, pe € Ue, 


n 1 (ne) 
pr =V(pe) =Or +S wilte)bi, ie. (Orpelg=| 2 |- (6.28) 
Te Vn (te) 
Then, if We is a vector field in U%& and We = Jo, wd, we get V.we(pr) = dVU(pe).Wel(mwe) = 
To" (debi pe) tbe (pe) Bi = TP, (Be) ds (be) a) By = SO BE (ew, (pe) Bi, 80 
[W.We (pe )hig = [AV (re) ])2,5-[We (ve lia: (6.29) 


where [dV (pe )]\¢5 = [dvi (ne)-a5] =notee [3 (ne) is the Jacobian matrix. 


6.6.2 Example: Polar coordinate system 


Example 6.11 Change of coordinate system interpreted as a push-forward: Paradigmatic example of 
the polar coordinate system (model generalized for the parametrization of any manifold). 
Parametric Cartesian vector space R x R =noted R> = {¢ = (r,6)}, with its canonical basis (a1, @2), 


and @ = ra, + 0d, =P°ted (7,6), so [diz = “ Geometric affine space R? (of positions), p € R?, 


associated vector space R2, O € R? (origin), # = Op, and a Euclidean basis (by, bo) in R2. The “polar 


P : 3 Re xRCR? —R 
coordinate system” is the associated map W : F defined by 
q= (7,0) +€=W(q) = V(r, 6), 
= = pat Sage. & + _ («=rTcosé 
€=V(q) :=rcosdb; +rsindbz, ie. [Zz = Gates : (6.30) 
. R ~R 


The i-th coordinate line at gin R 


» (parametric space) is the straight line cz,; : 


8 —¥ 67;(s) = q+ 84; \ 
and its tangent vector at Cz; (s) is G;’(s) = d; for all s. This line is transformed by WV into the curve 
R ~R 


W,(Cg;) = Vo &, —noted c., 
( oa) qi yi so czi(S) = W(¢+ sd;) 


! (in particular cz ;(0) = Z). So 


(Ocz1(8)]\p = (a (straight line), and [Ocza(s))j = a) (circle). (6.31) 


And the tangent. vector at cz,;(s) is cz,;'(s) =P @;,(Z) (push-forward by W), so 


W(g+hd,) — Uv Ww h, 0) — U(r, 0 Ww 
G2 Way Saha =n a 
h—0 h h—0 h Or (6.32) 
ae = W(Gtha2)-V(q) U(r, 6+h)— V(r, 0) — OW , 
Go, (£) :-= V,d2(Z) = dV(q).d2 lim h = lim a = 59 (q), 
Thus 4 7 _ 2 
@1.(Z) = cos 6b; + sin0bg and @,(#) = —rsin 6b; + r cos Abo, (6.33) 
Le. 
(are(@he= (55) and [aoe] p= (7 (6.34) 
1b sind NEN rcos@ }° ; 


The basis (@1.(Z), d.(Z)) is called the basis of the polar coordinate system at 2% (it is orthogonal 
but not orthonormal since ||@2,(Z)|| = 7 A 1 in general); And vl az = (SE @|e [So (Diz) - 


( [a1«(2)]\g [Gx (Z)]iz) = a pare = [ae (q)] is the Jacobian matrix of V at ¢ 
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And the dual basis of the polar system basis (@1,(£),@2s(#)) is called (dq (), dq2(Z)) (defined by 
dq; (#).d;.(£) = ij), $0 


1 1 
dqi(Z) = cosO dx, +sinOdx2g and dgq2(#) = —— sind dx, + — cos dxa, (6.35) 
r r 
e. [dq (Z X)\i5 = =(cos@ sin@) and [dq2(Z)] 5 =-—1(sin@ cos) (row matrices) when 7 = W(@). on 


Remark 6.12 The components Vf (2) of the vector ddj,(£).di.(Z) € R? in the basis (Gijx(Z)) are the 
Christoffel symbols of the polar coordinate system (with duality notations as it is usually presented): 


dG ;4.(L). Gis (Z =e (6.36) 


At # = W(q), with a;,(Z) = d¥(Q).d;, Le. (Zo V)(G) = FS, we get 


feral 


daijs (z t).a. Qix (Z) = dgidg 


() = da.(2).d,.(2), so >, = 74, (6.37) 


for all i,j (symmetry of the bottom indices as soon as W is C’). 


= Voi. And a (9) = 
—r and 7%, = 0. os 


Here for the polar coordinates, 2¥%(q) = cos6b1 + sin 0b: gives es ¥(q) = 0, thus 74, = 77, = 0, 
2 < = 
and oe (9) = —sindb; + cos Oby = = 4G2,(€ #), thas y45= O.=44,, and Yio 4 


—r sin 0b, +r cos 0b2 gives _ (q) = —r cos 6b; — rsin 6b2 = —ra,(Z), thus 74, 


Remark 6.13 The (widely used) normalized polar coordinate basis (71(Z), M%2(@)) = (@14(Z), +G2.(2)) 
is not holonomic, i.e. is not the basis of a coordinate system (and its use makes higher. deriva- 
tion formulas complicated). Indeed 72(@) = +@2.(@) gives diio(#).711(@) = (d(4+)(Z).m1(Z))@o.(Z) + 


+ da,(2). n(2£), and 71 (£) = G1, (Z) gives dint £) ho (z r) = day,(Z #). (pax), thus dig (x F) 1 (#) — 
dit (@).fi2(@) = (d(2)(@).t1(2))@a.(@) A 0, since F = (a? + y?)~? gives d(Z)(@).7i(@) = 
(—a(a?2 + y2)-2  —y(a2 + y2)-2). ne = +(—rcos? 6 — rsin? 6) = + £0. oc 


Remark 6.14 (Pay attention to the notations.) Let f : ¢ € R? — f(g) € R be C?. Call g its push- 
forward by W, ie. g: %€ R* > g(Z) = f(@) € R when # = W(q). So f(g) = (go VW) (Gand 


df (q).d; = dg(V(q)).dU(q).d; = dg(Z).a;.(2). (6.38) 


With df(q).d; ="'ed SL (q) and dg(z).b; =Po'ed 24 (Z) and Gj, (Z) = d¥(@).4; =D, oy (Daj, we get 
Og OW noted Og 


59 O= Lag Ogg Oo FO ~ (6.39) 


Ww 
Mind this notation!! g is a function of Z, not of ¢ Og (@) mans of (q), ie. Og (az) Means Age O90 H) a 
Og Oq' Og Og 


which is [df(@)] = [dg(@)].[av(@... 
Then (with f and U C?) 


a2, gees) 
aoe (@) MSE (@) = d(dg.dix)(@).AV(9).d; = A(dg.d;)(2).4j- (@) 
oq oq , (6.40) 
= Ad (dg(@).dj-(€)).dis(@) + dg () (dais (#).d,(#)) "=" 5 @) 
qo"g 
So ; :, 
Sag a) EY GF) (die), dyel)) + 74 Baw) (6.41) 


k=1 
and gor (2) is not reduced to d?g(Z)(Gi«(Z), wield Z)) (the Christoffel symbols have appeared): First 
order derivatives a are still alive. (Contrary to gog5> ae (Z) = d2g(Z) (bj, b;) with a Cartesian basis (0;).) 


NB: The independent variables r and 6 don’t have the same dimension (a length and an angle): There 
is no physical meaningful inner dot product in the parameter space R? =RxR= {(r,6)}, but this space 


is very useful... (As in thermodynamics: No meaningful inner dot product in the (T, P) space.) ory 
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7 Push-forward and pull-back of differential forms 


7.1 Definition 
Ue > E* = L(E;R) 


Setting of § 6.1. Consider a differential form ag : 
Pe — ag(Pe) 


on U¢ (a field of linear forms), 


2 Ue o> E 
and a vector field we : _ . Hence 
re —> We(ne) 


ue >R 


ami pe > fe(Pe) = (atte) (pe) = a (Pe) the (pe) 


is a scalar valued function (value of We given by ag). And (6.8) gives (push-forward fe = ag.we by V) 


V..(ae.We) (pr) = (ae.We) (De) = ae (pe ).We(ne) when pr = U(pe). (7.1) 


With We.(pr) = dV (pe).We(pe) cf. (6.20) (push-forward of we), we get 


W,.(ag.tig)(pe) = ag (pe).dU (pe)! ie (pe) when pr = V(pe) : (7.2) 


=noted ae, (pr) 


Definition 7.1 The push-forward of a differential form ag € 21(U&) is the differential form € 01(Uz) 
given by 


Ur — F* = £(F;R) 
W,.Qe : ted (7.3) 
pr | Vaae (pe) = a¢(pe).d (pe) |" aes(pe) when pr = V(pe), 


the last notation when W is implicit. In other words, V.ag (pr) = ag (UW! (pr)).dU~ (pp), ie. 
Wide := (ag 0 W').dv-'. (7.4) 


(Once again, we used the same notation W,, than for the push-forward of vector fields and functions: The 
context removes any ambiguities.) 


Remark 7.2 We cannot always see a vector field (e.g. we can’t see an internal force field): To know it we 
need to measure it with a well defined tool, the tool being here a differential form; And the definition 7.1 
is a compatbility definition so that we can recover the push-forward of the vector field. a 


Definition 7.3 The pull-forward of a a differential form ar € Q'(Uf) is the differential form 


ie — L(E;R) 
War: 


(7.5) 
pe — W*ar(pe) = oF (pr)-dV (pe) 


nel" o*(pe) when pr = V(pe), 


In other words, 
War := (ago W).dv. (7.6) 
(For an alternative definition, see remark 7.5.) 


Proposition 7.4 For all ag € Q'(Ue) and ag € 0! (Ur) (differential forms), and we € T(Ue) and 
wr €T (Ur) (vector fields), we have (objectivity result) 


(Wa) (pr).Wr(pr) = ae (pe).(U.Wr) (pe) when pr = V(pe), (7.7) 


= 


Le. aex(pr).Wr(pr) = ae(pe).Wr* (pe). In particular with ag = df (exact differential form) where 
f eC), 

d(W.f) = VU. (df). (7.8) 
(This commutativity result is very particular to the case a = df: In general d(W,T) A WV,(dT) for a 
tensor of order > 2, see e.g. (8.19)). 
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Proof. ag.(pr).tir(pr) = (ae (pe).dW "(pp )) tir (pr) = ae (ne). (AY "(pr ).tir (pr) = ce (ne). (ne), 
for all pr = U(pe) € Ue. 


And ©, f(pr) = f(pe) = f(Y~" (pr), thus d(U. f) (pr) = df (pe)-dU~" (pr) = ©. (df) (pr). 


And we have 
Wow, =I and U,oW* =T. (7.9) 


Indeed W*(W,.0¢)(pe) = V.ae(pr).dV (pe) = ae (pe).dV— (pr).dU (pe) = ae (pe). Idem for UW, 0 W* = I. 


Remark 7.5 The pull-back a-* can also be defined thanks to the natural canonical isomorphism 


LBS) a LOE): | - 4 7 
given by L* (€r).tig = lp.(L.tiz) for all (tz, lr) € ExF", and L* (lp) =lp.L 


La L* 
is called the pull-back of @f by ZL. In particular with @7 = ag(pr) and L = dW(pe) we get 
dV (pe )*(ar(pr)) = af (pr).dU (pe), i.e. (7.5). vn 


7.2 Incompatibility: Riesz representation and push-forward 


A push-forward is independent of any inner dot product: It is objective. 

But here we introduce inner dot products (-,-)g in E and (-,-), in F, e.g. Euclidean dot products 
in Re and RP (observer dependent therefore subjective), because some mechanical engineers can’t begin 
with their beloved Euclidean dot products. 

Let ag € O1 (Ue) and call Br := V,a¢ its push-forward by W, i.e. 


Br(pF) = a¢(pe).dU(pe)~" when pr = V(r). (7.10) 


Then call @(pe) € E and bn (pr) € F the (-, -), and (-,-),-Riesz representation vectors of ag and (7, so, 
for all te € T(%) and all we € T(Uz), in short, 


ag.tig = (Gq, Ue)a; and Br.wr = (On, r)n, (7.11) 


which means a¢ (pe ).te (pe) = (Gy (te), Ue (pe))g and (pr )-OF (pF) = (bn (pr), @F(pr))n, for all pe € Ue 
and pr € Up. This defines the vector fields @, ¢ T(U«) and b, € T(Ue). 


Proposition 7.6 b;, 4 U,da, in general (although By = V.a¢), because 


bn(pe) = dU(ne)~” dy (re) 
# dV(pe).dg(~e) in general 


(unless dW (pe)~7 = dW (pe), ie. dV(pe)?.dV (pe)! = I, as a rigid body motion). 

So the Riesz representation vector of the push-forwarded linear form is not the push-forwarded rep- 
resentation vector of the linear form push-forwarded. 

This is not a surprise: A push-forward is independent of any inner dot product, while a Riesz repre- 
sentation vector depends on a chosen inner dot product (E.g. Euclidean foot? metre?). 

So, as long as possible (not before you need to quantify), you should avoid using a Riesz representation 
vector, i.e. you should use the original (the qualitative differential form) as long as possible, and delay 
the use of a representative (quantification with which dot product?) as late as possible. 


(7.12) 


Proof. Recall: The transposed relative to (-,-), and (-,-), of the linear map dV(pe) € L(E; F) is the 
linear map dV (pe) ip, =noted GU (pe)? € L(F;E) defined by, for all i € E and wr € F vectors at. pe 
and pr, cf. (A.68), 

(dW (pe)" ig, tte) g = (Wir, dV (pe).te)n.- (7.13) 


(7.11) gives, with pr = U(pe), 


(Gg (ne), te )g = Oe (pe)-tle = (87 (pF).dU (pe)).tis = Br (pr).(dV(pe).tée) 


is : a { (7.14) 
= (bp (pF), dV (te) .te)n = (dU (pe). n(Dr); Ue) gs 


true for all tg, thus @,(~) = dU (pe)" .by (pe), thus (7.12). on 
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8 Push-forward and pull-back of tensors 
To lighten the presentation, we only deal with order 1 and 2 tensors. Similar approach for any tensor. 


8.1 Push-forward and pull-back of order 1 tensors 


Proposition 8.1 If T is either a vector field or a differential form, then its push-forward satisfies, for 
all € vector field or differential form (when required) in Ur, 


in short: (W,T)(€)=T(W*é), written W,T(.) =T(*,), (8.1) 
ie. (W.T)(pr)-€(pr) = T(ne).U*§ (pe) when pr = VU (pe). Similarly: 

in short: (W*T)(€)=T(V,£), written W*T(.) =T(W,.), (8.2) 
ie. (W*T)(pe)-§(e) = T(pr).UsE (pr) when pr = VU (pe). 
Proof. e Case T = ag € (Ue) (differential form = a (‘) tensor), then here € = wr € T'(Uf) 
and we have to check: (W,a¢)(pr).Wr(pr) = (ne). U'Wr(ne), ie. (ae(m).dU"(y)).ir(pr) = 


ae (Pe ).(AU~* (re) tie (pe): True. 
e Case T = te € T(Ue) (vector field ~ a (A) tensor), then here € = ag € 21(Uz) we have to check: 
(W,.We)(pF).ar (pr) = We (pe).U* (ar) (pe), where we implicitly use to the natural canonical isomorphism 


noted 
W 


tie (Re), Le. a (Be) (dW te (He) = (0 (Pe)-dW He)" stie) (be) + True. 
.2), use U~! instead of WV. wa 


EOE 
GF: F defined by w(¢) = @.w for all 2 € E*. So we have to check: ar(pr).(W.We) (pF) = 
w 


U* (ar) (pe 
For (8 


8.2 Push-forward and pull-back of order 2 tensors 


Definition 8.2 Let 7 be an order 2 tensor in U&. Its push-forward by W is the order 2 tensor W,7 in Ur 
defined by, for all £1, €) vector field or differential form (when required) in U4, 


in short: W,7(€,,€) = T(W*4,, U*éo) written W,7(-,-) := T(U*-, v.), (8.3) 


Le. WT (pe) (1 (pr), €2(pe)) = T (ne) (YE (pe), U2 (ne)) when pr = U(pe). 
Let T be an order 2 tensor in U/-. Its pull-back by W is the order 2 tensor V*T in U& defined by, for 


all £1, € vector field or differential form (when required) in lé, 
in short: W*T(1,€2) := T(W.6, V.é2) written W*T(.,-) := T(V,-, U,-), (8.4) 


ie., U*T (pe )(E1 (ne), €2(ve)) == T (pr) (Ux (Re), VxEa(pr)) when pr = U(pe). 


Example 8.3 If T € T3 (Ue) (e.g., a metric) then, for all vector fields w,, wy in Uf, 
(By, Be) 2 Tay", Bo") = T(dW-1 B,, dV-1 ay), (8.5) 


Le., T. (pr) (1 (pr), We (pr) = T (re) (dU (pe). (pF), dW" (pF). (pr) when pr = V (pe). 


s > oS > 


ese with bases (@;) in & and (b;) in F: In short we have (T,);; = T..(b:,b;) = T (b;*, b;") = 
OF eT ha- Bsa = ((b: el 55) Tia (a8) gg bale) = (4) 5 Phia-law) Zig )ia, thus 


Te] = evi Mela, (8.6) 


|b 


which means ((W.T)(pe)]yp = (dV(e)ha.g) 7 IL (ve ))a- (AY (He) qag)~? when pr = We). 
Particular case of an elementary tensor T = a1 @ a2 € TS (Ue), where a1, a2 € 21 (Ue), so T(%1, 2) = 
(ay ® a2) (1, iz) = (ay.t/1)(ag.t2): For all Wy, We E T(Ue), 


> = 8.3 hk ok ek apn) (7-7 > > 
(a1 ® a2). (w1, We) Nes @ a2)(Wi, Ws) = (a1.wt) (a2. ) ai Gite (8.7) 


thus 
(Q1 ® A2)x = A1x @ Age. (8.8) 


(And any tensor is a finite sum of elementary tensors.) 
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And for the pull-back: For all vector fields @, ii2 in Uk, 


Pe (ti, U2) a) T (tis, tax) = T(dV.ti,, dW ti2). (8.9) 
Example 8.4 If T € T/(U€) then for all vector fields w € [(U-) and differential forms 6 € 01(Uf), 
T. (8,8) = T(B*, w*) = T(B.d¥, dv), (8.10) 


i.e., T. (pr) (B8(pr), Ope) = T(pe)(B(Br).d¥ (pe), AU" (pr) B (pe) when pr = U(pe). 
For the elementary tensor T = i @a € Ti (Ue), made of the vector field @ € T(Ue) and of the 
differential form a € 0!(Ue): For all 8,0 € O'(Ue) x T(z), in short, 


(72 a). (8,0) ="(@@ a)(6*,W*) = (7.8")(aad*) (A, B)(a.8) = (He @a)(B,W), (8-1) 
thus 
(U@ a), = ty @ Ax. (8.12) 
Expression with bases (@) in E and (6;) in F: In short we have (Ty); = T.(8,b;) - 
T(W* (bi), *(B;)) = [YW (')] [T].[W* (6;)] = (b'].-[2¥].[7].[ab] [8] = (2) [7]. [4¥-1]) i, thus 
Tele = Yj 2.5-(Pia-[4¥) 2 (8.13) 
which means [(V,.7) (pr Nie = [dV (pe Pag ena when pr = U (pe). a 


8.3 Push-forward and pull-back of endomorphisms 


We have the natural canonical isomorphism 


De eae + £(E*, E;R) as 


LoT,p=A(L) where Tr(a,ti):=a.L.u, V(a,v%) € E*x E. 
Thus W,77(m, w&) = Ty (U*m, Uw) = (W*m).L.(W* wd) = m.dV.L.dU- 18, thus: 


Definition 8.5 The push-forward by W of a field of endomorphisms L on U¢ is the field of endomorphisms 
W,L = L, on Up defined by 


in short: W,L=|L, =dW.L.dv~'), (8.15) 


ie., Lx (pr) = dV (pe).L(pe).dV~ (pre) when pr = VU (pe). 


Thus with bases we get [La ]ig = [qv] 25 [L}\2-[d¥] =, “as in (8.13)”. 


|a,6° 


Example 8.6 Elementary field of endomorphisms L = (J2)~!(t @ a), where ti € ne 2 and a € 01(E): 
So T, = U@a and L.tig = (a.U2)u for all 2 € T(Ue)). Thus Ly.w2 = dV. L.dv— = dV.L.w* = 
(a.W*)dV.ti = (a,.W)ti, for all Wy € T(E), thus (Ty), = tu, ® as. os 
Definition 8.7 Let L bea field of endomorphisms on Uf. Its pull-back by W is the field of endomorphisms 
W*L = L* on Ue defined by 


in short: W*L =| L* =dW7~'.L.dv|, (8.16) 
ie., L* (pe) = dV~"(pr).L(pr).dU (pe) when pr = VU (pe). 


8.4 Application to derivatives of vector fields 


a € Te) is a C' vector field in Ue), pe € Ue, so di: Ue > L(E;E) (given by dii(pe).(pe) = 
limp_+0 Hee eae) for all @ € [()). Thus its push-forward: 


((dii), =) W, (di) = dV.dii.dv—! (8.17) 


e. (dii).(pr) = AV (pe ).dti(re) .dV (pe )~* when pr = V (pe). 
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8.5 W,(du) versus d(V,u): No commutativity 


Here W is C?, GET (Le), re € Ue, pr = V(pe), 80 U.U(pr) = dV (pe ).ti(pe) = (dU(Y* (pF )).(G(U (pe), 
and, for all @ € T(z), 


(Vi) (pe) (pr) = (4° U(pe).(AU" (pr) 10 (pF)))-(ne) + AU (pe ).dii(ne).dU* (pe).(pr), (8-18) 
with W,.(di)(pr) = dV (pe).dti(pe).dU~* (pr), thus, in short, 
d(V,, vi). = W, (di).w + dU" w, @) AV, (di) in general. (8.19) 


So the differentiation d and the push-forward , do not commute (d(WV,./) = U,.(dt) iff W is affine). 


8.6 Application to derivative of differential forms 


Let a € O1(U¢) (a differential form on Ue). Its derivative da :Ue > L(E; E*) is given by da(pe).@(pe) = 
limp, 49 Sethe) olpe) © E* for all TET (UE), ie., for all %, d € Te), 


ho+0 h ey) 


With the natural canonical isomorphism £(E; E*) ~ L(E, E;R), cf. (T.16) with E** ~ E, we can write 
da(pe) (ti (Pe ))-téa (pe) = doc(pe) (ti (ne), Wa (pe), i.e. 


da(t1).tig _ doa(t1, 2). (8.21) 
Thus the push-forward WV, (da) ="°'€4 (dq), of da, is given by, for all w,, 2 € PU), in short, 
(da) «(w1, We) = da(wy, Ww), (8.22) 


i.e., with pr = U(pe), (da), 
In particular, (d?f), (wy 


8.7 W,(da) versus d(V,a): No commutativity 


Here W is C?, «@ € TU), we © Ue and pr = WV(pe). We have WV,a(pr) = a(pe).dv-'(pr) = 
a(W~!(pr)).dv ), thus, for all w, € T(Uz), 


=r 
d (thc) (pe). (pF) = (dane ).dU~* (pe). (pr) .dY* (pr) + ane). YU" (pe). (pr) € F*, (8.23) 
thus, for all w,, W2 € T(Uz), in short 
d(w.a)(W,, 2) = da(d¥~* wy, dU" wi) + .d? U1 (By, ty) A da(wt, ws) in general. (8.24) 


So the differentiation d and the push-forward , do not commute (d(V,a) = W,(da) iff W is affine). 
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Part ITI 
Lie derivative 


9 Lie derivative 


9.0 Purpose and first results 
9.0.1 Purpose? 


Cauchy’s approach may be insufficient, e.g.: 

1. - Cauchy’s approach aims to compare two vectors deformed by a motion, thanks to a Euclidean dot 
product and the deformation gradient F', with the deformation tensor C defined by (C.W,) «Wp. := 
(F.W,) «(F.W2). It is a quantitative approach (needs a chosen Euclidean dot product: foot? metre?). 


- Cauchy’s approach is a first order method (dedicated to linear material): Only the first order Taylor 
expansion of the motion is used: Only d® = F is used (the “slope”), not d?® = dF (the “curvature”) 
or higher derivatives. 


2. - Lie’s approach aims to build qualitative “covariant objective constitutive laws” (some will be discred- 
ited afterward, because of invariance or thermodynamical requirements). 


- Lie’s approach “naturally” applies to non-linear materials thanks to second order Lie derivatives which 
uses the second order Taylor expansion of the motion. 


- In anon planar surface S, you need the Lie derivative if you want to derive along a trajectory. 


- In a Galilean Euclidean framework (quantification), the first order Lie derivatives approach give the 
same results than Cauchy’s approach. 


(Cauchy died in 1857, and Lie was born in 1842: Unfortunately Cauchy could not use the Lie derivative.) 


9.0.2 Basic results 


The Eulerian velocity of the motion is v. With the material derivative is Leu = det + dEul.v: 
1. The Lie derivative £;f of a Eulerian scalar valued function f is the material derivative 
Df 
Lyf = —. 9.1 
of =z (9.1) 


2. The Lie derivative £;t of a (Eulerian) vector field w is more than just the material derivative 24: 


Ly = — — dow. (9.2) 


LW gives the rate of stress on W due to a flow, and in particular the —dv.w term in Cy tells that 
the spatial variations of @ (variations of the flow) act on the evolution of the stress (anticipated). 


3. (9.1)-(9.2) enable to define the Lie derivatives of tensors of any order. 


9.1 Definition 
9.1.1 Issue (ubiquity gift)... 


® is supposed to be regular. &(t,p(t)) = 2® (+, Poy) is the Eulerian velocity at ¢ at p(t) = ®(t, Pow). 
Recall: If €ul is a Eulerian function then its material time derivative is 


PEA (t) _ lim cullen pest) = Eul(t, p(t) (9.3) 


Eul(t+h,p(t+h))—Eul(t,p(t)) 


Issue: The rate i raises questions: 

1- The difference Eul(t+h, p(t+h)) — Eul(t, p(t)) requires the time and space ubiquity gift to be cal- 
culated by an observer, since it mixes two distinct times, t and t+h, and two distinct locations, p(t) 
and p(t+h). 

2- The difference Eul(t+h, p(t+h)) — Eul(t, p(t)) can be impossible: E.g. if Eul = Ww is a vector field 
in a “non planar surface considered on its own” (manifold) then Eul(t+h, p(t+h)) and Eul(t, p(t)) don’t 
belong to the same (tangent) vector space (so the difference w(t+h, p(t+h)) — w(t, p(t)) is meaningless). 
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9.1.2 ...Toward a solution (without ubiquity gift)... 


To compare Eul(t+h, p(t+h)) and Eul(t, p(t)) (to get the evolution of Eul along a trajectory), you need 
the duration h to get from t to t+h and to move from p(t) to p(t+h). So, you must: 

e take the value Eul(t, p,)) with you (for memory), 

e move along the considered trajectory, and doing so, the value Eul(t,p,) has possibly changed to, 
with 7 = t+h, 


((®!),ult)(pr) 4 Eulee(7,pr)  (push-forward); (9.4) 


e And now, at (7,p,) where you are, you can compare the actual value Eul(r,p,) with the value 
Eult,.(7, pr) you arrived with (the transported memory), thus the difference 


Eul(T, p,) — Eults (7, pr) (9.5) 


is meaningful for a human being since it is computed at a unique time 7 and at a unique point p, (no 
gift of ubiquity required). 


w(t pe) 
>My (re) 


NY 


Figure 9.1: To compute (9.5) with €ul = wa (Eulerian) vector field: At t define the vector field w, in Q, 
by wW:(p) := W(t, pz). The (spatial) curve c; : s > py = (8) in Q; is an integral curve of w, i.e. satisfies 
cy! (8s) = wi; (c:(s)). cy is transformed by ®* into the (spatial) curve c, = toc : s > p, = c;(s)=64 (c;(s)) 
in 2,; Hence c,’(s) = d®* (p,).c!(s) = d&* (p;).W;,(p,) =P? ,.(7, p,) is the tangent. vector at c, at p, 
(push-forward). Thus the difference w(r, p;) — Wix(T, p;) can be computed by a human being, i.e. without 
ubiquity gift. 


9.1.3... The Lie derivative, first definition 


Definition 9.1 The Lie derivative Cz€ul along v of an Eulerian function €ul is the Eulerian function 
L;Eul defined by, at t at p, = O(t, Pos), 


U(t+h, p(t+h)) — (®f,,).Eul.(p(t-+h 
h—0 h 


Interpretation: £;€ul measures the rate of change of Eul along a trajectory: 

e Eul(t+h, p(t+h)) is the value of Eul at t+h at p(t+h), see figure 9.1. 

© Euly(t+h,p(t+h)) = ((®),),).Eulz)(t+h, p(t+h)) is exclusively strain related: It is the memory 
transported along a flow, i.e. the value Eul(t, p;) distorted by the flow. 


So, with g defined by g(r) = ((®¢).€uls)(p,) (in particular g(t) = Eulz(pz)): 


5 ro t) lso written d((® )Eult) (p(t+h)) 
7 t By =I g(T) — g(t) also wr t+h 
LyEul( Pt) g ( ) boar r—t dt |r=t 


(9.7) 


9.1.4 A more general definition 


The rate in (9.6) has to be slightly modified to be adequate in all situations: ul(t-+h,p(t+h)) — 
Eul,.(t+h, p(t+h)) is computed at (t+h,p(t+h)) which moves as h — 0, and on a “non-planar mani- 
fold” this is problematic. The “natural” definition is to arrive with the memory: 
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53 9.2. Lie derivative of a scalar function 


Definition 9.2 The Lie derivative Cz€ul along v of an Eulerian function Gul is the Eulerian function 
LyEul defined by, at t at py = Op, (t), 


I(t, pe) — (®f-") Eu 
LyEul(t, pi) _ lim Eu ( Pt) ( . ) Eu t n(pe) (9.8) 


Ie. with g defined by g(r) = ((®7).€ul-)(pz) (in particular g(t) = Eul(t, p:)): 


e _ g(t)— G(T) _ G(T) — G(t) also written A(( OF) «Eul,) (pe) 
LyEul(t, pz) = 9 (t) = lim —~—>~—_ = lim 7+ = 9.9 
gEul( Pt) g(t) aay t—T pea r+ —t dt |r=t ( ) 

Here the observer must: 

e At t—h at p(t—h) = ®p,,(t—h), take the value Eul(t—h, p(t—h)), 

e travel along the trajectory ®p,,, 

e once at t at py = ®p,,(t), this value has become ((®/_,,)«Eul:—n) (pe) (transported memory), 

e and then the comparison with Eul(t, p;) can be done in Q; (no ubiquity gift required). 
Exercice 9.3 Prove: (9.6) and (9.8) are equivalent. 

t * 

Answer. With (®!,;)*.(Stan)e = I, (9.6) gives Ce€ul(t,p:) = impo See Order) 
ee Sos een eda) = nie CREE snd (o¢_,)* = (oe), a 


9.1.5 Equivalent definition (differential geometry) 


Definition 9.4 The Lie derivative of a Eulerian function €ul along a flow of Eulerian velocity v is the 
Eulerian function £;Eul defined at (t, p:) by 


((G;, ,)*Euli+n) (pe) — Eul(t, pe) 
h p] 


LeEul(t, py) = jim rate in Q,. (9.10) 


In other words, if g is defined by g(r) = ((®4)*Eul,)(pz) (in particular g(t) = Eul(t, pz)), then 


g(T) — g(t : d((®*.)*Eul 
LyEul(t, pz) = g/(t) = lim HT) = GE) also written A((Pr)*Eulr (Pe) (9.11) 
Tt r—t dt |r=t 
Exercice 9.5 Prove: (9.8) and (9.10) are equivalent. 
Answer. (9.10) also reads LsEul(t, pr) = limy_yo (Ste Stee)“ FulelP) ang (@t_,)* (GE), = 1. te 


Remark 9.6 More precise definition, as in (2.3): E.g. with (9.10), the Lie derivative C;€ul of a Eulerian 
function ul along a flow of Eulerian velocity v is the Eulerian function defined by, at t at py = ®(t, Pow), 


LyEul(t, py) = ((t, 2), LeEul(t, py) (pointed function at (t,p,)), (9.12) 
And, to lighten the notation, LyEul(t, pp) =noted ¢ -€ul(t, p,) (second component of Ly Eul(t, p,)). 7 
9.2 Lie derivative of a scalar function 
Let f be a C! Eulerian scalar valued function. With (®{~"), fi_n(pr) = fr_n(p(t—h)), ef. (6.10), we get 


toy lim f(t,pe) = fbn") 


_ Df|_ of * 
=F |=5 +4. (9.13) 


ie. |Lof 


So, for scalar functions, the Lie derivative is the material derivative. 


Interpretation: £;f measures the rate of change of f along a trajectory. 
Proposition 9.7 Lsf =0 iff f is constant along any trajectory (the real value is the memory value): 
Lsf =0 <= Vt,7 € [to,T], (©¢,) f:i(p-) = f(t, p(t)) when p, = ©4(p,), (9.14) 


ie. iff f(t, p(t)) = f(to, pt,) when p(t) = ©'°(t, p,,), Le. iff f let itself be carried by the flow (unchanged). 
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Proof. Let p(t) = ®(t, Pow) = pe for all t, so p(r) = ®(r, Poy) =p, = ®t, (pe) = © (7, pi). 
: If fp = (®t ,,)« fe, then f, (pr) = fi(pe), thus lim,,, Lo#- IGP) — 9, that is, BF = 0. 


=: If Pf = 0 then f(t,p(t)) is a constant function on the trajectory t > O(t, Pow), for any parti- 


cle For, so f(r, p(7)) = F(t, pe) when p(7) = ©), (pe), that is, f(t, pr) = (Pi4n)afe(Pr)- ws 


Exercice 9.8 Prove: Ly(Lsf) = ey = a + 2d(Sf).e+ a? f(v,0) + df.(32 + dv). 
Answer. See (2.23). 7 


9.3 Lie derivative of a vector field 
9.3.1 Formula 
Let w be a C! (Eulerian) vector field (interpreted as an “internal force field” in the following). 


Proposition 9.9 


Dw Ow 
Ly = a — dé. | = oa + d.8 — dow. (9.15) 
So the Lie derivative is not reduced to the material derivative OE. © (unless di = 0, i.e. unless @ is uniform): 


The spatial variations dv of U influences the rate of stress: U tries to bend w (which is expected). 


Proof. Let §: 7 G(r) = (®%w)(t, p(t)) = d&* (p,) + .W(r, p(r)) when p(r) = ®!(7, pz), so (9.10) reads 
Lyti(t, pr) = G'(t). With 2(r) = w(r, p(r)) = d®"(7, ps)-G(7), 
= Per, ply) = EPO 7,0.) alr) + 4"(r, po). d(r) 
= (dir, p(r)).F'(r, pt))-(F' (1, pt) *0(7, p(r))) + Fz (pt)-9'(7) 
= do(r, p(r)).w(r, p(T) + Fe(pt).9'(7).- 
Thus Pe tt, pt) = dv(t, pe) W(t, pe) + I.’ (t), thus g’(t) = a (t, pp) — dU(t, pz). w(t, pt). a 
ei )s 0 =>, Vey, UW = D0 We; d0.e; = ir, VijjEi, AW.E; = >, wy ei; Then 


(9.16) 


Quantification: Basis (€;), 


5 n Aw; : n . n n 
Lt = age é; + Ds Wij Vj Ei — bs Uj]j W5Ei- (9.17) 
w=1 t,j=1 1,j=1 
So (column matrix), with [-] := [-Jje, 
sap pO al ve.‘ Oie —_ See 
tet) = (22) — aa}. te] (= (2) + (ao. — (20) fe. (9.18) 
(And [dw.v] = [dw].[v].) Duality notations: Lew = 7, ae 2e + yg Ui, we; — >, 4 Ujjw e- 


9.3.2 Interpretation: Flow resistance measurement 


Proposition 9.10 is supposed to be a C? motion and a C! diffeomorphism in space, and wW is a 
vector field. 

Lyi =0 => WE [to,T], w = (O°). t,. (9.19) 
Le, Bo = dé. © the actual vector w(t, p(t)) is equal to FY (pt) .ttp (Pig) = Wiox(t, p(t)) the deformed 
vector by the flow, see figure 9.1. So: The Lie derivative Li vanishes iff Ww does not resist the flow (let 
itself be deformed by the flow), i.e. iff W(t, pi) = Wips(t, pt). 


Proof. We have Lyw = a — dv.w and ore . (t, Pip) = 


< (derivation): Suppose w(t, p(t)) = Fr f(t, Pty )-W(to 
a; a ae (d0(t, p(t) Fy? (Peo))-(F4° (Pio) 1 Ct, 


do(t, p(t)).Fy° (pig), ef. (3-33). 
> Pt \ ies p(t) = ©" (pp, ). Then Dug, p(t) = 
p(t))) = du(t, p(t)).w(t, p(t), thus 2 a 


Ot 

dv. = 0. (See proposition 3.14.) 
=> (integration): Suppose Be = diw. Let f(t) = (FY° (pi.)) + -B(t, p(t) (= pull-back 
®,")*W(to, Pto)) when p(t) ae Pt); So W(t,p(t)) = F'(t,pi).f() and ZF (t,p(t)) 


ar 


= ( (t 
ar ~(t, Pio): FQ) + Fe? (pto)-F'() = o(t, p(t))-FY° (Pt.)-F(Q) + FF, 1° (Pto)-F'(t) = dv(t, p(t)).wUt, p(t) + 
F(pz,). f(t) she. Pe (t,p p(t) +F° (pt Pto)- _f'(t) for all t; Thus F° (p,,).f’(t) = 0, thus f’(t) = 0 (because 


6'° is a diffeomorphism), thus f(t) = f(to), ic. W; = (®}°).t;,,, for all t. vn 
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9.3.3. Autonomous Lie derivative and Lie bracket 
The Lie bracket of two vector fields 7 and wW is 

(8, w] = da. — dow "EE Cow. (9.20) 
And £2 = [#, vw] is called the autonomous Lie derivative of w along v. Thus 


ac ow 
+ [v, 8] = — 4+ Low. (9.21) 
ot 
NB: £2:8 is used when @ et. w are stationary vector fields, thus does not concern objectivity: A stationary 
vector field in a referential is not necessary stationary in another (moving) referential. 


9.4 Examples 
9.4.1 Lie Derivative of a vector field along itself 


(9.15) with w = @ gives Lov = oo In particular, if 7 is a stationary vector field then Lyt = 0 (= [@, 0). 


9.4.2 Lie derivative along a uniform flow 


Here dv = 0, thus 

DU dW 

— = — +dw.0 (when di = 0). 9.22 

DE Oh ( ) (9.22) 

Here the flow is rectilinear (dv = 0): there is no curvature (of the flow) to influence the stress on w. 
Moreover, if w is stationary, that is ae = 0, then Lew = dw.v = the directional derivative oe of the 

vector field w in the direction @. 


Lyw = 


9.4.3. Lie derivative of a uniform vector field 
Here dwi(t, p) = 0, thus 
Lew = —-—dv.w (when dw = 0), (9.23) 


I 

| 
a 
St 
€ 


thus the stress on w is due to the space variations of 3. Moreover, is w is stationary then Lyw 


9.4.4. Uniaxial stretch of an elastic material 


e Strain. With [OP |\z - [X]\e = Ga with € > 0, t > to, p(t) = ®°(t, P) and [Zz = [Op(t)h)2 


ar (2)-(B)see0(§) (FM). 


tes éX mt) aan OY x 
e Eulerian velocity v(t, p) = 0 = on to)” |, du(t,p) = vee to) 0 (independent of p). 
e Deformation gradient (independent of P), with «, = €(t—to): 
ltr: 0 1 0 
= to s t _ 
F, = do' (P)=( x it) are (4 a (9.25) 
Infinitesimal strain tensor, with FY = F; here: 
(P)=R-T= (4 3) =6,. (9.26) 
e Stress. Constitutive law = Linear isotropic elasticity: 
A+2u 0 
a, (pe) = ATr(e,)I + 2ne, = Ke ( ‘ H :) =¢,. (9.27) 
Cauchy stress vector T on a surface at p with normal 7i;(p) = (*: ) =7 
oe Ae ee (At+2p)ni \ _ (At+2y)n1\ _ oa 
Ti (pr) = 2.0 = Ke ( ie = €(t—to) van = Th: (9.28) 


e Push-forwards: T;,(p;,) = 0, thus Fs Big) Ey (p:,) = 0. 


55 


56 9.4. Examples 


e Lie derivative: 


T.(p:) — F (p,.).T. 
LT tp Ne lim (pt) a to (Pto ) . (ae 


5 7 ~ n 3 1 
e Generic computation with C37 = 2 + dT. — dv.T: (9.28) gives oe = oe ) and 


- = 1 1 
dT = 0 and dvu;.T; = (Fae) (t—to) 5) $(t to) ( rl ) = Se (oe ), In particu- 


lar, d8(to, Pt, )-T (to, Pip) = = 0. Thus LyT' (to, Pin) = g ( er) ) = rate of stress at the initial (to, p,, ). 


9.4.5 Simple shear of an elastic material 


Euclidean basis (€),€) in R?, the same basis at any time. Initial configuration Q;, = [0, LZ] @ [0, Lo]. 
Initial position | [(OP]<-= (Opn |e = [X]z= (i Let € € R*, pp = ©) (pi), [Ze = [Op@)]\e, and 

ae g(t, X,Y)=X\_ (X+E(t-t)Y 

[Zz = Cae 28 XY) 1G (9.30) 


e Eulerian velocity %(p:) = te = ae. thus dé,(p,) = (3 a 
e Strain. With «, = €(t—to), deformation gradient (independent of P): 


d®}?(P) = (i . =F, thus Fe T=; & ae (9.31) 


e Infinitesimal strain tensor: 


to(P) = t = 
<'(P) ‘ 


z F°(P)-I+(F°(P)-1D? (! ) = (9.32) 


e Stress. Constitutive law, usual linear isotropic elasticity (requires a Euclidean dot product): 
0 1 
a(t, pe) = ATr(e,)I + 2ve, = pre 1 0) 72 (9.33) 
Cauchy stress vector T(t, p;) (at ¢ at p,) on a surface at p with normal 7i,(p) = (7 ) =n: 


Te = 0.1 = pk ( "| = pé(t—to) ( "| =T(t) (stress independent of p;). (9.34) 


e Lie derivative, with f = 0: 


Ti(pe) — Fi (p49)-T 2 
LyT (to, Pio) = jim Hi(ps) ' ee to (Pio) = pe ( | (rate of stress at (to, Pip ))- (9.35) 
0 — to 
n2 > 
e Generic computation: £LyT' = 22 + dT.@ — dé.T. (9.34) gives a Fit, p) = pé © :] and dT = 0. With 


dU, - Ti, = = 0. Thus LyT( (to, Pio) = a ‘ 


9.4.6 Shear flow 
Stationary shear field, see (5.11) with a = 0 and to = 0: 


= v'(x,y) = ry, a 0 A 
U(2,y) = PND: di(x,y) = ¢ 3) ; (9.36) 


Let w(t, p) = . = (to, Peo) (constant in time and uniform in space). Then Lyw = —dv.w = 7) 


( 


measures “the resistance to deformation due to the flow”. See figure 9.2, the virtual vector wW,(t,p) = 
d®(to, pi, )-W(to, Pe, ) being the vector that would have let itself be carried by the flow (the push-forward). 
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Figure 9.2: Shear flow, cf. (9.36), with Ww constant and uniform. LW measures the resistance to the 
deformation. 
9.4.7 Spin 


Rotating flow: Continuing (5.14): 


FCM ae i a) @ ena e € -) = Rot (2) (9.37) 


In particular d?0 = 0. With @ = wo constant and uniform we get 
Leytiy = —di(p).t0p = —w Rot(r/2).y  (L & = Wy). (9.38) 


gives “the force at which wW refuses to turn with the flow”. 


9.4.8 Second order Lie derivative 


Exercice 9.11 Let @,w be C?. Prove: 


- D3 _Dw D(dv) _ ee Sos 
L(Lyw) = DE 2dv. Di pee dv.dv.u, 
O78 Ow Ow Ov Ov (9.39) 
= 2d—.v — 2dv. + dw. d—.w 
ar Op. Oe ee. OE 
+ (C.8).6 + db.d0.0 — 2dv.dw.0 — (76.0). + dv.dv-a. 
Answer. Be 
2 D(Lyi) im a - Dp, — aw) _ Dw a 
Lo(Lew) = Di — dv.(Lew) Di v.( Di dv.v) 
A DGD) st DB | DI, ae gs 
DE Di .w— dv. Di dv. Di * dv.dv.w, 
thus (9.39)1, thus (9.39)2. pr 


9.5 Lie derivative of a differential form 


When the Lie derivative of a vector field w cannot be obtained by direct measurements, you need to use 
a “measuring device” (Germain: To know the weight of a suitcase you have to lift it: You use work). 
Here we consider a measuring device which is a differential form a. So, if w is a vector field then 


f =a.¥ is a scalar function, and (9.13) gives Li(a.w) = Pla.) = 22 g+a.2%, thus 
D Dw 
Lea.) = cad + a.db.5 + a — adie : (9.40) 
eee 
3 (Lya).o =a.lyi 


Definition 9.12 Let a be a differential form. The Lie derivative of a along @ is the differential form 


Da Oa 
50:= 4 a.dd)= + dad + ads. Al 
Lea De + we ay t dette U (9.41) 


(An equivalent definition is given at (9.47).) I-e., for all vector field w, 


D a 
Lyot = art adi. (= a at (da.t).0 + a.dd.0). (9.42) 
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The definition of La, cf. (9.41), immediately gives the “derivation property” 


Lj(a.wW) = (Lea). W+a.(Lys) (ie. Le is a derivation). (9.43) 
Quantification: Relative to a basis (é;) and with [-] := [jz 
D 
[Lea] = [Fy + [a].[dd] | (row matrix) = (oy + [da.v] + [a]. [dv]. (9.44) 
Thus 5 
=> > a > > _ > 
[Lea] = [Leal].[w] = Prag + [da.v].[w] + [a].[dv].[w]. (9.45) 
Exercice 9.13 Prove (9.44) with components. And prove [da.v] = [#]?.[da]? (row matrix), thus 
[da.@].[w] = [a]? [da]? .[w] = [w]" .[da].[o). 
Answer. Basis (é), dual basis (mei), thus (9.41) gives [Coa] = [2%] + [add]. Let a = DY, aitei, 
0 = Vivi, dv = D7,, vijj€i @ ej (tensorial writing convenient for calculations), ie. [dv]je = [vij;], thus 


a.dv = 74; UViJjTej, thus [a.dv]|,, = [a]|x,-[dv]|z (row matrix). And da = )/,, aij;7ei @ Tej, ie. [daliz, = [ay], 
gives dat = 07, Oij0jTer = Ij; Vii iMe7, and [da.v]),, is a row matrix (da.v is a differential form), thus 
[da.]jn. = [/--[da]/,..- (Or compute (da.v).w = D7, aij0jWi = [ww] fe-[da]ye.[Aje = [e-[da]/,... [Ww] \z-) os 


Exercice 9.14 Let a bea differential form, and let a;(p) := a(t, p). Prove, when 6° is a diffeomorphism, 


Lea =0 <=> VEE [to,T], a = (8), 0%4,- (9.46) 


Le: 2% = —a.dt => az(pe) = ato (Pto)-FY° (peo)! for all t, when py = ®;° (pz, ). 
Answer. <: If a:(p(t)) = ato (pto)-FY° (pio) then a(t, p(t)).F"° (t, Pig) = Oto (Pto), thus Po (t, py).Fy° (pio) + 
ar(pe). 2e (t, pt) = 0, thus 2%(t, p(t)).F/° (pig) + ae(pe).dv(t, pr).Fy° (pip) = 0, thus Lea = 0, since ©;° is a 
diffeomorphism. 

=: If B(t) := (8!) acts (Dip) = ae(p(t))-F%° (Pig) (pull-back at (to, Pio), then f(t) = a(t, p(t))-F"°(t, peg), thus 
B'(t) = Det Pr)-Fe (Pio) + a(t, pr)-d0(t, pe)-Fe° (pio) = 0 (hypothesis Lea = 0), thus 3(t) = B(to) = ato (Peg). 


Remark 9.15 A definition equivalent to (9.41) is, cf. (9.10), 


(® )*a,(pr) — Ot (pt) (= ine a, (p,).d®, (pr) = o(Pe) 


Laat, pr) _- lim r—t Tot 7T—t 


9.47 
nated D(Dar(P)) nosed Diaz) ¢_ Dlar(vn).d4(m)) 5 O89 
zr Dr rst Dr rst + Dr |r=t” 
Indeed, if 8(r) = (®4)*a;(pz:) = a7 (p,).d®* (pz), then 3’(7) and then r = t give (9.41). os 


Exercice 9.16 v and a being C?, prove: 


OPa Oa _, Oa _, Ov Odv 
Li(Lea) = aR | 2d pra +2 Ot db + da. + a. (9.48) 


+ (d?a.0).0 + da.(dv.v) + 2(da.d).dt + a.(d?8.8) + (a.dd).du. 


Answer. (9.41) gives 


Lo(Lea) = coo) + Lo(da.v) + Le(a.dv) 
Oa Oa, Oa ,,. O(da.v) ate _ ,.  O(a.dv) Sot oar 
= 9p d ae ot oe dt + aE + d(da.v).0 + (da.v).dv + DE + d(a.dv).v + (a.dv).dv 
Oa Oa , Oa ., Oda , Ov 5s ikea row as 
Eve d a ot oe dB + a + da. 7, + (d°a.v).0 + da.(dv.d) + (da.v).dd 
+ oo ae + 0 + (da.v).dv + a.d78.6 + (a.dd).dd 
OO 6 O05 OO Cee eee ae aut OGD 
52 7 2d Yau +2 AE dv + dow. + (d°a.t).0 + da.(dv.d) + 2(da.v).dv + 0. 


+ a.(d?8.0) + (a.do).di. 
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9.6 Incompatibility with Riesz representation vectors 


The Lie derivative has nothing to do with any inner dot product (the Lie derivative does not compare 
two vectors, contrary to a Cauchy type approach). 

Here we introduce a Euclidean dot product (-,-), and show that the Lie derivative of a linear form a 
is not trivially deduced from the Lie derivative of a Riesz representation vector of a (which one?). (Same 
issue as at § 7.2.) 

Let a be a Eulerian differential form; Then let a(t, p) € R” be the (-,-)g-Riesz representation vector 
of the linear form a(t,p) € R”*: So, for all Eulerian vector field w, 


a. = (dy, W), (= a, ‘o w), (9.49) 


which means a(t, p).w(t,p) = (G,(t, p), W(t, p)), at all admissible (t¢,p). This defines the Eulerian vector 
field @, (not intrinsic to a: @, depends on the choice of (-,-)g, cf. (F.12)). 


Proposition 9.17 For all v,w € R”, 
WD), (dad).w = (da,.0,w),, w= (—7,B),. (9.50) 


Thus 


Ly. = (Lyay, 0), + (Gy, (d’+dv").w),, and | Lea. 4 (LyG,,W),| in general. (9.51) 


So LsG, is not the Riesz representation vector of Lza (but for solid body motions). (Expected: A Lie 
derivative is covariant objective, see § 11.4, and the use of an inner dot product ruins this objectivity.) 


Proof. A Euclidean dot product g(-,-) is bilinear constant and uniform, thus: 


> es i fs) = Ow 0a > > Ow : Ow > Ow 
a.w = (Gg, W), gives FF. + a.GF = (SE, W)g + (Gy, Seg, With a. SF = (Gy, Se)g, thus we are left 
a 8 =s Oa, > 
with ae = (>, W)q, for all w. 


a.W = (dg,t)g gives d(a.w).0 = d(d,g, W),.v for all v, Ww, thus (da.v).w + a.(dw.v) = (dag.v, 0), + 


(Gy, dw.v),, with pola: U) = (G,, dW.) ,, thus we are left with (da.v).w = (da,.v, w),. 
Thus 22.0 = (+2, w),. ; 
Thus (Ly). = 22.8 + a.dv.0 = (Fee ,B)g + (Gy, dv.) g = (Lay + dv.dy,W)g + (dvt Gy, )g. ae 


Remark 9.18 Chorus: a “differential form” (measuring instrument, covariant) should not be confused 
with a “vector field” (object to be measured, contravariant); Thus, the use of a dot product (which one?) 
and the Riesz representation theorem should be restricted for computational purposes, after an objective 
equation has been established. See also remark F.13. os 


9.7 Lie derivative of a tensor 


The Lie derivative of any tensor of order > 2 is defined thanks to 


Ls(T @S) = (LsT) ©@S+T @ (LeS) (derivation formula). (9.52) 


(Or direct definition: LT (to, pi.) = eee)... 


9.7.1. Lie derivative of a mixed tensor 


Let Ty, € T}(Q), and T,, is called a mixed tensor; Its Lie derivative, called the Jaumann derivative, is 
given by 


DT, 7 . OT», 
LyTm = pe 7 ee Tm + Tin = ap + Tm 0 — dv.Tm + Tm.dv. (9.53) 


Can be checked with an elementary tensor T = @a: we have d(w@a).v = (dw.v) ®a+W® (da.v) and 
(dv.w)@a = dv.(wWa), and W@(a.dv) = (wWea).dv , thus (9.52) gives Le(Wa) = (LeW)@a+we (Lea) 
= 28 gat (dw.0) @a— (dv.8) ®@at+ GS % +U® (da.t) + B® (a.dv) 

= 28e + dG @a).0 — dv.(G®a) + (G@a).du. 
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Quantification. Relative to a basis (€): 


DIn y 
[Lelm] = | — [dd).[Din] + [(Ln].[dv] (9.54) 
(the signs + are mixed). “Mixed” also refers to positions of indices (up and down with duality notations): 


Tm = 27. j=11j& @ e? with the dual basis (e’), ie. [Tin]je = [75]. 


Exercice 9.19 With components, prove (9.54). 


Answer. P= ig EW’, dm = Vin T jeGi BC’ OE, V = Vive, dv = V1, vjjei ® e’, thus 


ot Ot. z ; : F 
dTm.0 = >> T" inv ei @e?, dv.Tm = >> VET 56 @C?, Tm.dv= >> Tope Qe’. ar 


ijk ijk igk 


9.7.2 Lie derivative of a up-tensor 


Recall: If L € £(E; F) (a linear map) then its adjoint L* € £(F*; E*) is defined by, cf. § A.12, 


Ym e F*, | L*m:=m.L| ie, Vm,uie (k* x FE), (L*.m).ii = m.L.i. (9.55) 


(There is no inner dot product involved here.) In particular, dv*.m := m.dv for all m € Re, i.e. 
(di* m).ii = (m.d@).@ = m.(dv.i) for all m € B® and all 7 € R?. 


Let T,, € Tj (Q), and T, is called a up tensor; Its Lie derivative is called the upper-convected (Maxwell) 
derivative or the Oldroyd derivative and is given by 


DT, 
LyTy, = 


Di — dv.T,, — T,,.dv0* | = ey t dT,,.0 — dv.T,, — T,.dv™. (9.56) 


Can be checked with an elementary tensor T = vi ® w and Lj(U @ w) = (Let) @ W+ U@ (Law). 
Quantification. Relative to a basis (€;): 


DT, 
[LT] — [ Dt 


] — [dd].[T.] — [Tu).[av]". (9.57) 


n 


“up” also refers to positions of indices (with duality notations): Ty = 7; j<1 


basis (e'), ie. [Ty]je = [T”]. 


Té, ® €; with the dual 


Exercice 9.20 With components, prove (9.56). 
OT, eT = > _ ajo > ko i>, > i>. j hk jot >. 
Answer. 5," = oi; €,@€;, dT, = lige Tip Gi @ Ey Be ,U= vei, d= D1, yji@e’, dv = Do, Uj,e BE; 


ot ot 
thus dT,.0 = > ane. ee, dvT. => ipl Ei @ €j, Tu.dt* = isn Te @ Ej. os 


ijk ijk 


9.7.3. Lie derivative of a down-tensor 


Let Ty € T3(Q), and Ty is called a down tensor; The Lie derivative is called the lower-convected Maxwell 
derivative and is given by 


DT. OT, 
Lyla = ar + Ty.dé + di*.T4| = a + dT y.8 + Ty.d0 + do*.Ty. (9.58) 


Can be checked with an elementary tensor T = €®m and L;(®m) = (Lel) @ M+ £@ (Lem). 
Quantification. Relative to a basis (€): 


DTq 


[LeFa| = ler 


] + [Ta}.[ao] + [do]” [Ti]. (9.59) 


“down” also refers to positions of indices (with duality notations): Ty = Di gartase” ® e? with the dual 
basis (e'), ie. [Talje = [Ti]. 


Exercice 9.21 With components, prove (9.59). 
Answer. eee = ora e'@e?, dTa = ijk 


thus dTy.0 = 0, ,, Tijnv%e’ ® e?, Ta.dd = 


a o) | a Se a>. > i> g ke J otas. 
Tine @e’ @e®, V= Ji, v'ei, dU = Do, yij;ei@We’, dv™ = D7, vjje' WE}, 


kt > Pred -_ k spat i = 
ijk ijk Likv|je’ @ €j, d0".Ty = D0, 5, YiLage ® €- . 


Example 9.22 Let g = (-,-), € T3(Q) be a constant and uniform metric (a unique inner dot product 
for all t,p, e.g., a Euclidean dot product at all t). Then Pa = 0, thus Leg = 0+ g.dv + di*.g, thus 


[Lig] = [9].[do] + [do}” [9]. o 
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Part IV 
Velocity-addition formula 


10 Change of referential and velocity-addition formula 


10.0 Issue and result (summary) 


The velocity-addition formula is (in classical mechanics) 


U4 = Up + Up, (10.1) 
where 4, Ug and tp are the absolute, relative and drive velocity, U4 and tp being velocities described by 
an observer A with his referential Ra = (Ox, (A;)) and % being a velocity described by an observer B 
with his referential Rg = (Op, (B 3;)). But (10.1) is problematic (inconsistent): 

e The velocities 4 and tp are quantified in Ra, e.g. expressed in foot/s by the absolute observer, 

e The velocity Ug is a quantified in Rg, e.g. expressed in metre/s by the relative observer, 
Thus (10.1) with dg + tp tells that you add metre/s and foot/s... absurd. So: 


Question: What are we missing (and what does (10.1) really mean)? 
Answer: We miss a functional link: The translator between A and B. Summary: 
Call © the motion of a observed object Obj; ® is quantified by A in his referential R4 = (Oa, (A; )) 


as the “motion” @, = [Oa®]) 5, and is quantified by B in his referential Rg = (Og, (B;)) as the “motion” 


—2 
(p= [Op ®}) 5- At t, the translator © connects these numerical values: ¢4(t, Pox) = O(t, Ga (t, Poy)). 


Thus 24 (¢, Poy) = 22 (t, dp) + dO(t, Ter). °F (t, Pos), Le. Ta(t, Eat) = 22 (t, Zee) + dO(t, Zee) -dp(t, Zee) 
where EAt = Ba (t, Pov) and IBt = GB (t, jai Then call 


dO; (#pr)-Upe(Zpt) = Taex(Zazt) = “the translated relative velocity at t from B to A”, (10.2) 
thus, with ed ; (t, XB) = Up(t, at) the drive velocity, which gives v4(t, Zar) = Ups(t, Zar) + Up(t, Lat): so 
U4 = Up» +p = the velocity addition formula in Ra, (10.3) 


e.: (Absolute velocity) = (Translated relative velocity) + (Drive velocity). 


In other words, with v the velocity of Obj and with vp, the velocity of Rg in Ry: For all p; = H(t, Pow), 


[o:(pe)]) ¢ = 40s. [0 (p2)] 5 + (eee (De) a (10.4) 
relation between the numerical values of the velocities stored by A and B. 


Example 10.1 Translation motion of Rg in Ra, so [Ure (Pe) a - [Pelz is independent of p,;; And, 
e.g. with (By) = (Aj) (e.g. A; in foot and B; in meter give \ ~ 3.28), dQ, = AI, hence [#,(p,)] k= 


Ate (pe)] 8 + [tRee]) z, Which is the expected relation (“sum of the velocities with the good units”). “s 


Example 10.2 Motion of the Earth around the Sun: See § 10.11. os 


10.1 Referentials and “matrix motions” 
10.1.1 Absolute and relative referentials 


Classical mechanics framework: Time and space are decoupled, all the observers share the same time 
unit (e.g. the second) and live in “our” Universe modeled as R? (affine space) with its usual associated 
vector space R3. In the following, the affine space is R” associated to the vector space R”, n € {1,2, 3}. 

An observer A, which we will call the absolute observer, chooses a (rigid body) object ObjR, in the 
Universe, chooses one particle in ObjR,, calls Og; its position at t, and chooses three more particles 
in ObjRa, calls P4,; their positions at t (in the Universe), such that the bi-point vectors Ag := On Pais 
make a basis in R”. He has thus built his (Cartesian) referential R4¢ = (Ost, (Ajz)), called the absolute 
referential, and written Ra = (Oa, (A;)) when used by A. E.g. ObjR, is the “Sun extended to infinity”, 
and at t, O4; is the position of the center of the Sun in the Universe, (Ajz) is a Euclidean basis in foot 
fixed relative to stars. 
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An observer B, which we will call the relative observer, proceeds similarly: He chooses a (rigid body) 


=> 


object ObjRg in the Universe, builds his Cartesian referential Rg: = (Op:,(Bit)), called the relative 
referential, written Rg = (Oz, (B;)) when used by B. E.g. ObjRg is the “Earth extended to infinity”, and 
at t, Op; is the position of the center of the Earth and (Bir) is a Euclidean basis in metre fixed relative 
to the Earth. 

Mr is the vectorial space of n * 1 matrices (column matrices). A and B call M,(A) and M,(B) the 
affine spaces of n * 1 matrices made of the “matrix positions” [Oaept]) x and (OnePel)g where p; is the 
position at t of a particle in the Universe. 

If a function y is given as y(t, x), then y;(x) := y(t, x), and conversely. 


10.1.2. Motion of a material object Olj 


An object Obj is considered by all observers. Its motion in the Universe is 


, [t1, te] x Obj — R” 
Bb: S (10.5) 
(t, Poy) — pi = &(t, Poy) = position of the particle Po, at t in the Universe. 
At tat pp = &(t, Poy), the Eulerian velocities and accelerations of Poy are 
- a® “ PO oe 
U(t, pe) — = (t, Pov) and F(t, pt) = —=— (t, Por) (€ R J (10.6) 


ot O7t 
10.1.3 Quantification: Absolute and relative “motion” of Obj 


At t, the position py = B(t, Por) of a particle Po, € Obj is spotted by A, resp. B, with the bi-point 
vectors Oazp:, resp. Opep; in R”, which components is stored by A, resp. B, in his referentials: With 


n n 
panes a —— = 
OatPt = Svea Aue and = Ogipi = S eauBu, (10.7) 
i=1 i=1 


and with (E;) the canonical basis in M,,, the n « 1 matrices 


ZAt1 ZBtl 


5 ee “ = 4 pone . = 
Tat = [Oapil) x = : = Stank, and Zp := [Opprl) 5 _ : _ SCapuki, (10.8) 
ZLAtn ote ZBtn ae 
ate , a _— 7 ‘ 
are stored by A and B. (Initial notation: @4, := [Ostet] (4,,)> but here O,4; and (Ajz) are fixed in Ra, 


idem for B.) 
Mind the notations: p; is a point, Op; is a vector, Z4; is a column matrix (components). 


= 


This defines the “absolute motion” G4 and “relative motion” Zp of Obj (matrix valued): 


[t1, t2]x Obj — MrlA) 


Ba: 7 —————— ft RT on 10.9 
(t, Fou) | Galt, Pow) = [Os ®(t, Fow)]) a) = S “rai(t)E; "=" Z(t) = (Oaplt la ne 
i=1 
[t1, to] x Oj = MraB) 
GB : 7 <a ” 2s wright ecl (10.10) 
(t, Fou) + | Ga(t, Foy) = [OB ®(t, Poy) 5 | = S “epi (t)E; ne" p(t) = [Opp(t \\e- 
i=1 
And the “absolute” and “relative” velocities and accelerations of Po, are (matrix valued in M,,): 
Se am St fe = =~ 
a(t, Eat) = [W(t Pel) a and Fa(t, Zar) = (V(t, Pe) a> when TAt >= [Oapi]) x: (10.11) 
Pere = Pare 7 23 =~—— 
tlt, pn) = (CP a] and Falta.) = tp)),g, when Far:=(Oppilyg. (10.12) 
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Exercice 10.3 Prove: v(t, Zar) = os (t, Pow). 


= om ak 7 . > ! A ra = 
Answer. Osi®p,(t) = D0, 2ai(t)Ai(t) gives v(t,pe.) = 0, cai (t)Ai(t) + vai(t)Ai'(t), thus [0(t,p)| a = 


DY, tai’ (H)[Ai(t)] gg + vai(t)[Ai'()]z (Since Mm is a vector space) = Yo, xai/(t)Ei + [0] (the A;(t) are static 


yy : 7 A;(t+h)], --[A; a ee 
in Ra: [Ai (t)] a = (lima +o Ata AD) ee [Aj (t+ ha [ ly x = Tiineis BiB, _ 0). And 
B. = [Os® = i(t)[Ai = (t)Ei, thus Gary, ‘(t) = (OE: r 
PA Poy (t) = [Oa Pro, (ta = D2; tai(t)[Ai()],4 = 0; tai (1) Ev, thus Parg,"(t) = D0; vai (Ei. “ 
: S50) i ae a yeh : 
Exercice 10.4 wu is a C” vector field, p is a point, %4 := [Oap|)z and tia(Za) := [u(p)]) x (matrices). 


Prove: dii4(Za) = [dui(p)|\ x (endomorphism in My), i-e. dtia(Xa).[w] x = [di(p). Bl x for all @ ER”. 


Answer. The point p+hw € R” is referenced by A as [Oa + hil) gz = (OaD]) x + hl], g = Ta + Ale), x. 
Ua(Zqth[w), p)-wy (Zz U(pthw)), -—[u x U(pthw)—w x 

Tanti eS linn A(Zathl 1) AGA) tiny 5g BP . OA _ tim, ., Se i Pla 

[limp 49 SPP D=2)) | = [dii(p).], x = [dii(p)], z-[W], z, true for all w. a 


> 


Exercice 10.5 Call Q; the transition matrix from (Ait) to (Biz) at t. Prove Za; = [(OsOzt]) x + Q:.ZBt- 


Answer. Za; = [Oar] x = [OasOn? + Opiptl) a = (ONe™ a0 [Ozept]) x: and the change of basis formula gives 
[Opt] 5 = Q,* [Oper], x- rs 


10.1.4 Motion of Reg 


Particular case Obj = ObjRg: Its motion in the Universe, also called the motion of Rg, is noted 


BS [t1, te] x ObjRe > R” 
: - (10.13) 
(t, Qs) — dt = Ore (t, Ore): 
At t at q = ®g,(t, Qg,), the Eulerian velocities and accelerations of Qr, are 
‘ I® u PS 
tee (ts) = “R(t, Qe) and Fats ae) = SSR (t, ra) (10.14) 


10.1.5 Quantification: Drive and static “motion” of Rg 
The “drive motion” p, also called the motion of Rg in Ra, and the “static motion” Gs is the quantification 
of ®g, by A and by B: 


[t1,t2] x ObfRe —> MralA) 
Qp : rn. (10.15) 


_ noted | 


(1, Qe) > (ts Ore) = [Oa Fre (t, Ors II)" g(t) = Cag a. 


: OR + Mra(B) nae 
2 —_—_ a 
| Ore + Bs(Qra) = [On Fre (t, Ora 24 we = Opal) 


(Gs is independent of t since ObdjRg is fixed in Rp.) 
The drive velocity, also called the velocity of Rg in Ra, and static velocity of Qa, are 


a> 


Up(t, Yor) = [tke (t,ae)))4 when Yor = [Osage] a; (10.17) 
T(t, He) == [Tee (t, 40))) 3 = [0] "2° 6 (null matrix). (10.18) 


And the drive and static accelerations are Yp(t, Ypt) = [Fz (E, a] A and ¥s(t, ys) = 0. 


Exercice 10.6 Why introduce @g (static)? 


Answer. You can’t confuse a particle Qg, with its stored positions yg or Yp, at t. And see (10.19). “= 
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10.2 The translator 0, 
10.2.1 Definition of ©; 

Definition 10.7 At t, the translator 0; : M(B) > MA) is defined with (10.15)-(10.16) by: 


[Opq(t)] 6 — ¥s(Qr,) = ¥s position of Qa, in Rg (static), and 


= fr = Or(%), (10.19) 
[Onq(t)| A= ¥pt(Qr,) = Yor position of Qg, at t in R4 (moving) 


i.e. OQ, is the “inter-referential function at t” which translates the “matrix position” yy = ¢s5(Qr,) = 
> 

[Op Pr, (t, Ore )])3 € Mnm(B) (position of Qr, as stored by B) to the “matrix position” Yor = Yo(t, Ory) = 
SS 

[Oa ®p, (t, Ore )| a € Mnl(A) (position of Qr, as stored by A). So ©, is defined by 


= ObjRa — Myal(A) 
Apt = O40 : , 3 10.20 
ae A ees ene 
i.e. defined by 
Or := G10 Ge: Meal) Neale asi (10.21) 


Ys — Yor = Or(Us) = Pou(Gs (Ys) 
(stored position by B to stored position by A). 


E.g., for Qo, the particle in ObjRg at t at Op, (chosen by B to locate its origin), (10.20) gives, with 


0 the null matrix in Mr, 
[OsObe] x = 0;(0). (10.22) 


So, ©; is defined such that the following diagram commutes: 


Ys = $s(Qr, ) = localization of Qa, by B (10.23) 


Qr, © ObjRs Or 


pt 


Ypt = Pot (Qe, ) = O1(¥s) = localization at t of Qr, by A. 


10.2.2 Translation at t for the motion © 

t is fixed, the position py, = B(t, Por) of a particle Poy; € Obj is also the position q = De (ti Ors) of 
. = eee a ene = = 

a particle Qa, € ObjRs, so Gar(Fox) = [Oapi] gz = [Cage] zg = Poe(Qre), and Ype(Poy) = [Oppil|s = 

=~ _ : 

[Opa] 5 = Gs(Qr, ), thus (10.20) gives 


Pat = O; fe} Ppt . (10.24) 


10.3 dO; 
10.3.1 Push-forward 
If yy € Mma(B), ws € Mma and Ypt = O:(¥s) , then 


Be 4S ee . Ors + hwp) — Ox (y¥ 
Wstx (Yor) = dO.(Ys).Ws (= i (Gs 8) (8) ) (10.25) 


is the push-forward of the matrix ws € Mr by ©;. , 
So, Wsex((Oag] x) = dO, (OB ge] 5) [He (ae) | 5 for all q € R” and all w, : R" > R” (vector field). 
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10.3.2 0, is affine in classical mechanics 


Proposition 10.8 In R® (in classical mechanics), ©; is affine: For all Qgo,Qp1 € ObjRg and all t,u € R, 
with q, = ®p,(t,Qpi) € R” (positions at t in our Universe), 


gs ‘ aa- > , 5 5 
O1([Opdola + ¥lGodei ls) = (Oadol a+ ulaogil sz, and [Go%t]), = 49r-[GoG]) 5 (10.26) 


the differential dO,(Yys0) =noted YQ, being independent of Yo. In particular [Bit] x = d0,.[Bi) 5. In other 
words, for all Yo, Yg1 € M(B) and all t,u € R, 


Oz ((1—u)gso + wYs1) = (1—-u) Ox(Ys0) + UOL(Y1), and O1(Ys1) = Ox(Yso) + dOr.(Ys1—Yso). (10.27) 


Proof. Consider the straight line (possible in classical mechanics in R*) q@ : u > q@:(u) = dig HUT € 
R” (fixed in Rg), in particular, q(0) = q@, and q@(1) = @,. Let ys(u) = [Opa(u wis kposligne stored 
by B), so %(u) = (Opa, + udoael)s = [1-u)Opa, + uOpaeg = -u)lOpanla + ulOpanls = 
(1—u) iio + wir, where Jo = [Osqe]g = (0) and #1 = [Opa] = GCI). Idem for A: Fp(u) = 
[Osa (u)]) ¢ = (1-u)¥dto + upe1 (positions stored by A). Thus 


+(Y(u)) = Ox((1—u) uso + wys1), 


thus (10.27),, thus (10.26);. Hence (derivation in u): —O,(%0) + O2(Ys1) = dOx(¥s(u)).(—Yoo + Yo1); 
true for all u, thus dO,(ys(u)) is independent of u, dO:(¥s(u)) = dOx(Yso), true for all yo, so 
[Og 


ot oy 10.19 
(1—u)©:(Yso0) + uO: (H%s1) on) (1-u)¥ptg + ude = Yot(u) © = 


dO,(%o) =P°te4 dO, thus (10.27)2, thus (10. 26)2. Thus Patil) x = dQ. (On Fb) a Where Ppt 
is s.t. By = = Op: Pati, thus [B Bil g = = dOQ;. [B Bila 7 


Exercice 10.9 Call Q: = [Q:,i;] the transition matrix from (Aj,) to (Biz) in R”, and (E;) the canonical 
basis in M,,. Prove 


n 
d@)2=Q:, ie dO.E; => OH, V3. (10.28) 
t=1 
Answer. By: = 071 Qt.ig Aut gives [Bye], ¢ = Dis Qty Ea, and [Bye], g =? dOx.[Byt]g = dO-Ey. a 


10.4 Translated velocities 


t is fixed, &(p:) = 88 (t, Poy) is the velocity of a particle Poy € Obj at t at pr, Tar := [Oaepe] 45 
r oe} 
a [Ozepel) zs, and ©; affine. 


Definition 10.10 The translated relative velocity and acceleration from B to A at t at p; are the matrices 


UBtx (Lat) = dO;.Upt (Zt) and YBtx (Zat) = dOx.¥ Bt (Zp) A (10.29) 


Le., Upt» (Tat) = dO¢.[0:(pt)] g and Yeex (Tat) = dOz.[%e(Pt)] g- 


Interpretation: Let q, and q@, be particles in ObjRg s.t. Up:(Zpt) = Go] a where Zp; = [Op at) is 
(here Gq; is a tangent vector at q;, to the curve gq : u— qi(u) = dtp +UG MH, in the proof of prop. 10. 8). 
Then [Mo Gi]) 4 = —(10.26) g@,. [Goh ]) 2 gives [Got], 4 = = dO;.Up: (Ze) = Uaex (Laz). Similarly for Fees (Zat)- 


Exercice 10.11 (A;) and (B;) are Euclidean basis (e.g. in foot and metre), (-,-)4 and (-,-)p are the 
associated Euclidean dot products, \ = ||Bj\|a (e.g. © 3.28), (E;) is the canonical basis in Mn, and 
(-,-)m is the canonical inner dot product in M,. Call Ez, := dO;.E; and prove: 


Vi,j, (Bits, Ejex)m = 263, and dO," .d@, = d71. (10.30) 
Answer. (Bit) is a Euclidean basis for B, thus is a Euclidean orthogonal basis for all observers, in particular 
for A, with ||Bi||4 = A for all i. And Bin. = dO:.[Bje],g =? [Bu]. Thus (Bits, Ejte) mM = [Bite]” [Esee] = 


[Bulli [Billa = (Bu, By)a = ?(Bu, By)e = 276:j;, thus (10.30)1; Then 765; = (dOr.Ei,dQr.Ej)m = 
(d@,7 .d®;.E;, E;)m, true for all i,j, thus dO;7.d®; = AJ, thus (10.30)2. os 
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10.5 Definition of O 
Definition 10.12 The translator from B to A is the function © defined with (10.20) by 


L(t} x Mm(B)) > MmlA) 
@: 2 télts,te] (10.31) 


(t,Ys) | O(t, ys) = Ox(%) |, 


i.e., for all Qa, € ObjRe and all t, 
> > 
O(t, [Op Or, (t, Ore )]) 5) = [OaPrs (t, Ore Ia, Le. Olt, 5(Qre)) = Pd(t, Ore). (10.32) 
E.g., (10.22) gives O(t, 0) = [O4On(4)]  z- 
Remark 10.13 The translator © looks like a motion, but is not: A “usual” motion is defined by one 


observer and connects one particle to its position; While © connects two “matrix positions” of one particle 
relative to two referentials: © is an “inter-referential” function. or 


10.6 The “0-velocity” is the drive velocity 
Definition 10.14 The “©-velocity” and “©-acceleration” are defined by (Eulerian type definition) 


sae OO ae 5 
Ve (t, Yt) = ay (hi) (€ Mri); 
2 


with Ypt = O(t, Ys), (10.33) 
ae OO 
Jo(t, Yor) = ap (tis) (€ Mr). 
Proposition 10.15 
Vo = Up and Jo = ID ; (10.34) 
ie. vo(t, ¥) = p(t, y¥) and Fo(t, ¥) = F(t, y) in My, for all t and all ¥ © Myal(A). 
Proof. O(t, s5(Qr,)) = Po(t, Qr, ) gives 
00, _ Op , ss ~ s Es 
op (h 5 (Qke)) = F(t Qa), Le. to(t, O(t, s(Qre))) = tlt, lt, Ore); (10.35) 


thus Vo(t, Pp (t, Qr, )) = Up(t, Pp lt, Qrs)); thus vo (t, ¥) = Up(t, ¥) for all YE Mri(A). Idem with a ar 


10.7 The velocity-addition formula 
(10.24) gives 


Pat, Fou) = O(t, Galt, Fox), (10.36) 
thus 7 > 
PPA Poy) = Ct Q(t, Pow) + dO(t, Balt, Poy)) “EB Ct, Pox). (10.37) 
Thus 
Ua(t, Tat) = Volt, Tar) + dO(t, Tpe)-dp(t, Tee), (10.38) 


where Zp = Gp(t, Pow) and Zt = Ga(t, Poy) = O1(Zs1). Thus, with te =0°3" gp, 


Vat = UBtx + Upt where Upt«(Zat) = dO, (Zpx).Upt (Zp), (10.39) 


which is the velocity-addition formula in Ry: 


Uat the absolute velocity = Up;, the translated relative velocity from B to A 


10.40 
+ Up; the drive velocity. ( ) 

In other words (relation between the numerical values of the velocities stored by A and B), 
[¥:(pe)]) ¢ = €Oe-[Ue (De) ls + [tree (Pe)  z- (10.41) 
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67 10.8. Coriolis acceleration, and the acceleration-addition formula 


10.8 Coriolis acceleration, and the acceleration-addition formula 


(10.37) gives 


07 Ba O? (e) 
= ~~ (t,% d—(t, Zpt). t, B 
aiz (Fw) = aya ts tae) + Oo (t tae). (t Pow) (10.42) 
a(dO) 2 OF Op 0? Gp , 
t, Z d* O(t, tpt). ——(t, Pow; )). ——(t, Pov; dO(t, Zpt). t, Pow; ). 
+ ( at ( pt) + ( , Tpt) Ot ( ’ Ot; )) Ot ( ’ Obj) + ( , tpt) Ot2 ( ’ Oly ) 
And d?©, = 0 in our classical framework (0: is affine); And 2° (t, Us) = tioz(O1z(Yys)) gives 249) (¢, J) - 
d( 22 V(t, Ys) = dtor(Ox(ys)).dOx (Ys); And 228 (t, Poy) = UBt (pt) where IB = Pat, Pow); Thus 
Fat (Lat) = Jou(Fat) + 2diox(Lat).dO: (XB). UBt(Xst) + dOx(XBr)-VBt (Xe) 
vane Boo ins etn oy ch 2 z (10.43) 
= Yot(Eat) + 2dv pi (Lar).Uat» (at) + Vee (Lat). 
Definition 10.16 At t, the Coriolis acceleration Yo, at Zz is 
Jct (Zat) = 2dvpt (Zat).UB tx (Lat), i.e. Act = 2dUpt-UBtx - (10.44) 
And the Coriolis acceleration Yo at t at Zaz is Jo(t, Lat) = Fou(Lat)- 
Thus (10.43) gives the acceleration-addition formula in Ra: 
Fat = VBte + Yt + Yor), Le. (10.45) 
Yat the absolute acceleration = Ypz. the translated relative acceleration from B to A (10.46) 
+ 7¥pz the drive acceleration + Yc; the Coriolis acceleration. ; 
In other words (relation between the numerical values of the acceletations stored by A and B), 
[Fe(Pe)]) ¢ = €Oe-L7elpe)] g + Fires (Pe)]y g + Alder], 7-40r-l8e (P| (10.47) 


10.9 With an initial time 


Let to,t € R. Consider the Lagrangian associated function ©{° with the motion ® of Obj: 


’ Qu, 4% 
ato. 7 . (10.48) 
Pto=® (to, Pox) > pe = 1° (Dio) == O(t, Por). 


And, with Za, = Ga(t, Poy) = [Oape]) x and Zp: = Pp(t, Poy) = [Oppel z; define the “matrix motions” 


Be: Mya(A) 4 Mral(A) and i, : Myu(B) + M(B) by 


wees 2, —_—=—_> Fate eS 7 
Par (Tato) = Tae (= [Oa P(t, Fow)]) g = (Oa ®e? (Pto La = Gat(Por)), 


a aes (10.49) 
Pp (eto) = Eee (= [Op B(t, Pow)] 3 = [Op 21? (pt. )]) 8 = Fee(Pow))- 
And 0: (Zr) = At, 1.e. 01 (Zr, (Zety )) = Geo. (Hato) with Eat = Or, (ZB); thus 
OQ, 0 GS = BR o O4, |: MnilB) + Mya(A). (10.50) 
In other words, the following diagram commutes: 
Tet, = $B (to, For) =a > Eat = Ge, (at) (10.51) 
= ¥Bt 
Pov; E Obj On (oy 
PAto 
ato 
= = 25 AE Os be tens Ss 
Eau = Ga(to, Poy) = to (Fet.) ——> Far = GH, (Ear) = Or(Ger)- 
Thus, for any vector field wg, in Rp, 
dOx(Ea)  - dGp,(Fat)-tat (Far) = AG x, (Eato ) - 01, (Lpto)-tiBtg (Bt). (10.52) 
—S—’ ey So a, 


(translation at t) (deformation from to to t) (deformation from to to t) (translation at to) 
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68 10.10. Drive and Coriolis forces 


Exercice 10.17 Redo the above steps with ObjRg instead of Obj. 
Answer. Consider the Lagrangian associated function Be with the motion bz, of ObjRe: 


t ORBto = R” —> OQreBt = R” 
Ho, : = ee _ (10.53) 
Ito = ®r, (to, Qrz ) > & = PrB, (Go) = Or, (t, Qrs), 
then define the “matrix motions” G7, : Mna(A) > Mma(A) and Zo : Mna(B) + Mn(B) by 
ato (> _s a an 5 to ; _ 2 
Pp (Udo) = Yor (= [Oa Pre (t, Ore )) az = [Oa Pgb: (Pt )] 4 = Poe(Qre )), oe 
= > NS é 
Ost (ts) = Gs (= [Ob r, (t, Ore )])3 = [On Pils: (Ato )])¢ = F5(Qre)); 


ato 


Thus ¢g is a time-shift, which is also abusively noted @%? = I (algebraic identity). So with ©:(gs) = yt we get 
Or (Ze, (¥)) = Epr (Goto) with Yorg = Oto (us), thus 


O10 Bt = Pp, 2 Oty |: MnaB) + Mma(A) (10.55) 


(also abusively written ©, = G9, o ©1,). In other words, the following diagram commutes: 


Us = Ps (Qrs) Ys = $s(Qre) (10.56) 


2 Ze) = time shift 


Qrz € ObjRe Oto 0: 


gp 
ae 
= % = Dt = = ai zs a 
oto = Pdto (Qre) = Oto (Hs) —— Gr = Goi (Ory) = GY. (Goto) = Or(#). 


And (10.55) gives, for any ys = G5(Qr, ) and all vector field ts (static in Re), with yor, = Ox, (Ys), 
dO). AR (G).tis(Hs) = dZ1 (Goto) - Io (B)-tis (B) - (10.57) 
—S=— \ ae SS 


—- 
(translation at t) (time shift from to to t) (Drive motion from to to t) (translation at to) 


10.10 Drive and Coriolis forces 
10.10.1 Fundamental principal: requires a Galilean referential 


Second Newton’s law of motion (fundamental principle of dynamics): In a Galilean referential, the sum 
of the external forces f on an object is equal to its mass multiplied by its acceleration: 


S- external f = m7 (in a Galilean referential). (10.58) 


Question: And in a Non Galilean referential? 

Answer: Then you have to add “observer dependent forces”, i.e. you have to add “apparent. forces” 
due to the motion of the non Galilean observer. Indeed, the motion of an object in our Universe does 
not care about the observer motion (his accelerations and velocities). 

See e.g. https: //www.youtube.com/watch?v=_36MiCUS1ro for a carousel (a merry-go-round), 

See e.g. https: //www. youtube. com/watch?v=aeY9tY9vKgs for tornadoes. 


10.10.22 Drive + Coriolis forces = the inertial force 


> 


Consider f(t, p:) = the sum of the external forces acting on Poy at t at p, = ®(t, Poy). 
In a Galilean referential R4, Newton laws (10.58) means 


= 


[fe(pe)l| g = ™ [Ve(pe)] g, written fat(Zat) = m Fat (Eat) | € Maa, (10.59) 


‘ = Fea e psk z = = = i a > 
with Z4; := [OaPe]) a: fat(Zat) = [filmed] 4 and ¥4: (Lat) = [¥e (pe) |) a: With 24; = O;(Zp;), the accelera- 
tion addition formula gives f4:(Zat) = m(d@y.7p (Zar) + Fpe(Ear) + For(Eat)) € Ra, thus, in Rg, 


dO,-*. far(Zar) = mF p(Zpe) + mdO, 7+ .-Fp1(Eaz) + mdOy + For(Eat), (10.60) 
— $e a ee 
Fac* (@at)=foe (Ese) m Fpe* (Et) mor" (Eee) 


and dO." [felpe)] x = dO,—*. fas(Bar) =0°® [fF (ped) iB =noted f,,(Zg,) is the external forces as quanti- 
fied by B at t, cf. (10.26) (with ©; supposed to be affine). And with the pull-back notation, cf. (10.26): 
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1.3. 


2.13 


2.2. 


69 10.11. Summary for “Sun and Earth” 


Definition 10.18 At ¢ on p;, define 


e The drive force fap: (Zt) == —mdO,~'-7pi(@ax) (= —m Foe" (Eat). 
e The Coriolis force fgct(@pr) == —md®,~| Fer(Ear) (= —m Fcx* (#st))- (10.61) 
e (The inertial, or fictitious, force := fepe(Zpt) + fece(Zpr) = —m dO, !.(F pe + For)(Eat)-) 


Then (10.60) gives the fundamental principle quantified in Rg (non Galilean referential): 


Fu(%pr) + fave(Gee) + face(Ze) = m Fp (Gx) |, (10.62) 


i.e., at t, in Rg: The external force + the Drive and Coriolis forces = m times the acceleration. 


10.11 Summary for “Sun and Earth” 


Illustation with a simplified (circular) motion of the Earth around the Sun. 


10.11.1 Coriolis forces on the Earth 


. Referentials. 


Relative referential Rg = (Op, (Bi, Bo: B3)) chosen by the observer B fixed on the Earth, where Op; = 
®p, (t, Q05) 3 is the position of the particle Qo, at the center of the Earth, written Og by B (fixed for B), 
and (Bur, Boe. Bs) i is a Euclidean basis (e.g. built with the metre) fixed in the Earth, written (Bi, By: Bs) 
by B (fixed for B), with Bs chosen to be along the rotation axis of the Earth and oriented from the south 
pole to the north pole; And (-,-)g is the associated Euclidean dot product. So, a fixed particle Qg, in 
the Earth at longitude @9,, €] — 7,7] and latitude ye,, € [—5, §] is referenced by observer B as the 
= cos(Ap, ) CO8(YOR, ) = ; 
matrix Ys = Gs (Qr; ) = [Op ®p, (E, QRe )|) 8 = Rp sin(Q,, ) COS(YOx,, ) where Rp = ||Op ®p, (t, Qr )||B 
sin(YQr, ) 
is the distance between Qo, and Qpr, (e.g. if Qp, is on the surface of the Earth then Rg ~ 6371 km). 
Initial Galilean referential Rag = (Oso, (Ag Ay: A3)): Oapo is at the center of the Sun and (Ai, a A3) is 
a Euclidean basis (e.g. built with the foot) fixed relative to the stars, such that A3 = B3 with p > 0 
(e.g. 4 = 0.3048 and \ = i ~ 3.28); And (-,-)4 is the associated Euclidean dot product. 


Deduced absolute Galilean referential Ra = (Oat, (A,, Aa, A3)) chosen by observer A fixed on Earth, 
where O4t = Opt, written O, by A (fixed for A). Since it takes more that 365 days for Qo, to complete a 
rotation around the Sun, the motion of Qo, will be considered to be rectilinear at constant velocity “in a 
short interval of time” sufficient for the computation of the Coriolis acceleration with “sufficient accuracy” 
(simplifies the calculations). 


(If A prefers to work with the initial Galilean referential Rg, then the absolute matrix motion 


re ESS PEE 
Pa(t, Por) = [Oa ®(t, Pow )]) x has to be replaced by Pa(t, Por) = [O40Op (t la + [Op(t )® (t, Pow )]) a5 
idem for the drive motion Zp.) 


. Drive motion. 


The motion t > q@ = ®p, (t, Qr,;) of a particle Qg, in the Earth is stored by A as the drive motion Zp 
given by (matrix valued), with w the angular velocity of the Earth in Ra, 


cos(wt) COS Yop, ypi(t) 
Up(t) = Go(t; Ore) = Ra(Qrs) { sin(wt) cos yon, | =[Osal)]\a = | yoalt) } . eee) 
SIN YQR,, YD3 


where R4(Qr,) = || Q0e OR ||) a is the distance between Qo, and Qr, for A (e.g. Ra ~ 20902231 foot if 
Qr, is on the surface of the Earth). (And (wt) by replaced by (ao+w(t—to)) to be more general.) 


Drive velocity: With dp := wAs, 


— sin(wt) COS $Qz, —ypo(t) 0 -1 O 
Up(t, Yo(t)) = Jp (t) =wRa | cos(wt) cos LPQRe =w{ y(t) J|=w{l 0 0] g(t) =apAgpi(t). 
0 0 0 oO 0 
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Drive acceleration: 


ypil(t) 
Yp(t, Jor) = Jp (t) = Bp A Gp (t) = Bp A w(t, Hot) = Bp A (Bp A H(t) = —w* | yoalt) (10.65) 
0 


= the usual centrifugal acceleration (in a plane parallel to the equatorial plane, drawing). 
Differential of the drive velocity (time and space independent here): (10.64) gives 


0 -—w O 
dip (t, Ypt) = dtp = | w 0 0] =apn. (10.66) 
0 O O 
. Translator. 
Here Oa; = Opi, thus ©;,(0) = 0 (with [6] ="°te4 0 = the null matrix), cf. (10.22). 


= 


Calculation of d0;. With ©; affine, d®,.[Bir]) 3 = [Bir], z- Thus Bs = Ag (hypothesis) and d®,.[B3]) 3 = 
[Bsi]) x give dO,.E3 = \E where (E;) is the canonical basis in M,,. Then let Qg; € ObjRe be the 
Earth particle which position q; = Bp, (t, Qp;) makes Bi = Opigu. So, B, and Bo being in the 


cos(wt) 
equatorial plane, (10.63) gives dO,.E, = d0;.[Bi]) 5 = (Bi) x = [Osage], 4 =f] sin(wt) |, and dO;.E2 = 
0 
, 7 — sin(wt) cos(wt) —sin(wt) 0 
d®;.[B2]\ 5 = [Bal z = [(Oaqe]),g =A] cos(wt) |. Thus [dO] =A | sin(wt) cos(wt) 0 | = the 
0 0 0 1 
expected rotation matrix expanded by » (change of unit of measurement). 
Calculation of ©; (affine): 0:(Yy5) = 0, (0) + dO,.¥s, so, with O4; = Op; here, 
Ube = 0: (Ys) => dO:z.Ys (10.67) 


. Motions of Obj. 


B quantifies the motion ® of Obj, i.e. he stores the relative motion gg of Obj, and the relative velocities 
and accelerations Ug, and ¥g (matrices), cf. (10.10)-(10.12). 


Translations for A: With £4; = O:(Zpt), 


Opts (Lat) = dOz(FBr).UBe(FBt) and Yet» (Lar) = dOx(FBr).VBe (Zar). (10.68) 


. Drive force (apparent force in Rg due to the motion of B): 


XL AL (t) ZBL (t) 
Sky 1-2 7 \ (10.65 = 10.67 
fept (Xp) =—-m dO; " Ape(Zat) ( _  Xonis2dOs Me x Aa (t) = Amw? XBo(t) 3 (10.69) 
0 0 
centrifugal force (in a “parallel plane” at latitude of Poy). 
. Coriolis acceleration (apparent acceleration due to the motion of B): 
FYor(LZar) = 2 dvpz.(dOz. tp: (Xpr)) = 2 dOy.dUpz.p1 (Xr) (10.70) 


because dO, commutes with dtp; (composition of “rotations along the same south-north axis” which reads 


ee age oe , ; 
as et ef 2 — eZ et — (4+) in the equatorial plane). 


. Coriolis force (apparent force due to the motion of B): 


tek (Zp) =—-m dO, Act (Zar) = —2m dUpy-Upt (pt) = —2m03 /\ Upt (Zp). (10.71) 
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71 11.1. “Isometric objectivity” and “Frame Invariance Principle” 


11 Objectivities 


Goal: To give an objective expression of the laws of mechanics; As Maxwell [13] said: “The formula at 

which we arrive must be such that a person of any nation, by substituting for the different symbols the 

numerical value of the quantities as measured by his own national units, would arrive at a true result”. 
Generic notation: if a function z is given as z(t,x), then z:(”) := z(t, x), and conversely. 


11.1 “Isometric objectivity” and “Frame Invariance Principle” 


This manuscript is not intended to describe “isometric objectivity”: 

“Isometric objectivity” is the framework in which the “principle of material frame-indifference” (“frame 
invariance principle”) is settled, principle which states that “Rigid body motions should not affect the 
stress constitutive law of a material’. E.g., Truesdell—Noll [19] p. 41: 


« Constitutive equations must be invariant under changes of frame of reference. » 
Or Germain [9] : 


« AXIOM OF POWER OF INTERNAL FORCES. The virtual power of the "internal forces" acting on a 
system S for a given virtual motion is an objective quantity; i.e., it has the same value whatever be the 
frame in which the motion is observed. » 


NB: Both of these affirmations are limited to “isometric changes of frame” (the same metric for all), as 
Truesdell—Noll [19] page 42-43 explain: The “isometric objectivity” concern one observer who defines his 
Euclidean dot product and consider only orthonormal change of bases to validate a constitutive law. 

If you want to interpret “isometric objectivity” in the “covariant objectivity” framework, then “isometric 
objectivity” corresponds to a dictatorial management: One observer with his Euclidean referential (e.g. 
based on the English foot), imposes his unit of length to all other users (isometry hypothesis). (Note: 
The metre was not adopted by the scientific community until after 1875.) 

Moreover, isometric objectivity leads to despise the difference between covariance and contravariance, 
due to the uncontrolled use of the Riesz representation theorem. 


Remark 11.1 Marsden and Hughes [12] p. 8 use this isometric framework to begin with. But, pages 22 
and 163, they write that a “good modelization” has to be “covariant objective” (observer independent) to 
begin with; And they propose a covariant modelization for elasticity at § 3.3. os 


11.2 Definition and characterization of the covariant objectivity 
11.2.1 Framework of classical mechanics 


Framework of classical mechanics to simplify. Consider two observers A and B and their referentials 


=> = => 


Ra = (Ou, (A;)) and Rg = (Og, (B;)). E.g., (A;) and (B;) are Euclidean bases in foot and metre, (-,-)4 
and (-,-)g is their associated Euclidean dot products. And 9 is the translator, cf. (10.19). 

Consider a regular motion ® of an object Obj, p, = B(t, Por) € R” the position at t of a particle in 
our Universe, Q, = ©(t, Obj) the configuration at t, and C = Urejaj {tt x Oe) the set of configurations. 
And Z4; := [Oapil) x € Mya(A) and Zp; := (Ospilg € M(B) are the stored components of p; relative to 
the chosen referentials, Mji(A) and M,,(B) being the spaces of n * 1 matrices as referred to by A and B. 


11.2.2 Covariant objectivity of a scalar function 


C +R 
Let f : be a Eulerian scalar function (e.g., a temperature field). f is 
(t, pt) — f(t, pt) 


quantified by A and B as the functions fa : 7 e 
(t, Zar) as fa(t, Zat) = f(t, pt) 


fase +R 


RxM,(A) +R ! we 


(t, Zp) aad f(t, Zp) = f(t, pt) 
Definition 11.2 f is objective covariant iff, for all referentials R4 and Rg and for all t, 
fat(Zat) = fer(Zpt) when ZAt = 0:(Zs:), (11.1) 


i.e. fat = farx is the push-forward of fp: by O; cf. (6.8). 
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11.2.3. Covariant objectivity of a vector field 


C +R” 
Let w ai 


* be a Eulerian vector field (e.g., a force field). WwW is quan- 
(t, pe) — W(t, pe) 


R (A) > (A 
tified by A and B as the functions wy, : Mal) Mr(A) and wep 


(t, Zar) > Walt, Zar) = [w(t, pe)] x 


. So Walt, Zaz) and Wa(t, Zz) are the column matrices of the 


RxMnaB) + MriB) 
(t, ZBr) => W(t, Ter) = (w(t, pi) B 
components of w(t, p;) in Ra and Rp. 


Definition 11.3 w is objective covariant iff, for all referentials R4 and Rg and for all t, 
Wat (Zat) = dO, (Zp1).Wet (pt) when ZAt = O; (Ze), (11.2) 
i.e. Wat = Wats is the push-forward of wp, by ©; cf. (6.20). 


Example 11.4 Fundamental counter-example: A Eulerian velocity field is not objective, cf. (10.39), 


because of the drive velocity ip 4 0 in general. Neither is a Eulerian acceleration field, cf. (10.45). 


Example 11.5 The field of gravitational forces (external forces) is objective covariant. 7 
11.2.4 Covariant objectivity of differential forms 


C >R™ 
Let a: be a Eulerian differential form (e.g. a measuring device used to get the inter- 
(t,pe) — a(t, pr) 


RxMya(A) > Mya(A) ! 


nal power). a is quantified by A and B as the functions ay : i % 
(t,Zat) > aa(t, Zat) := [a(t, pe)] x 


RxMnaB) > Mna®B) 


and ap: 5 *, . So a(t, Zaz) and ap(t, Xp,) are the row matrices 
(t,%p1) 4 ap(t, tpt) = lo(t, Pelz ! 
of the components of a(t, p;) in Ra and Rez. 
Definition 11.6 a is objective covariant iff, for all referentials R4 and Rpg and for all t, 
at(Zat) = opt (Zpr)-dO,(ip1) + when ZAt = 0: (Zp). (11.3) 


ie. WAt = Apr is the push-forward of ap; by ©; cf. (7.3). 


NB: (11.3) and (11.2) are compatible: If w is an objective vector field and if a is an objective differential 
form, then the scalar function a.w is objective: 


oat(Zat)- War (Lat) = Qpt(Zpt)-War(Xpr) (= (a(t, pz).w(t, pz)), (11.4) 
since a at(Eat)-Wat (Lat) = (apt(Zpt)-dOz(Zpr)~*).(dOx(Zpt)-Wae(Fr)) = apt (Zpt).Wpr (pr). 


11.2.5 Covariant objectivity of tensors 


A tensor acts on both vector fields and differential forms, and its objectivity is deduced from the previous §. 
So, let T be a (Eulerian) tensor corresponding to a “physical quantity”. The observers A and B 
describe T as being the functions T'4 and Tz. 


Definition 11.7 T is objective covariant iff, for all referentials 4 and Rg and for all t, 
Tat (Zat) = Tex (Eat) (11.5) 


i.e. Ta, is the push-forward of Tp; by ©. 
(Recall: Tpex(Zat)(a1(Zat), eee Wy (Zat)) = Trt (pr) (a1* (Zr), seey Wy * (Zpt))-) 
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Example 11.8 (Non. covariant objectivity of a differential di) Let w bean objective vector field, 
seen as w4 by A and we by B; So wa; (Zar) =" 7) dO; (Zp1).Wei(Zer) when Z4, = O;(Zpx), thus 


diz (Far)-dO1(Zpr) = dO1(Zpr).dWei(Fet) + (dO: (Zpr).Wet (Zp), (11.6) 
hence 


dwWar(at) = dO, (Fer) .dWar( &p1).dO1(Zp1) | + (d? ©: (Zpt)-Wpt(Fpr))-dOr(Zpt)* 


# dO;(pr).dw pr (Zpr).dOr(Fer.)~* when d?O, 4 0. (11.7) 


Thus dw is not covariant objective in general. However in classical mechanics for “change of Cartesian 
referentials” ©, is affine, so d?@, = 0, and in particular dw is objective when w is. And 


(d2wiiae (Zar).d@4(pe))-dO; (Zee) + dibar(Zar).d? 1 (Zee) 


iS i eet . eur’ 4 A aed (11.8) 
= dO; (Zp1).d° wat (pt) + 2 dO, (Zpz).dWpt (Zpt) + a0, (Zp1)-Wet (Zp). 
Thus d?W is not covariant objective in general (but if ©; is affine then d?W is objective if w is). or 
11.3 Non objectivity of the velocities 
11.3.1 Eulerian velocity 0: not covariant (and not isometric) objective 
Velocity addition formala: With tpi. (Z41) = dO; (Zpz).W(Xp_) when Za, = O, (Zp), cf. (10.39), 
Gar (Lat) = UBex (Lat) + Ue (Lat) (11.9) 


x UBtx (Lat) when Upt (Zat) # 0, 


thus a Eulerian velocity field is not covariant objective (and not isometric objective). 


11.3.2 dv is not objective 


The velocity addition formula, (Wat — Upt)(Zat) = UBtx (Lat) = dO; (Zpr).Up1 (Xr) when EAt = 0: (Ze), 
gives 

(Gat — Ur) (Ear).dO, (ae) = dOx (ape) .dpe (Fae) + d?O1 (Fae) Uae (Fae), (11.10) 
thus dv is neither covariant objective nor isometric objective because of dip: 


dv a4 (Zat) = dUBtx (Zat) + dvpt (Lat) + dO, (Zpr).Upt (Zp1).dOz (Zt) # dU Btx (Lat) in general. (11.11) 


Remark 11.9 Recall: “Isometric objective” implies 
e The use of the same Euclidean metric in Rg and Ra, ie. (-,-)4 =(-,:)B; 


e zg, (motion of Rg) is a solid body motion, and 
e O, is affine (so d?0; = 0 for all t). os 


Exercice 11.10 Prove, with Q; the (orthonormal) transition matrix from (A;) to (B;): 
[avi] ¢ = Qe-[de] 7-Q7° + Q'(t).Q7*, written [L])g = QL] 7-Q7 + Q.Q". (11.12) 


(Used in classical mechanics courses, to prove that dv’ isn’t “isometric objective” because of Q.Q?.) 


Answer. to,t € R, pio = O(to, Pow), pe = O(t, Pow) = Of? (pio), Ut, pe) = FE (t, Pow), and Ff? (pio) = d®}? (pio). 
= to _ i tb _ OF, : to __noted . 
So v(t, ®,(pto)) = —a-2(t,peo), thus dv(t, “ Fret) = g(t). And (4.30), with Fy? = F, gives 


FM a.,.6 = QO(FO]as,.a thus FF’ Olja,,.a = UO1FOla,.4 + COL Olja,,.a- Thus [d0(t, pe)ia = 

[Fp, @)- Fotg(t ge = (Fe. (ha: Fora ( ee = = WF Whe ay A + — LF @lja,, a) FE Nias Qt = 

Q().QQ~ + QOH1F Olja, a1FOls, ¢2QO™ = QQ + QH).[d6(t, pe)])7-Q()-*. And cf. (3.34)- 

(3.35). a 

Exercice 11.11 Prove that d?v is “sometric objective’ when Pr, is a rigid body motion. 

Answer. (11.8) with v4 — Up instead of wa, and Uz instead of we give, in an “isometric objective” framework, 
d? (Gat — Gr) (Zat).(Eptx, Bare) = dO,(Fp1).d° Ge. (Zar) (Hp, We). (11.13) 


Here d’%, = 0 (rigid body motion), thus d?d is “isometric objective”. us 
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11.3.3 dvé+dv" is “isometric objective” 
Proposition 11.12 If Op, is a rigid body motion then dé, + di} is “isometric objective” 
dita, + dvd, = (dip, + diZ,).. (11.14) 


(Isometric framework: The rate of deformation tensor is independent of an added added rigid motion.) 
Proof. Q.Q? =I gives Q.Qr + (Q.QT)? = 0, then apply (11.12). 7 


Exercice 11.13 Prove that Q = aia is not isometric objective. 


2 -T 5 -T - =T is oT 
. oT _ 397T aT dtart—dvy, _ dtptx—dtp; dtpt—dtpy dvptx—dvpy = 
Answer. (11.11) gives dij, = dvz,, + dtp,, thus 5 = ef 7 : *. even if 


se a el 
®pr, is a solid body motion (then Spit = WA is a rotation time a dilation). or 


11.3.4 Lagrangian velocities 


The Lagrangian velocities do not define a vector field, cf. § 3.2.2. Thus asking about the objectivity of 
Lagrangian velocities is meaningless. 


11.4 The Lie derivatives are covariant objective 


Framework of § 10. In particular we have the velocity-addition formula U4; = Upts + Up; in Ra where 
Upt« (Lat) => dO,(Zpt)-Upe (Zt) and IB = 0: (Zar), cf. (10.39). 

The objectivity under concern is the covariant objectivity (no inner dot product or basis required). 
The Lie derivatives are also called “objective rates” because they are covariant objectives. Easy proofs. 


11.4.1 Scalar functions 


Proposition 11.14 If f be a covariant objective function, cf. (11.1), then its Lie derivative Lyf is 
covariant objective: 


Li, fa = 0, (Lap fB), Le. Lo, falt, Eat) _ Lip fB(t, Xpt) when £44 = 0: (Zz), (11.15) 
ie, 2A (td) = 22 (t, gp,), ie. (22 + dfa-ta)(t, Za) = (2 + dfp-de)(t, Zar). 


Proof. Consider the motion t > p(t) = ®(t Por) of a particle Poy, and £4(t) = [Oap(t ha and p(t) = 
(Opp), g. With f objective, (11.1) gives fa(t, H(t) = falt, Olt Ha(0)) (= falt,Za(d))), thus 


D = O = = 00, = cee 
PIB (¢ aa(e)) = 214 (e, Ba(t)) + df aclBa(t))(2> (, Bo (1) + dOe (a (¢)) tae(Ba(8))) 
Dt Ot Ot — ee 
caagaake —- 
Sot UBtx (at) (11.16) 
Upt(£at) 
_ oO D 
= “fa (t, Zar) + df ac(Zar).Uar (Ear) = Ors (t, Zar), 
thanks to velocity addiction formula U4; = Uprs + Upt- ar 


11.4.2 Vector fields 


Proposition 11.15 Let w be a covariant objective vector field, cf. (11.2). Then its Lie derivative Law 
is covariant objective: 


Lo, Wa = 9,(Le We), (11.17) 
ie., when X44 = O;(Xpr), 
Ly, Walt, Zar) = dO;:(Xpt) Lo, Wa (t, er), (11.18) 
Lé., 
Dw. oma? “ 4 Dw. Pee a 
( Dr — diy. 4)(t, Za) = dO(t, Fae).(F — dig ip) (t, Zp), (11.19) 
L.é., 
OWA = vy OwB ~ 
(a + dwt 4.v4 — dv4.Wa)(t, Zaz) = dO(t, Zpt). (SP + dtp.tg — dtp.wp)(t, Zp). (11.20) 


But the partial, convected, material, and Lie autonomous derivatives are not covariant objective (not 
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even isometric objective because of the drive velocity tp): We have 


(ditiae-(Uae—Upe)) (ar) = (dOx.(dwipe-Uer) + (4° Or-Waz)- Ue) (Fee), (11.21) 
(d(G4e—Bpe).War) (Ear) = (dOz.(dipe-Wpe) + (d?Oz-dpr)- Wee) (Fe), (11.22) 
(d(Gs1 te). (Carty) (Far) = (dO, (dope tee) + Or (Her, Gee) (Ene), (11.23) 
L(ins—aoe) UAt (Zar )= 7 dO; (Zpi). Lo. pi (Zar), (11.24) 

Dilise 4 a oe eee 
Eat) + Lop War (Eat) = d0x(Gzt). F(t Tet), (11.25) 

Dw, 2 2. _ 7 Dip = 5 . 7 . 

Dt (t, Zat) — dUpe.Wat(Zar) = d0:.(iBt)- (t, Zr) + d?O, (Gt, Wax) (Zar), (11.26) 

te ae Se Sacjee See 
OAD) a) + LE. (ta—Bp)(t, Ear) = dO, (Fr). a (t, Zt). (11.27) 

Proof. e War (Oz (Apr)) = dO; (Zpr)-Wet(Zpt) gives 

dia: (€at)-dO1 (Her) = d°O;(€zr)-Wee (Far) + dO; (Zpr)-dip (Far), (11.28) 


thus, with dO,(#pt)-Upe (Zt) = (Gaz—Upt) (Lat) = UBtx (Zat) (velocity-addition formula), 
dtiat(Zat)-(Gat—Upt) (Lat) = (d?O1 (Hr). Get (Fer))-Wee (Fer) + dOr(Zpr)-dw pe (Zpt)-Ue1 (Ze), 


hence (11.21). In particular dw4:(Zat).-Uae(Zat) A dOz(Hp1).(dwWe:(Xet)-Upt(Lez)) (the vector field dw.d is 
not objective). 


© (U41—Upt) (Or (at)) = 40; (ape)-Up1 (Zar) gives 
d(Gat—Gpz) (Zat).dOz(Zpr) = d?O4(Zpx).UB1 (Fer) + dO1(Zer).dtpr (Zar), 
so, applied to Wz (resp. tpt), we get (11.22) (resp. (11.23)). Hence (11.24). 
e If %4: = O,(#s), then wa(t, O(t, Ze)) = dO(t, Ze).wa(t, Zp), so, with ed S(t, iB) = ver(Zar), we get 


aw ae dap, . 
a (1, Ese) + dias (Ear). Coe(Ear) = >> (ts Ep). ne (Ea) + dO a) 5p (ts) 


ae sk acs _. aw 
= (dior (Z41)-d@,(Zp)).Wpr(Zp) + dO; (Zp). 


By (ht): 


Thus (11.25) since je = Up; Then (11.21) gives (11.26). 
e vp.(t, O(t, Ze)) = dO(t, Xe).ve(t, Ze) gives 


OUB. = 1S Otto te thse a 0dO, ~, 1 _ , OW 
aa (t, Eat) + di pe(Ear) Jolt, Ear) = (Fs) tse (Gs) + dO(t, dp). ae (t, Zs, ) 
SY 
d¥ot(Lat).dOz (ZB) 
since 288 (t, ip) = a(22)(t, Zp) and 2° (t, Zp) = vo(t, Zar) = Vo, (Ox(Zp)); hence (11.27). on 


11.4.3. Tensors 


Proposition 11.16 It T is a covariant objective tensor, then its Lie derivatives are covariant objectives: 


LaTa = 9, (La,Tp). (11.29) 


Proof. Corollary of (11.15) and (11.18) to get Le(a.w) = (Lea).w + a.(Lew); Then use Lo(t ® te) = 
(Loti) @ to + ty ® (Lote). vs 
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11.5 Taylor expansions and ubiquity gift 
11.5.1 In R” with ubiquity 


Generic formula: 


f(t) = f(to) + (t-to) f’ (to) + oe f' (to)? + o((t—-to)?). (11.30) 
In particular f(t) = W(t, p(t)) gives 
W(t, p(t)) = wW(to, p(to)) + (t-to) oe (to, plo) oe wail oe to, lto))? + o((t-to)?). (11.31) 


Problem: w(t, p(t)) is a vecteur at t at p(t) while W(to, p(to)) is a vecteur at to at p(to), so (11.31) 
cannot be written 
(t—to)? Dw 


5 py (tor Pl(to))”) = 0((t—to)*), (11.32) 


Dw 
Dt 


w(t, p(t)) — (W(to, p(to)) + (t-to) —— (to, p(to)) + 
since the left-hand side supposes the ubiquity gift. 

E.g. in a non-planar manifold (e.g. a surface in R® considered on its own), W(t, pz) € Tp,(Qz) = the 
linear tangent space at p(t) = pz, whereas W(to, pio) € Th,,(Qt.) = the linear tangent space at p(to) = Pto, 
and the tangent spaces 7;,(Q,) and 7), (Q:.) are distinct at two distinct points in general; Thus the 
left-hand side of (11.32) is meaningless. 

In R® our affine space (our Universe), T},(+) and Tp, (Or,) are identified with R3, and (11.31) is well 
defined, and very useful! 


11.5.2 General case 
By definition, cf. (9.10), with p(t) = 6'°(t, p;,) = BY (pig), 


dv? (Pay) w(t, p(t) _ w(to, Pto) 


any + 0(1). (11.33) 


Lewi(to, Pty) = 
Thus, 
d®,° (pi. ) | W(t, p(t) = (to, pio) + (t-to) Letii(to, pro) + o(t—to). (11.34) 


Hence we get the first order Taylor expansion without ubiquity gift: 
w(t, p(t)) = d®'°(p.,).(eB + (tt0) Lad) (t0,P%9) + 0(t—t0), (11.35) 
both side of the equality being in J,(Q;) (meaningful in any manifold). 


Proposition 11.17 In R”, with the gift of ubiquity, (11.35) gives (11.31). 


Proof. d®" (to +h, pi, ))-t8(to, Pip) =") W(to, pig) + hdv(to, Pip)-tG(to, Pt.) + 0(h), thus 


Dw 
B(t,pe) =? (E+ hdBlto, peo) + o(h)).( (w+ h =" — hdi.d)(to, pt.) + o(h)) 


> 


Dw 


Di )(to, Pto) + 0(h), 


Dia 

=(G+hdtwth a — hdv.0B)(to, pig) + o(h) = (+h 
which is (11.31). Pr) 
Proposition 11.18 In R”, at second order, 


w(t, p(0)) = 4 (py) (i+ hE + Lol Cotf))(to, Pa) + 0(8?)). (11.36) 


So if the values W(to, pr,), Law (to, Pry) and Ls(Lew) (to, pi,) are known, then w(t, p(t)) is estimated at 
second order thanks to the push-forward of (w+ hLyw + »” Ca(LetB)) (to, Pto) by 6°. 
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Proof. Let d®(t,p,,) = Fo (t ). Let g(t) = d&(t, p,,)~1.8(t, p(t)) when p(t) = 6(t,p;,). So 
Leite, Pr) = F'(to), cf. (9.11). And BE (u,p(u)) = dou, p(u)).B(u, p(a)) + Fi(pe).g’(u), of. (9-16). 
Thus FF (u,p(u)) = 2(u, p(u)).8(u, p(w)) + oe p(u)). Bal P(u)) + do(u, p(u)Fy(pe).G"(u) + 
F'(p,).9"(u). Thus 2% é p(t)) = (2@2 wi + do. 22 + do.Lyw)(t, p(t) + 7” (t). With (9.39) we get 
G"(t) = Lol Loi)(t, p(t), cf. (9.29. 

Alternate proof (calculation): (4.34) gives Fe. (t) = Tig + hd&(to, pio) + 4 dF (to, Pto) + 0(h?). Thus, 
omitting the reference to (to, pz.) to lighten the writing, 


fol 
gy 

as 

= 


2 
dB) (pip). (W + Low + oe + o(h”)) 


(11.37) 
ny h? 
= thd + = d(=—) + o(h”) )). (w+ 4 AL gi + — Loki + 0(h?)) 
The h® term is I. = w. The h term is Lyi + dv. = 28. The h? term is the sum of 
1 _ 1 Dw _Dw Dd)... 
e sbokow = 5 DE 2d Di D + dv.dv.w), cf.(9.39) 
ss ‘ 
edt. Lyt = di az — db.db.0b = 5 (240. — 2d0.dd.0), 
1. Ds, _ 1,D(ds) : 
d w= b+ di.di.w f.(2 
5U5,)- 8 = 5(, V.dv.w), cf.(2.36) 
D 7 


: 2g 
And the sum gives +72. 
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Part V 
Appendix 


In this appendix, we tried to give standard results useful in mechanics, results that are scattered in the 
existing literature, and sometimes difficult to find except in math books (differential geometry). 

The definitions, notations and results are detailed, so that no ambiguity is possible (some notations 
can be nightmarish when not understood, or misused, or come like a bull in a china-shop). All the 
results presented apply to solids, fluids, thermodynamics, general relativity, electromagnetism, quantum 
mechanics, chemistry... (the same math applies to all... even applies to mechanical engineers...). 


A Classical and duality notations 


A.1 Contravariant vector and basis 
A.1.1 Contravariant vector 


Let (E,+,.) =2°e¢ E be a real vector space (= a linear space on the field R). 
Definition A.1 An element Z# € EF is called a vector, or a “contravariant vector”. 


A vector is a vector... So why this name contravariant? Historical answer: Because of the change of 
basis formula [2])new = P~'.[Z]jo1a, see (A.28), which uses P~'. 

So, what is a covariant vector? Answer: From the vector space £, you can build the vector space (an 
overlay) £(E;R) ="°te4 £* = the space of linear forms on E (a linear form is a measuring instrument 
that gives values to vectors). Then an element ¢ € E* will be called a covariant vector, because of the 
change of basis formula [4)new = [4]jo1a-P- See § A.5 for details. 


A.1.2 Basis 


Definitions: e n vectors €1,...,€, € E are linearly independent iff, for all \,...,A, € R, the equality 
yo Ae; = 0 implies A; = 0 for all i = 1,...,n. 

en vectors é1,...,é, € E span EF iff, for all Z € E, 3Ay,...,An € R such that # = Oe, i. 

e A basis in F is a set {€1,...,é,} C E made of n linearly independent vectors which span F, in which 
case the dimension of EF is n. 


A.1.3 Canonical basis 


Consider the field R of reals and the Cartesian product R" =Rx...x R, n times. The canonical basis is 
é; = (1,0,...,0), ..., & = (0,...,0,1), (A.1) 


with 0 = the addition identity element used n—1 times, and 1 = the multiplication identity element used 
once. 


Remark A.2 The 3-D geometric space we live in has no canonical basis: What would the identity 
element 1 mean? 1 metre? 1 foot? And there is no “intrinsic” preferred direction to define é;. So the 
Cartesian product R” = R x ... x R and its canonical basis form an abstract mathematical model. os 


A.1.4 Cartesian basis 


(René Descartes 1596-1650.) Let n = 1,2,3, let R” be the usual affine space (space of points), and let 
R" = (R”, +,.) be the usual real vector space of bipoint vectors with its usual algebraic operations. 
Let p € R”, and let (€;(p)) be a basis at p. 
A Cartesian basis in R” is a basis independent of p (the same at all p), and then (é(p)) ="°te¢ (&). 
Example of a non Cartesian basis: The polar basis, see example 6.11 (polar coordinate system). 
And a Euclidean basis is a particular Cartesian basis described in § B.1. 
More generally, a Cartesian basis refers to E” = Ex ...x E (n-times) where EF is a dimension 1 vector 
space. 
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A.2 Representation of a vector relative to a basis 


We give: 

e the classical notation (non ambiguous), e.g. used by Arnold [3] and Germain [8], and 

e the duality notation (can be ambiguous because of misuses), e.g. used by Marsden and Hughes [12]. 
Both classical and duality notation are equally good, but if you have any doubt, use the classical notations. 


Definition A.3 Let ¢ € E. Let (é;) be a basis in FE. The components of Z relative to the basis (€;) are 
the n real numbers 21, ...,%, (classical notation) also named z,...,x” (duality notation) such that 


Ly x 
B= 2161 +..+Onéy = Lat... + 2"En, ie. [@je=[ : J=l: |, (A.2) 
——<—<—_-_—————" ——<—_-_-————— 
clas. dual In x” 
SS 
clas dual 


[az being the column matrix representing £ relative to the basis (€;). (Of course x; = 2° for all i.) And 
the column matrix [2])¢ is simply named [2] if one chosen basis is imposed to all. With the sum sign: 


E= He SNe re. (Ss See 7 3 w°Ey). (A.3) 


i=1 i=1 J=1 a=1 
—_———Tr” oO” 
clas. dual 


(The index in a summation is a dummy index, even if you do not write the sum sign )> as can be done 
with Enstein’s convention: # = pai 2B =noted Pe Hwee oS sex) 


Example A.4 In R? with # = 3é, + 4€ = ea i — Sy x'é,: We have 7;=a'=3 and ro=x?=4. 


: . = 1 if i=7 
And [Z]\2 => 3[é: jet 4[€2] 2 = a XG Alte = = i [Ei]\2. In particular, with 0; = iy = ~ Cif Ws 
the Kronecker symbols, 


1 0 
. ae : 0 : 
€j — S538 — Shei, 1.e. [er]\2 = : sees [Ene = 0 ; (A.4) 
i=l t=1 . 
clas. dual 


that is, the components of @; are 6;; with classical notations, and oy with duality notations. And the 


matrices [é;])¢ mimic the use of theoretical Cartesian space R” =Rx... x R and its canonical basis. 
Remark A.5 The column matrix [#])¢ is also called a “column vector”. NB: A “column vector” is not a 
vector, but just a matrix (a collection of real numbers). See the change of basis formula (A.28) where 
the same vector is represented by two “column vectors” (two column matrices). ar 


A.3 Dual basis 


Recall: Let E and F be vector spaces and (F(E; F),+,.) ="°e¢ F(E; F) be the usual real vector space 
of functions with the internal addition (f,g) > f-+g defined by (f+g)(x) := f(a#)+g(a) and the external 
multiplication (A, f) > A.f defined by (A.f)(a) := A(f(z)), for all f,g € F(E;F), « € E, A €R. And 
r.f noted )f for all f ¢ F(E;F) and AER. 


A.3.1 Linear forms = “Covariant vectors” 
Definition A.6 The set E* := £(E;R) of linear scalar valued functions is called the dual of E: 
E* := £L(E;R) =the dual of E. (A.5) 


And a linear scalar valued function @ € E* is called a linear form. 

More precisely, E* as defined in (A.5) is the algebraic dual of EF; To define the topological dual usually 
needed with L? functions in mechanics, E needs to be a Banach space (a vector space equipped with 
a norm with which E is complete), and E* is then the set of continuous linear forms. (If EF is finite 
dimensional then any linear form is continuous relative to any norm since all norms are equivalent in 
finite dimension.) 
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E* is a vector space: sub-space of (F(R; R),+,.) (trivial). 


Interpretation: It answers the question: What does a function E — R do? Answer: Like any function, 
it gives values to vectors: ¢(%) = the value of wu through ¢. That is, a @ € E* is a measuring tool for 
vectors: If @ € E then ¢(%) = real value given by @. 


Notation: If @¢ E* then 
Vie BE, e(a) "4 ee, (A.6) 


also written (¢, i) g« 2 where (.,.)z«,2 is the duality bracket: The dot in ¢.v is “the distributivity dot” 
since linearity €(@ + Av) = €(v) + A€(v) = distributivity 2.(¢@ + AV) = LU + ALG. 
NB: The dot in ¢.@ is not an inner dot product (since ¢ ¢ E while u € E). 


Definition A.7 A linear form ¢ in E* is also called a “covariant vector’; Co-variant refers to: 
1- The action of a function on a vector, cf. (A.6) (co-variant calculation), and 
2- The change of coordinate formula [¢)new = [éjo1a-P, see (A-28) (covariant formula). 


NB: E* being a vector space, an element @ € E* is indeed a vector. But E* has no existence if E has 
not been specified first since E* := £(E£;R). And ¢ € E* can’t be confused with a vector ti € E since 
there is no natural canonical isomorphism between FE and E* (no “intrinsic representation”), see § T.2. 


Remark A.8 Misner—-Thorne-Wheeler [14], box 2.1, insist: “Without it [the distinction between covari- 
ance and contravariance], one cannot know whether a vector is meant or the very different object that is 


a linear form.” 7 


A.3.2  Covariant dual basis (= the functions that give the components of a vector) 


Notation: If u1,...,u, are vectors in EF, then Vect{t1,...,%,} := the vector space spanned by %),..., Ug. 
Let E be a finite dimensional vector space, and let (€;);<1,....n be a basis in F 


Definition A.9 Let 7 € [1,n]j. The scalar projection on Vect{é;} parallel to Vect{é1, ..., Gi—1, i41, ---; En} 
is the linear form named 7,; € E* with the classical notation, named e’ € E* with the duality notation, 
defined by, for all z, 7, 


(A.7) 


clas. not. : Tei (Ej) = ois, i.e. Tei Cj = ois, 
dual not.: e'(€;)=63, ie. e%.é; = 6%. 


Thus, 7; = e! being linear, if # =“l@- ye BiG =dual Oy 'é; (classical or duality notations), then 
(A.7) gives 


~ Clas. jdual ; 5 
Tei XL xy x € .L, 


(A.8) 


i.e. Te; =e’ gives the i-th component of a vector # relative to the basis (é;), see figure A.1. 


Figure A.1: Parallel projections: 7.1(%) = 21 and 7.2(#) = x2 (dual not.: e!(#) = x! and e?(#) = x”). 


NB: The dual basis (7,;) is intrinsic to (é;); And there can’t be any notion of orthogonality in E here 
since we can’t use a inner dot product: The functions 7; = e’ and vectors x do not belong to a same 
vector space. 


Proposition A.10 and definition of the dual basis. (7.¢:)i=1,...n = (e’)i=i,....n is a basis in E*, 
called the (covariant) dual basis of the basis (€;). 
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Proof. If Sate: = 0, then 0 = (Soy Aes) (Ej) = Sai (E)) = ye ibis = Aj for all J; 
thus (7e;)i=1,....n is a family of n independent vectors in E*. Then let € ¢ E* and m = ¥7,(¢.€))7e:. 
Thus m € E* (since E* is a vector space), and m(é;) = )0,(¢.€:)(mei-€;) = 0, (26:)di; = (¢.e;), thus 
m = £, thus = 97, (2.é;)7e:, thus Vect{(7e;)i=1,....n} span E*; Thus (7¢;):=1,....n is a basis in E*; Thus 
dim E* = n. (Use duality notations if you prefer.) ary 


Example A.11 Following example 1.1. The size of a child is represented on a wall by a bipoint vector w. 
And English observer chooses the foot as unit of length, represented by a vertical bipoint vector which he 
names é. And then defines the linear form 7, : RoR by 7-.€ = 1. Thus z, is a measuring instrument, 
which gives s = 7,-.ti = the size of the child in foot, i.e. U= sé. 7 


Exercice A.12 Let (d;) and (b;) be bases and let (q;) and (7»;) be the dual bases. Let 4 0. Prove: 


; ” 2 ; 1 
If Vi=1,...,n, b§ =Aad;, then Vi =1,...,n, mi = y Fai: (A.9) 
(With duality notations, b' = }a’.) 
Answer. 7 bidy Oij = Tai -G; Tai! + Tt ai Dj for all 7 (since 7a; is linear), thus 7; = ¥ Tai, true for all 7. we 


A.3.3 Example: aeronautical units 


Example A.13 International aeronautical units: Horizontal length = nautical mile (NM), altitude = 
English foot (ft). Application: An air traffic controller chooses the point O = the position of its control 
tower, and a plane p is located thanks to the bipoint vector 7 = Op. And the traffic controller chooses é, = 
the vector of length 1 NM oriented South (first runway), €2 =the vector of length 1 NM oriented Southwest 
(second runway), €3 = the vertical vector of length 1 ft. Thus his referential is R = (O, (€1, 2, €3)), and 
his dual basis (71, 72, %e3) is defined by 7; (€;) = 4;; for all 2,7, cf. (A.7). He writes ¢ = yy ie E R”, 
so that x, = 7¢1(Z) = the distance to the south in NM, x2 = 7-2(Z) = the distance to the southwest 
in NM, x3 = 73(Z) = the altitude in ft. 

Here the basis (€;) is not a Euclidean basis. This non Euclidean basis (€;) is however vital if you take 
a plane. (A Euclidean basis is not essential to life...). See next remark A.14. ws 


Remark A.14 The metre is the international unit for NASA that launched the Mars Climate Orbiter 
probe, and the foot is the international vertical unit for aviation; And for the Mars Climate Orbiter landing 
procedure, NASA (uses the metre) asked Lockheed Martin (uses the foot) to do the computation. Result? 
The Mars Climate Orbiter space probe burned in the Martian atmosphere because of 1 ~ 3 times too 
high a speed during the landing procedure: One metre is \ ~ 3 times one foot, and someone forgot it... 
Although NASA and Lockheed Martin used a Euclidean dot product... But not the same (one based on 
a metre, and one based on the foot). Objectivity and covariance can be useful... os 


A.3.4 Matrix representation of a linear form 


Let ¢ € E*, let (€;) be a basis: The components of ¢ are the n reals 

£,:=€&)=€é, and [fjea=(h .. &) (A.10) 
is the row matrix of ¢, called the matrix of ¢ relative to (€). Thus, if ¢ ©€ FE and 
zg —clas. ee rei —dual Saw e;; then 

02° S60, YS b,0' = (ye-lthe (A.11) 
i=1 i=1 
with usual matrix computation rules (a 1 * n matrix times a n * 1 matrix). 
In particular for the dual basis (7.;) = (e’) (classical and duality notations), 


[Tesj]]e = [e"]jz = (0 ... 0 LL 0... 0) (=row matrix = [@;]/). (A.12) 


\é 


jth position 


Thus we have, with classical and duality notations, 


So Oe (A.13) 
t=1 t=1 
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Remark A.15 Relative to a basis, a vector is represented by a column matrix, cf. (A.2), and a linear 
form by a row matrix, cf. (A.10). This enables: 

e The use of matrix calculation to compute 0.4 = [@]\¢.[Z]\z, ef. (A.11), not to be confused with an 
inner dot product calculation #- ¥ relative to an inner dot product in F for Z, i € E. 

e Not to confuse the “nature of objects”: Relative to a basis, a (contravariant) vector is a mathematical 
object represented by a column matrix, while a linear form (covariant vector) is a mathematical object 
represented by a row matrix. Cf. remark A.8. os 


A.3.5 Example: Thermodynamic 


Consider the Cartesian space R? = {(T, P) © Rx R} = {(temperature,pressure)}. There is no meaningful 


inner dot product in this R2: What would VT?+P? mean (Pythagoras: Can you add Kelvin degrees and 
kg/(m-s?)? Thus, in thermodynamics, the (covariant) dual bases are the main ingredient for calculations. 

E.g., in the Cartesian product R2 = R x R consider the basis (E,=(1,0), F2=(0, 1)) (after a choice 
of temperature and pressure units); Let XE R2, X =TE, + PE, =noted (T,P), and let (t£1, 72) = 
(E!, EB?) =neted (dT, dP) be the (covariant) dual basis. The first principle of thermodynamics tells that 
the density a of internal energy is an exact differential form: JU € C! (R2;R) s.t. a = dU. So, at any 
Xo = (To, Po), 


a( Xo) = a(Xo) = (Koy ar + SS (Ko aP_ and (aU (Ko)yg = (GE(Ko) (Ko) (AM) 


(row matrix). And we have the first order Taylor expansion in the vicinity of Xi 


U(Xo + 6X) = U(X) + dU(Xo).6X + 0(5X) 
(A.15) 


OU OU 
= U(To, Po) + bT rp (To: Po) + bP a (To, Po) + o0((6T, dP)). 


Matrix computation: Column matrices for vectors, row matrices for linear forms: 


Be=(5)+ Whe=-(9). Mole= (72). Wla= (Fp): (A.16) 


[Eye =[T)e=(1 0), [E*)e=(4Ple=(0 1), (U)e=(SF ) (A.17) 
give 
dU (Xo).6X = (24 (Xo) 24 (Xo)). ty = 77 (o)6P + 7 (Xo)6P. (A.18) 


This is a “covariant calculation” (in particular no inner dot product has been used). 


A.4 Einstein convention 
A.4.1 Definition 


When you work with components (after a choice of a basis), the goal is to visually differentiate a lin- 
ear form from a vector (to visually differentiate covariance from contravariance). Framework: a finite 
dimension vector space £, dim £ = n, and duality notations. 


Einstein Convention: 
1. A basis in F (contravariant) is written with bottom indices: E.g., 


= 


(é;) is a basis in F. 
2. A vector % € E (contravariant) has its components relative to (€;) (quantification) written with top 
1 
x 
indices: = )>;"_,a'é;, and is represented by the column matrix [Z]j7= | : |. (Classical notations: 
ge” 
E= 0", vié;, and column matrix of 2;.) 
. A basis in E* = £(E;R) (covariant) is written with top indices: E.g., (e’) € E*” is the dual basis of 
the basis (€;). (Classical notations: (7¢;).) 


. A linear form ¢ € E* (covariant) has its components relative to (e’) (quantification) written with bottom 
indices: £ = )>;"_,¢;e', and its matrix representation is the row matrix [¢jz7=(4 ... n). 
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5. You can also omit the sum sign 5> when there are repeated indices at a different position; E.g. 
Wwe ae end 5 be, =n L'é;. In fact, before computers and word processors, to 
print 5>"_, was not easy. But with MTpX this is no more a problem, so in this manuscript the sum 
sign >> is not omitted (and some confusions are avoided). 


Remark A.16 Einstein’s convention is not mandatory. E.g. Arnold doesn’t use it when he doesn’t 
need it, or when it makes reading difficult, or when it induces misunderstandings. In classical mechanics, 
Einstein’s convention may induce more confusion than understandings, and may be misused... so it is 
better not to use it: Golden rule: Use classical notations when in doubt. a 


A.4.2 Do not mistake yourself 


1. Einstein’s convention is just meant not to confuse a linear function with a vector. 
2. It only deals with quantification relative to a basis. 


. Classical notations are as good as duality notations, even you are told that classical notations cannot 
detect obvious errors in component manipulations... But duality notations can be misused in classical 
mechanics (cf. the paradigmatic example of the vectorial dual basis, correctly treated at § F.7); And thus 
add confusion to the confusion. 


. The convention does not admit shortcuts; E.g. with a metric: g(w,0) = )77,-1giju'v? shows the observer 
dependence on a choice of a basis thanks to the g;;; And even if g;; = 6;; you cannot write g(u,v) = 
ie ja1v’v7: You have to write g(w,%) = D7 ;-1giju'v’: Unmissable in physics because you need to see 
the metric and bases in use. 

. Golden rule: Return to classical notations if in doubt. (Einstein’s convention can add confusions, un- 


truths, misinterpretations, absurdities, misuses...) 


A.5 Change of basis formulas 


E being a finite dimension vector space, dim EF = n, let (€,ig,;) and (€new,;) be two bases in E, and let 
(oid) aNd (Tnrew,i) be the dual bases in E*, written (e%,,) and (e!,.,,) with duality notations. 


A.5.1 Change of basis endomorphism and transition matrix 


Definition A.17 The change of basis endomorphism P € £L(E; E) from (€o1a,i) to (Enew,i) is the endo- 
morphism (= the linear map E — E) defined by, for all 7 € [1, nn, 


P Colas = Crews : (A.19) 
Definition A.18 The transition matrix from (€14,;) tO (Enew,i) is the matrix P := [Pl)z,,, = [Pi] of the 
endomorphism P relative to the basis (€o1a,;), i.e. defined by, for all J, 
a Pij 
Cnew,j = P .€old,j = Ss old, i.e. enemy leva =P. [Cota eit = : ’ (A.20) 
w=1 Py 
ie., [Enew,j]iz.q iS the j-th column of P = [P]jz,,. Duality notations: Chew, = do, P*; Goa, and 


P:= [Pligas = [P*;]. 


Apart from the classical and notations, you may find other “component type” notations: 


n n 


new f= aa Colds = Ste), €old,i = SOR Colds = pez €old,is (A.21) 
ee) 


i=l i=1 i=1 
ie. P;; = (Pj); = P'; = (P;)' are four notations for the 7th component of &j, i.e. 
Pj (Pi) P’; (Pj) 
2 : ; = ; (= the j-th column of P). —_ (A.22) 


[Enew,slleora = 
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A.5.2 Inverse of the transition matrix 


The inverse endomorphism Q := P~! € L(E; E), cf. (A.19), is given by, for all 7 € [1,n]y, 


€old,j = 0.€new,j (= Pen eee! (A.23) 
i.e. Q is change of basis endomorphism from (€new,i) tO (€oia,i)- And Q := [Qhjz,.,, = [Qij] is the transition 
matrix from (€new,i) to (€ota,i): 
*i Q1j 
€old,j ‘= SoC eam [Eota,j]|enew = : (A.24) 
= Qnj 
i.e. Q is change of basis endomorphism from (€new,i) to (Eota,i)- 
Use other notation if you prefer: Qi; = (Qj); = Q'; = (Q;)' 
Proposition A.19 
OP. (A.25) 
Proof. Cneuy = P .€oid,j = ye Peele = Sh Oeneie) = a OR Cnewe = 
re (Q-P)kj€new,r for all j, thus (Q.P)x; = 64; for all j,k. Hence Q.P = I, i.e. (A.25). a 
Plies = [Pllenew = P. 


Exercice A.20 Prove 4, ie. 
[Dlenew = [Qe = @ 


P..€new,j = i jai Pig Enew,i (= Di gjerl jEnew,i = iget(P)*enew,i)s (A 26) 

0.€o1a,j = i j=1 Qi Cotas (= i a1 0" Eolas = Di j=1(Q5)*Eota,i).- 
Answer. Z = [Zi;| = [Plic,., means P.€new,j = do; Zij€newi, Le. Enew,y = O.0,Zij€newi) = 
ye Zig D-Enew,i = ye Zig (Sop Qki€new,k) = ya ON Oni Ziy JEnew,k = pi (QZ) bj Enew,k for all J; thus 
(Q.Z)kj = On; for all j,k, thus Q.Z = I, thus Z = P. Idem for Q, thus (A.26). . 


Remark A.21 P? ¢ P~! in general. E.g., (@1a,;) = (@;) is a foot-built Euclidean basis, and (news) = 
(b;) is a metre-built Euclidean basis, and 6; = 4; for all i (the basis are “aligned”), so P = AI; Thus 
PY = XI and P~! = 31 # P*, since X = sahqq # 1. Thus it is essential not to confuse P? and P~! (not 
to confuse covariance with contravariance), cf. e.g. the Mars Climate Orbiter crash (remark A.14). 


A.5.3 Change of dual basis 


Proposition A.22 (tnew,:) and (Mo1a,i;) being the dual bases of (Enew,i) and (€o1a,i), for all 7 € [1, n]n, 


Tnew,i = SOs tota,i: and [Tiewélleras = (Qi na Qin ) (i-th row of Q), (A.27) 


j=1 


to compare with (A.20) (matrices of linear forms are row matrices). 
Duality notations: Chew = j=19"7eb14 aNd [Chewllena =(Q'1 -  Q'n)- 


Proof. Tnew,i(Cold,k) aes Trew, day Qjk€new,7) = par Qik Tnew,i(Cnew,j) = DF, Qik bij me: Qik, and 
>, QijTotd,; (Cold, k) = ay, Qijdjk = Qik; true for all 1, k, thus Tnew,i = »; Qij, i.e. (A.27) ar 


A.5.4 Change of coordinate system for vectors and linear forms 


Proposition A.23 Let Z€ FE and € € E*. Then 


e [z] = Po [the,, , (contravariance formula for vectors: between column matrices), (A.28) 
© [Aleew = Aleua-P (covariance formula for linear forms: between row matrices). : 
And the scalar value ¢.% is computed indifferently with one or the other basis (objective result): 
La = [¢] Gora’ [z] |@ora _ [Z] lEnew" [7] lEnew" (A.29) 
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Proof. Let # = > Xj old,j = a Yi€new,i- We have = i Xj €old,j — a x; (S55 4 Ouenena) — 
ae QijXjEnew,i; thus Y= Sy QijX; for all a3 thus (A.28)1. 

And €= 97, MjTnew,j = Yi; fiTold,i Saat) Diy Pig Tnew,j Bives my = Yo, £,Piy for all j, thus (A.28)o. 
(Use duality notations if you prefer.) 

Thus [€])2,24,-[2ll@new = (Aleoa-P)-(P* [Bjena) = Alenia [#llera hence (A-29). “ 


Notation: (A.28) and # = pa 2j€old,g = >); Yienewa Live i = 37 H=1 Vij 25, which means: y; is the 


function defined by y;(a1,...,0n) = yy H=1 9523, thus Qi; = Gus (21,...,2n); Similarly with P,;; Which is 
written a a 
Yi Ty 
es and Pee, A.30 
Q j Ox; an j Oy; ( ) 


(Use duality notations if you prefer, e.g. Q*; = oe) 


A.6 Bidual basis (and contravariance) 


Definition A.24 The dual of E* is E** := (£*)* = £(E£*;R) and is named the bidual of EL. 
E*™* is also called the space of contravariant vectors = the space of directional derivatives. 


Definition A.25 Let (é;) be a basis in FE, let (-;) be its dual basis (basis in E*). The dual basis (0;) 
of (mei) is called the bidual basis of (é;). (Duality notations: (m,_;) = (e’).) 


(The notation 0; refers to the derivation in the direction &€;: 0;(df(Z)) = df(Z).é; = of (Z), see § S.1.) 


Thus, the linear form 0; € E** = £(E*;R) are characterized by, for all j, 


Oj.Tej => big = Tej-€iy so f= Sana iff £; = O;.£ (= £.€;). (A.31) 
i=1 
Indeed, O;(2£) = Od 516573) = yj =1 259i (Te9) = ja E5585 = L;. (Duality notation: O;.e4 = 6! = e/ .é; 
arid f= yo tie") 
E + E** = £(E*;R) 
ud > J(u), where J(t).l:= Cu, Vee E* 


> 


see (T.9), we can identify 7 and (i) (observer independent identification), thus 0, = 7(é&) =2e4 &;, 
and (A.31) reads (usual notation in differential geometry) €;.7.; = 6;; and ¢; = &;.0. 


Remark: With the natural canonical isomorphism J : 


A.7 Bilinear forms 
A.7.1 Definition 


Let E and F be vector spaces. 


Definition A.26 e A bilinear form is a 2-multilinear form {(-,-) : 


So, 8(a@1 + Ate, W) = B(u1, W) + AB (Go, w) and b(t, Wy + AWe) = BU, Wi) +AB(U, We) for all U, wi, Ue € E, 
WwW, W,,W2 CE FL AER. 

e £(E, F;R) is the set of bilinear forms E x F > R. 

e If (¢,m) € E* x F*, then the bilinear form @®m € L(E, F;R) is defined by 


(£@ m)(i, @) = L(a)m(wW) (= (£0) (mv) (A.32) 


for all (uv, w) € E x F, and is called an elementary bilinear form. 


A.7.2.| The transposed of a bilinear form 


(Warning: Not to be confused with the subjective definition of a transposed of a linear map which requires 
inner dot products to be defined, see e.g. (A.54).) 


Definition A.27 If 3 ¢ L(E, F;R) then its transposed is the bilinear form 37 € L(F, E;R) defined by, 
for all (w,u) € Fx E, 
87 (, @) = BG, w). (A.33) 


(This definition is observer independent: no basis or inner dot product is required in this definition.) 
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A.7.3. Symmetric and definite positive bilinear forms 


Definition A.28 Here F = EF (no choice), and 8 € £L(E, E;R). 
e @ is semi-positive, iff for all uw € E, 
B(t, %) > 0. (A.34) 


e £ is definite positive, iff for all 7 4 0, 


Bu, u) > 0. (A.35) 


B(u, v) = B(G, ta). (A.36) 


A.7.4 Inner dot product, and metric 


Definition A.29 e An “inner dot product” (or “scalar inner dot product”, or “inner scalar product”, or 
“inner product”) in a vector space E is a bilinear form 6 ="°ted g —noted g(...) € £(E, E;R) which is 
symmetric and definite positive. And then (for inner dot products) 

G(y2) MEF, )g MEF og, Le. g(t, @) = (G, D)y "Ea. w, VE,weE EB. (A.37) 
e Then two vectors wt, iw € E are (-,-),-orthogonal iff (w, @), = 0. 
e And the associated norm with (-,-), is the function ||.||, : E + R + given by, for all we E, 


allo = /G Do- (A.38) 


(To prove that it is a norm, use the Cauchy—Schwarz inequality (A.39).) 

e An “semi-inner dot product” (-,-), (or “semi-scalar inner dot product”) in a vector space E is a 
bilinear form 6 ="°te4 g(.,.) € L(E,E;R) which is symmetric and semi-positive. And the associated 
semi-norm is given by (A.38). 


Proposition A.30 (Cauchy-Schwarz inequality.) (-,-), being an inner dot product in E, 
Vi,we BE, |, w)g| < |laI|gl|Blly- (A.39) 


And |(u, W)g| = ||G||q||w||, if @ and wW are parallel. 


Proof. Let p(A) = ||é+Awi||f = (U+AW, T+Aw),g, so p(A) = ad? + DA + c where a = ||w||?, b = 2(d, a), 
and c= ||u||Z. With p(A) > 0 (since(-,-), is positive), we get b? — dac > 0, thus (A.39), and p(A) = 0 iff 
u+AW = 0. wa 


Definition A.31 (Metric.) With R” our usual affine geometric space, n = 1, 2 or 3, and R” = the usual 
associated vector space made of bipoint vectors. Let Q C R” be open in R”. A metric in 2 is a C™® 


Q + £L(R”,R”;R) 
function g : 


noted 
Pp >g(P) = Gp 


Particular Case: When the g, is independent of p (general case in continuum mechanics), a metric is 
simply called a inner dot product (e.g. a Euclidean metric is called a Euclidean dot product). 

(In a differentiable manifold Q, a metric is a C® (3) tensor g s.t. g(p) is an inner dot product at each 
p€Q. A Riemannian metric is a metric s.t. g(p) is a Euclidean dot product at each p € 2.) 


! such that gp is an inner dot. product in R” at each pen. 


A.7.5 Quantification: Matrice [6;;] and tensorial representation 


dim E = n, dim F = m, 6 € L(E, F;R), (@;) is a basis in E which dual basis is (7q;), (b;) is a basis in F 
which dual basis is (7);). (With duality notations, (tai) = (a’) and (mi) = (0").) 


Definition A.32 The components of 8 € L(E, F;R) relative to the bases (@;) and (b;) are the nm reals 


Bij = BGi,b;), and [Bly a5 = [Big] saan (A.40) 


j=l 


> 


is the matrix of 6 relative to the bases (d,;) and (b;), simply written [f;;] if the bases are implicit. 
And if F = E and (6;) = (@;) then [6], 5 ="°"@4 [B]ja- 
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Proposition A.33 A bilinear form 6 € £(E,F;R) is known as soon as the nm scalars Bi; = B(d, b;) 
are known, and, for all (u,w) € E x F, 


B(a, w) = [Z\a" [Bla a-[ls; written | B(u, wv) = [a]? .[6].[w] |, (A.41) 
B= DD Busta @ Mj; (A.42) 


and a basis in £(E,F;R) is made of the nm functions 74; ® m™,;, and dim£L(E,F;R) = nm. (Duality 
notations: B = )Yj40j-1 Bisa" @ B?.) 


Proof. £ being bilinear, @ = S7y_,ui@; and w = yb give B(a,w) = Yh a1 sw; B (Gi, by) = 
i jar Ui Big Wy = ([@a)" 1) ¢6-[2lye, thus (A.41). In particular, if the 6;; are known, then b is known. 
And (ma; ® Tj) (Ge, bp) =(4:32) (Tai-Gy) (77;-be) = 6;%0;¢ (all the elements of the matrix [7,; ® Tejhiag are 
zero except the element at the intersection of row i and column j which is equal to 1). And (mai @ 
mj )(t, @) =432) (ai-2)(7j-B) = uzw;, thus B(%,w) = i a1 Pig a; = Di jar Big Ta ® To; ) (dt, w), 
thus 8 := i jai Pig Ma ® m,;), thus the m4; ® m,; span £(E, F;R). And yy Aij (Tai © Tj) = O implies 
0= (i Vij (Tai @ Tz) (Ge, by) = ay Vij (Tai @ Tz) (Gk, by) = Axe = 0 for all k, €; Thus the m4; ® 1; are 
independent. Thus (74; ® 7,;) is a basis in £(E,F;R) and dim(L(E, F;R)) = nm. (Duality notations: 
B(u, w) = De ger ba ws and 6 := eget Pas a’ @ BI.) oa 


1 (2 
0 3 
(G2, b1) = Bor = 0, B(d2, bz) = Ba2 = 3. And Biz = (a1) f.-(Flya,5-lb2ls =(1 0). & :) @ =2. a 


Example A.34 dim E = dim F = 2. [6] 45 = ( means (1,61) = B11 = 1, B(a1,b2) = Pro = 2, 


Exercice A.35 Let 8 € £(E, E;R), let (@;) and (6;) be two bases in A, and let \ € R*. Prove: 
if, Vie [1,nJn, bs =Adi, then [8]; =*[Bla. (A.43) 


(A change of unit, e.g. from foot to metre, has a “big” influence on the matrix.) 


Answer. 6; = ai give B(bi, bj) = B(AGi, Adj) = A” B(Gi, G)) (bilinearity), thus [6]); = 7[8])2- a 
Exercice A.36 Prove 

(67 lk2=([6leg)?, written [67] = [6]”. (A.44) 
Answer. Let[6]z5 = [Bij] i=1...n and [87]g,¢ = [vig] i=1....0m. We have ij = 87 (bi, Gj) = B(G;, bi) = Byi, qed. Be 


jaiaghtes p= Lihat 


A.8 Linear maps 
A.8.1 Definition 


Let E and F be vector spaces. 


Definition A.37 e A function L: E > F is linear iff L(w@, + Atvi2) = L(d1) + AL(w2) for all t,t. € E 
and all A € R (distributivity type relation). And (distributivity notation): 


L(@) "29 Lt, so L(dy + Nite) = L.(dy + Ny) = Letty + AL. (A.45) 


NB: This dot notation L.w is a linearity notation (distributivity type notation); It is an “outer” dot product 
between a (linear) function and a vector; It is not an “inner” dot product since L and % don’t belong to 
a same space. It is not a matrix product since no basis has been introduced yet (no quantification has 
been done yet). 

e £(E; F) is the set of linear maps E > F (vector space, subspace of (F(E; F’),+,.)). 

e If F = E then a linear map L € L(E; E) is called an endomorphism in E. 

(If # = R then a linear map E — R is called a linear form, and E* := £(E;R) is the dual of E.) 
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Vocabulary: Let L;(E; E) be the space of linear invertible linear maps. If FE is a finite dimension vector 
space, dim E = n, then, in algebra, the set (L;(E; F),0o) of linear maps equipped with the composition 
rule is named GL,,(E£) = “the linear group” (it is indeed a group, easy check). And the “linear group” of 
n*n invertible matrices is GL,(M,) := (Li(Mn;3Mn),.), te. Li(Mn;M,) with the matrix product rule. 


Exercice A.38 (Math exercise.) Let E = (£,]||.||z) and F = (F;,||.||~) be Banach spaces, and let 

Lie(E; F) be the space of invertible linear continuous maps E — F’, with its usual norm ||Z]|| = 

LiA(E;F) > Lic(E; F) 
LoL" 

M € L;,,.(E; F). (Recall: In finite dimension, a linear map is always continuous.) 


sUP||z\|,=1 I|L-Z||r. Let Z : \ Prove dZ(L).M = —L~!o Mo L-}, for all 


Answer. Consider lim, 49 22+#9=2) = jimp_,) Eth *=L* ( —noted g7(1,).M if the limit exists). With 
N = L7! a we have L+hM = L(I+hAN), and - + AN) is invertible as soon as ||hN|| < 1, ie. h < 


TNT = =m its inverse being I — hN + h?N — ... (Neumann serie); Thus J +hN = I —hN + 0(h), and 

LAM See” Sr = BN Eo. Se = By hie ee 
h 

NaN EN o(t) aE = N.L71 + o(1) — 7 h-0 —N.L7}. 7 


A.8.2 Quantification: Matrices [L;;] = [L’;] 
dim E = n, dim F = m, L € L(E;F), (G;) is a basis in E which dual basis is (74;), (0;) is a basis in F 
which dual basis is (7p;). (With duality notations, (7ai) = (a’) and (m:) = (0").) 


Definition A.39 The components of a linear map L € L(E; F) relative to the bases (@;) and (b;) are 
the nm reals named Lj; (classical notation) = L'; (duality notation), which are the components of the 


vectors L.d; relative to the basis (b;). That: is: 


clas. not. : LG; = SLizbis Ly; D,; 
i : > las. “ dual ‘ 
za , ie (La)g SP] : [oR] : f. (A.46) 
dual not. L.d; = S°L';bi, Tiss roe 
And 
Has = [Lig] stm Ce [Li jenn o m (A.47) 


is the matrix of L relative to the bases (@;) and (b;) (so [L.a5]\5 ; is the j-th column of [L lag) 
Particular case: If E = F (so L is an endomorphism) and if (b;) = (@;) then [L laa = =noted [L]\a- 


Example A.40 n= m= 2. Lha5 = : : means L.@, = by and L.d = 2b) + 3bo (column reading). 
Here Li 1, Type 2; Do, 0, ay) 3 (duality notations: LD, 1, L', 2, Ly 0, L?, 3). os 
And L being linear, for all ¢ ¢ E, ¢= ja 5 = jai ay, we get, thanks to linearity, 
~ Clas. aes 7? dual a Bergen : = = 
Lu= SOS“ Ligujbi & SSCL ju bi, 1.€. [L.ui] 5 = [Z))2,6-[éla : (A.48) 
i=1j=1 i=1j=1 


Shortened notation: [L.t] = [L].[u] when the bases are implicit. 


Proposition A.41 A linear map L € L(E;F) is known as soon as the n vectors L.d; are known, 
j € [1,n]n. And the linear maps £,; € £(E; F) defined by Lj;.d, = 500i (all the elements of the matrix 
Lisliag vanish except the element at the intersection of row i and column j which is equal to 1), for 
i,€ = 1,...,n and j = 1,...,m, constitute a basis © L(E;F). (Duality notations: L;; =noted (5 and 
Li) dy = 616;.) So, dim(L(E; F)) = nm. 


Proof. vi € E and u = 9°), ujaj give L.u = 9), uj L.;, since L is linear. Thus L is known iff the n vectors 
L.@; are known for all j = 1,...,n; And L.d, = 0; Lind; together with 0; LigLij-dr = 0j; Ligdjxbi = 
ee Tl for all k, thus L = Sy L,;Lij;, thus the £;; span L(E; F’). And >" ine 1xjLij = 0 implies, 


for all £, 0 = Siar par riglig Ge = pe me rig 4 ab; = are eb;, thus \;e = 0, for all i and ¢. Thus 
the £;; are independent. Thus (Lig) i= ttm 18 a basis in £(E; F). ar 
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Exercice A.42 If L € £L(E; F) (endomorphism), if (@;) is a basis in E, prove: 
if AE R* and b; =a Vie [1,n]n, then [L]5 = [L]ja, (A.49) 


i.e., a change of unit has not influence on the matrix of an endomorphism. Check with the change of 
basis formulas. NB: To compare with (A.43): Covariance and contravariance should not be confused. 
Answer. Let LG; => ye Leis Gi and L.b; => Sor, Doig bi. Then on Lig = Lb; = L.(AG;) = AL.G; = 
AD Laigds = ADIL Leis = OL Laigbi, thus Loij = Lass. 

Change of basis formula: [L]); = Po" [L]\z-P with P = XI here. a 


A.8.3 Trace of an endomorphism 


Let E be a vector space, dim E =n. Let a € FE and ¢ € E* and call Lye € L(E; E) the endomorphism, 
called an elementary endomorphism, defined by 


Loe t= Wed) = (La) w. (A.50) 
Definition A.43 The trace of the endomorphism L,z,¢ is the real 
Tr(Lige) = CW. (A.51) 
: ; L(E;E) +R 
And the trace operator is the linear map Tr : defined on elementary endomor- 
L + Tr(L) 


phisms @ @ w by (A.51). 


Proposition A.44 Let L € £(E;E). The real Tr(L) is objective (is intrinsic to L), i.e. is independent 
of any basis in E. And (quantification) if (é;) is a basis and L.€; = S>;_,L;;é; for all j, then 
Tr(L) = ) “Li (€ R), (A.52) 
i=1 


ie., Tr(L) is the trace of the matrix [L\\z. (Duality notations L.é; = )\7_,L';é and Tr(L) = 0, L';.) 


Proof. Tr(Lg,c) := ¢.w is a real that can be considered by any observer, and which value is the same for 
all observers, cf. (A.29): It is objective. 

Let L € L(E;E). Let (a) be a basis and (74;) be its (covariant) dual basis, and L.@; = >>, LijGi, 
i.e. [Lia = [Li]. And we have (Soe LinLa; ran )G) = eae Lik lay may hj =(4.50) Eee LinG;(Tak-G;) = 
eg Lee Gidkg = >, bagd, thos. b= ar, LijLa;n,; (sum of elementary endomorphisms), thus, Tr being 
linear Tr(L) = ar, LigTrL 3, aj = ay Lig d5% = ae Lis, thus (A.52). Pr] 
Exercice A.45 Check with the change of basis formula that Tr(Z) is an invariant (the same value for 
all observers). 


Answer. Let (a) and (b;) be two bases, P = [P;;] be the transition matrix from (@;) to (b:), Q = P~!, [Lia = 
(Leis, (Ele = (Ze). We have [E]g = P-1 [Le.P, ie. (Ls)i3 = Cee Qix(Ea)aePej, thus 30,(Ls)ii = 
ike Qik (La) Ke Pei = nel P-Q)en (La) ne = Ke dex (La) ne = Den (La)kk; qed. or 


Alternative definition with one-one tensors: see § Q.6. 


A.9 Transposed matrix 


The definition can be found in any elementary books, e.g., Strang [18]: If M = [Mj;]i=1....m is an m*n 
j=l 


soeey n 


(M?)i; = My (A.53) 


(exchange rows and columns). E.g., M = & ‘a gives MT = E A) and (M*)12=M21=3. 


And M is symmetric iff M7 = M (this requires m=n). 
And M.N = Doe MirNej]i gives (M.N)? = [ee MjrNuil = [SCN Jia (M™ ag]: => N?.M?. 


a 


Exercice A.46 Prove: If M is an n*n invertible matrix then M7 is invertible and (M7?)~! = (M71)? 
( =noted \7—-T). And if moreover M is symmetric, then M~! is symmetric. 


Answer. M.M~! =I gives (M~')7.M7 = IT =I, thus M7 is invertible with (M7)~' = (M7~'). Moreover if 
M = M™ then M~* = (M~")?. va 
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A.10 A transposed endomorphism: depends on a chosen inner dot product 


Not to be confused with the transposed of a matrix, cf. (A.53). And not to be confused with the 
transposed of a bilinear form (observer independent), cf. (A.33); In particular, a transposed of a linear 
map depends on the observer who use it (depends on the choice of an inner dot product). 


A.10.1 Definition (requires an inner dot product: Not objective) 


Let E be a finite dimensional vector space equipped with an inner dot product g(-,-) = (-,+)g- 


Definition A.47 The transpose of an endomorphism L € £(E; E) relative to (-,-), is the endomorphism 
Li € L(E; E) defined by 

VE, GEE, (L795, 2Z)o=(G,L2)g, ie. (L794 f= Fe (L.2). (A.54) 
(It depends on (-,-),, see (A. 59). ) If (-,-), is an imposed Euclidean dot product (isometric framework) 
then LT =noted £7 thus (L?.g, Z), = (Uj, L.Z)g, ie. (L7.g) «# = G+ (L.2). 


Exercice A.48 (Math exercise.) The existence and uniqueness of Lr is e.g. proved with a basis in E 
when £ is finite dimensional, see next § A.10.2. More general proof: Prove: If (£,(-,-),) is an infinite 
dimensional Hilbert space and if L € £(E; E) is continuous, then Lf exists, is unique, and is continuous 
(apply the Riesz representation theorem F.1). 


Answer. Let ¥ € EF, then let 0g, : % € E — lg (£) := (9, L.Z)g ER. Cg is linear (trivial since L is linear and (-,-)g 
is bilinear) and continuous: |ej9-2| < |lUllollL-#lly < |IUllllLll li@lla @ives |[egollo~ < [Dll lldlly < 00: Let Gj € B 
be the (-,-)g-Riesz representation of lj, € E*: lj9.¢ = (l59, f)g for all Z, with ||€j4||o = ||€z||z*; We have thus 
defined L? : G € E> L7(¥) := Gy € FE with (Lg (9 i), B)q = (C79, B)q = lgq-@ = (G, L-Z)q, thus LT is linear (since 
(-,-)g is bilinear) and continuous: ||L7-ill = |IGalle = llégalle~ < |ILII lal gives ||L5 || < ||L]|ccz;2) <00. ae 


Remark A.49 Recall: The transposed 87 of a bilinear form @ is objective, cf. (A.33): We don’t need 
any tool like an inner dot product to define 67. Not to be confused with: The transposed Le =noted pT 
of a linear map L is subjective: It depends on a choice of an inner dot products (-,-), by an observer. In 
particular it is dangerous to represent a linear map in a basis with its “bilinear tensorial representation” 
when dealing with the transposed: L € £(£; F) is naturally canonically represented by the bilinear form 
Gr € £(F*, E;R), and thus (8,)7 € £(E, F*;R); And 


= Son DB; gives By = D L'jb,@a7, thus (6) “2” * Lia’ @ by, (A.55) 


ij=l ij=l 


while L7 € £(F; £) is naturally canonically represented by the bilinear form 6(,,r) € C(E*, F;R), and 


LT .b; = S-(L")' ja gives bigr) = Y_ (L7)';4; @ 7, thus | By,r) A (4)* (A.56) 
i=1 ‘j=l 
for two reasons: 1- @; @b/ 4 a’ @ bj, and 2b" = Dh depends on chosen inner dot products (-,-), 


and (-,-), by observers in E and F, see (A.73): (L7)'; ="4.79) 3? _, ([g]~")iaL’x hej; While (G,)" is 
independent of any inner dot products. (In fact (8,)7 € L(F*, E;R) is the tensorial representation of the 
adjoint L* € £(F*; E*) of L: With L*.b) = S07, (L*)i2a* we get (L*) = 77 ,-1(L*)a' ® b; = (62)*, 
see (A.83).) 

So in continuum mechanics it is strongly advised not to use the tensorial notation for linear maps 
when dealing with transposed (e.g. when using F” the transposed of the deformation gradient). os 


A.10.2 Quantification with bases 


Let (€;) be a basis in E, let. gj; :-= 9(&, €;), so [glj¢ := [gi] =noted [g|, and let: (classical notation) 


Ley = Ylyé EB = SUE), ke. Whe = (Lag) EE], Eye = (EF) ] "ES (22 


(A.57) 
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ne 
[91-124] = [Z]” [9], Le. S\ gin (Le ) ej = SOL Ikj (A.58) 
k=1 k=1 
Le., 
[E72] = [gl EI" Ig], te. (22) = SS (lol) in Lenges- (A.59) 
ke=1 
To compare with (A.56). If and only if (€;) is (, -) g-orthonormal then {9 = [6,;] and (Li ij = L;;,. With 
duality notations, L.é; => eg es Lee = Se) as [L]j\2 = feral; [LF |\e = eee and 
Sc gin(ET)*; = So E¥ ign, ie. (ET) = S° (glen En ge;- (A.60) 
k=1 k=1 ke=1 
Remark A.50 The last equation (A.60)2 is also written 
i “ i = —1 noted , 45 
(L5)') = Yo 9" Ee ge) when ([gle)~* = [gy] * "= Ig". (A.61) 


kje=1 


Don’t be fooled by the notation g‘’, defined by [g’’] := [gi;]~+. (It is also the short notation for (g*)’, 


see (F'.32).) Use classical notations to avoid misuses and misinterpretations. vn 


Remark A.51 A bilinear form 8 € L(E,E;R) satisfies [87] = [G]?. A linear endomorphism L ¢€ 
L(E; E) satisfies [L7] = [g|~*.[L]".[g] # [L]” in general (e.g. take [L] = G 0) and [g] = c a) 


So do not confuse a bilinear on E (objective) with a linear endomorphism on EF (subjective). vn 
Exercice A.52 In R2, let (é,@) be a basis. Let L € L(IR?;R2) be defined by [L])z = (? Find 


two inner dot products (-,-)g and (-,-)p in R2 such that Li # Lj, (a transposed endomorphism is not 
unique, is not intrinsic to L, since it depends on a choice of an inner dot product by an observer). 


Answer. Calculations with (A.58): 


: 1 0 0 1 
Choose (-,-), given by [glj¢ = ( 4 = [I]. Thus [L9 ]je = [J].[L]2.[J] = CG ai Sine rene Es 
: 1 0 aa: 0 2 
Choose (-,-)n given by [h]j¢ = € a Thus [Lj |e = [A] [Lie-[A] 2 = € a So Li, # L. 
2 
Thus L, A Lj, e.g., & = Ly .é1 4 Lh.€ = $e. on 


Exercice A.53 Prove: If L is invertible then Li is invertible, and 7 a = (oF (written Eee). 


Answer. Suppose: 37 € E, 7 £0, s.t. Ley = 0. L being invertible, JIZ € E s.t. L.z = 7, with 740 since F £0 
and L is linear; And L).g = 0 gives L?.L.Z = 0, thus (Lj .L.@, 2), = 0, thus ||L.z||? = 0, thus L.Z = 0, thus 
# = 0 since L is linear bijective; Absurd. Thus Ker(L2) = {0}, thus L7 is invertible since it is an endomorphism. 
And (Lp.(L7)p-€, Dg “= (L")g-@, LG) g “= (&, (EL) -L-Dg = (Bo = (Lp-(LG)*-€, Ta, true VE, G, thus 


g g 
Li .(L~")? = L7.(L9)~*, thus (L~')7 = (L7)~* since L? is invertible. vs 


Exercice A.54 Special case of proportional inner dot products (-,-), and (-,-)y: JA > Ost. (Ja = 
d?(-,-)5. Prove: L? = L?: Two proportional inner dot products give the same transposed endomorphism. 


Answer. (17.9, @)y = (9, L-2)p = °(G9, L-B)a = 7? (L7 Gf, B)a = (L7G, 2)p, for all Z, 9, so LT = LT. ar 


A.10.3.5 Symmetric endomorphism 


Definition A.55 An endomorphism L € L(E; E) is (-,-)g-Symmetric iff L7 = L: 


L (-,-)g-Symmetric bpaL (L.2,9)9 =(Z,L-%)g, VE, E. (A.62) 


Remark A.56 The symmetric character of an endomorphism L is not intrinsic to the endomorphism: 


It depends on (-,-)g; See exercise A.52 where L is (-,-),-symmetric while it is not (-,-),-symmetric. wf 


91 


92 A.11. A transposed of a linear map: depends on chosen inner dot products 


A.10.4. The general flat ’ notation for an endomorphism: Relative to a (-,-)¢ 
Let (-,-)g be an inner dot product in a vector space EF, and let L € £L(E; E) (a C® endomorphism). 


Definition A.57 The bilinear form Le € L(E,E;R) which is (-,-),-associated to the endomorphism 
L € L(E; E) is defined by, for all u, w € EF, 


L’ (@, 8) := (G, L.w),. (A.63) 


(L’ depends on a choice of a (-,-)g.) We have thus defined the (-,-)-dependent operator: 


_ -( ee > L(E, E;R) (A.64) 


(Jo = 
: L + J,(L) := L’, 
If (-,-)g is imposed, then LP =noted 7. 


(The bilinearity of Lv is trivial since L is linear and (.,-), is bilinear, and the bilinear form Lv 
continuous as soon as L and (-,-), are since |Z? (a, )| < |lgl||IZ-al lal] < (al ILI) lal Ia) 


Proposition A.58 With the natural canonical isomorphism L € L(E; E) ~ Ty € £L(E*, E;R) given by 
T,(é,) = €.L.8, and with T, ="°'e4 L, the function (t is the change of contravariance to covariance 
mapping given by 
b 
L> = gL. (A.65) 


Proof. Recall: The contraction of an elementary (°) tensor £; ® £2 with an elementary () tensor UV ® é3 
is the (3) tensor (£1 ® £2).(U® £3) := (€2.0) 4, ® £3. And the contraction on any tensors is the bilinear map 
defined on elementaty tensors. So, with a basis (€;) in E and its dual basis (e") in E*, if g = >, gije'@e? 
and L = >>, £';& @ & then gL = Di. gue L*j& @ e?. Thus (g.L)(d,w) = Do, u'wi(g-L)(&, &) = 
Dige Uw gin L*; = Din U gin (L-w)* = Ou gin (L-w)* = g(t, Law) = Lo (ii, w). wm 
Quantification: Let (é;) be a basis in EF, and, with duality notations motivated by the flat notation 


“i top changed into i bottom” in the components L’,; of L, let gi; := g(é,é;), L.é; = 0/_,L';é and 
LD i = L(G, é;), i.e. with tensorial notations for calculations 


9=)>_ ge! Be, b=)” Dy 6,0:e, LP =) Lge oe. (A.66) 
aj ag aj 


So [g]jz = [9ij], [Elie = [Lj] and [L?})2 = [L? ,,]. Then (A.65) gives (or see next exercise) 


[Z4] = [9]-[£] | (A.67) 


Exercice A.59 Prove (4.67) with components. 


Answer. With (A.63) we get Lj,i; = Ly (€i,é)) = (Gi, L.€j)g = (Gs YL jek)g = YL jgie = ((g]-[L])is- a 
k k 


Remark A.60 A change of variance, here from the () type tensor L to the (3) tensor Les is necessarily 
observer dependent: There is no natural canonical isomorphism between a vector space E and its dual E*, 
see § T.2. Details: Here fix w and write 0, .4(v) = (v, L.w), (= AC w)); Thus lg. € E* is the (-,+)g- 
representation function (linear form) of the vector L.wW, i.e. 05g = Rg(L.w) where R, is the (-,-)g-Riesz- 


representation operator (the change of variance operator, see (F.3). 7 


A.11 A transposed of a linear map: depends on chosen inner dot products 


This paragraph is needed to define the transposed of the deformation gradient. 
Not to be confused with the transposed of a matrix, cf. (A.53). And not to be confused with the 
objective transposed of a bilinear form, cf. (A.33); E.g., a transposed of a linear map is not objective. 
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A.11.1 Definition (subjective) 


(E,(-,-),) and (F,(-,-)z) are Hilbert spaces, and L € £(E; F’) (which is supposed to be continuous if E 
and F are infinite dimensional). E.g., E = RP, F=R®, L =d®(P)e€ LR? ; RP) = the deformation 
gradient, cf. (4.1), (-,-), is the foot built Euclidean dot product chosen by the observer who made the 
measurements at to, (-,-)p is the metre built Euclidean dot product chosen by the observer who makes 
the measurements at t. 


Definition A.61 The transposed of L € L(E; F) relative to (-,-)g and (-,-), is the linear map Li, € 
L(F; E) defined by, for all (7,7) € E x F, 


(Lin, 2)g = (G9, L.Z)n, (A.68) 


—noted sas 


where we used the dot notation Lin i) = .¥ since Li, , is linear. This defines the map 


(A.69) 


Qt Ae + L(F;E) 
ee 


L > (.)on(L) = 27, 


NB: So a linear map has an infinite number of transposed (it depends on inner dot products). 
Notation: If (-,-), and (-,-), are imposed then Dh =noted pT. 
And if F = E and (-,-), = (-,-)g then Dh = L7, see § A.10. 


A.11.2 Quantification with bases 


> 


Let (d;) and (b; ) be bases in E and F, let gj; := 9(Gi,@;), hij = h(b;, b;), [ghia = [gj], [Alis = [hj;], and 
let (classical notation) 


LE aby = Di Lanisti, i.e. [Loaliea = (Zan igl noted l 
(A.68) gives [2]7.[g)ja-[L7,-Tig = ((L-2)p)? hl g-(l,g for all 2,9, thus, [gla-[Lo,)¢.¢ = ((Lja5)" (ye and 
Ponliea = ge -(2a8)7 -[e- Shortened notation: 


Lay: 


(9].[L7] = [AF © Yiaalty gh )ej = Yh hej, (A.71) 
[Z7] = (9) LE]? [A], ie (Len) = 255°G 1). Deghe;. (A.72) 
k=1l=1 


With duality notations, L.é; = 07, L';é;, [L])e = (L";], Lin ei = aay F [Lali = (Lon) ], and 
B iL ? i - = ted i 
>on (Lb,)*s = DEF hag, Le. (EE) = SO al eek e he (CS* SO GE ghey). (4-73) 
k=l k=l kl=1 k,l=1 


Be careful with the notation ([g]~!);, =2°%®4 g‘, see remark A.50. 
g g 


Exercice A.62 Prove: If L is invertible then (L7,)~' = (L~')i,- 


Answer. (Ljn-(L7")ig-@,9)9 = ((L"")ing-@, Lh = (2, LLG) g = (2, 9)9 = (Lgn-(Lgn) 2, Yq, true V2, 9. ate 


A.11.3 Deformation gradient symmetric: Absurd 


The symmetry of a linear map L € £(E; F) is a nonsense if E 4 F. 

E.g.: The gradient of deformation F/°(p,,) = d®{° (p;,,) =Pe4 F € L(R?; RP) cannot be symmetric 
since FT € L(R”; Rr). Idem for the first Piola-Kirchhoff tensor IK;}°, which motivates the introduction 
of the symmetric second Piola-Kirchhoff tensor 947°, see Marsden—Hughes [12] or § M.2.3. 
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A.11.4 Isometry 
Definition A.63 A linear map L € £(E; F) is an isometry relative to (-,-), and (-,-), iff 


VE,GEE, (L.2,L.9)n =(2,9)g, ie. Lj, 0 L = Ig (identity in E). (A.74) 
In particular, an endomorphism L € £(E; E) is a (-,-),-isometry iff 
VE,GEE, (L2,Li)g=(Z,i)g, ie. LEoL=Ip. (A.75) 


Thus, if L € L(£;F) is an isometry and (é;) is a (-,-)g-orthonormal basis, then (L.é;) is a (-,-)a- 
orthonormal basis, since (L.é;, L.€;)n = (€;, €))qg = 5:7 for all 2, 7. 


Exercice A.64 Let f: E > F. Prove: 


if f isan isometry then f is linear. (A.76) 
Answer. Let (é;) bea (-,-)g sorchonpringl basis; Thus (f(é)) is a (-, -)n-orthonormal Se (since f is an isometry). 
Thus, if = 0"_,@ié then f(z) "2" Aw. A FE) FE)" 0, eg FE)” =” See f(&), thus f(#+A%) = 
w=1 i=1 w=1 
So (ai + Ani) FE) = Soi FE) + ADU FG) = FB) + AF(G), thus f is linear. a 
i=l i=1 i=1 


Exercice A.65 R” is an affine space, IR” is the usual associated vector space, and (-,-)g is an inner dot 
product in R”. Definition: A distance-preserving function f :p € R" > f(p) € R” is a function s.t. 


FPF Ig = lIPallo> Vo. eR”. (A.77) 


Prove: If f is a distance-preserving function, then f is affine. 


= 


Answer. Let O € R” (an origin) and f : # = Op R” > f(z) := f(O)f f(p (verona associated fungron): Let 


> ~ 


# = Op and j = 04. Then the For identity aN Bs fDo = Fé 2)|\a + FG ils — \IF@-FMIls gives 


2(F(@), f FD)o = WOMs+WLDIle—l FC FONG =NFOMAAOIS-lwlle = Helle iao— I|@—allg = 2(2, Da: 
thus f is an isometry, thus f is linear a in 76), thus f is aa since f(p) = f(O) + f(Op). os 


A.12 The adjoint of a linear map (objective) 


(For mathematicians; May produce misunderstandings, misuses, problematic mechanical interpretations.) 
No inner dot product is required here: A linear map L has only one adjoint L* (intrinsic to L); While 
L has many transposed L? = Dh which depend on inner dot products. 


A.12.1 Definition 


E and F are vector spaces, and E* = £(E£;R) and F* = L(F;R) are the dual spaces (made of linear 
continuous forms). (If E and F are finite dimensional, the continuity is always satisfied.) 


Definition A.66 Let L € £(E; F) (linear and continuous); Its adjoint is the linear map L* € L(F*; E*) 
canonically defined by 
F* — E* 
L*: : (A.78) 
m > L*(m):=moL, 


ie., for all (%,m) € E x F*, 
(L*(m))(#) = m(L(@)). (A.79) 


(The adjoint L* cannot be confused with a transposed L? which requires inner dot products, cf. (A.68).) 
The linearity of L* is trivial, thus, together with the linearity of m and LD, we can use the dot notation: 
L*.m:=m.L, and (L*.m).¢:=m.L.@. (A.80) 


And ||L*. = { 


continuous (when LF is). 


» < [brllr-llEllcae) gives [IL"lleusse+) < (Elec) < 00, thus L* is 
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A.12.2 Quantification 


> 


E and F are finite dimensional, dim E = n, dim F = m, and (d;) and (b;) are bases in FE and F. Let 
Lee =noted (7), Peale snokdrAh; [m] |. —noted fm] and [Z]\a —noted [7] be the matrices relative to the 
chosen bases: (A.80) gives ([£*].[m].[Z] = [m].[L].[z] for all ¢ € E and m € F’, thus, for all m € F* 
(recall that: [m] is a line matrix), thus [L*].[m]7 = ({Z]”.[m]*, thus 


[L*] = [L]" | (transposed matrix). (A.81) 


(Full notation: (L"]}j,q = ((Lha)") 
Details: With the dual bases (mai) and (my), with L.dj = D077" Lijbi, ie. (Lag = [Lij]i=1..m, and 


geet 


DE (E*)iFat, Le. (L*] ya = ((L*): 2] am , thus, for all (i,j) € [Inn x [Lmn, 


(L*.b).d; = b7.(L.d;), thus (£*);7 =I, and [L*) =[E]*. (A.83) 
(Recall: Use classical notations if in doubt, or, preferably, don’t use duality notations here.) 


Remark A.67 Reminder: The transposed b? of a bilinear b form is intrinsic to b, and the adjoint L* of 
a linear map L is intrinsic to L; But a transposed L’ of a linear form L is not intrinsic to the linear form 


(it depends on chosen inner dot products): Watch out for the (unfortunate) vocabulary “transpose”! wt 


A.12.3. Relation with the transposed when inner dot products are introduced 


let L € £L(E;F). We need inner dot products (-,-), and (-,-), in E and F to define L7 = Ln To 


have a functional relation between L* and Lin we use the (-,-)-Riesz representation mapping R, : 


EX +E = 
eo ~ ¢, where ¢.% = (¢,,Z)q for all  € E, see (F.3); idem with F. 
€ > R,(0) = 2%, 
Let L € £(E; F’) (continuous). For all % € E and all m € F* we have 
(Lt.m).2 0 m(Lz), thus (B,(L*.m), 2), = (By(m), L-2),, (A.84) 


thus ((Ry 0 L*).m), 2), = ((L4, o Rp).m, L.Z)g. Thus Ryo L* = LT, o Ry, ic. 


T 

jer La 

Lh Ro Le (hs | ie B, +t + R;, is a commutative diagram. (A.85) 
fg 


<— F* 
L* 


Exercice A.68 From (A.85), recover (A.71), i.e. [L7,] = [g]~'-[Z]" [A]. 


( 
Answer. [L7,] =“4°°) [R,].[L*].[R,]-? =" [g]-?.[L]? [A]. a 


A.13  Tensorial representation of a linear map 
A.13.1 A tensorial representation 
Consider the natural canonical isomorphism (between linear maps E > F' and bilinear forms F* x E — R) 
~ [L(E;F) > L(E",E;R) 
Fe ie where 6,(m,t) :=m.(L.%), V(m,t) € F* x EB, (A.86) 
L + 6, = J(L) 


see § T.4. And 4; is also named L for calculations purposes, see (A.89). 
(NB: It can be dangerous to substitute L with 6,, see e.g. § A.7.2.) 
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Quantification: Let (G@;);=1,... be a basis in F, (6;)i=1 


Le L(E;F). Then 


m be a basis in F' which dual basis is (z»;), 


Faia hh. ONE GN A SA ONY OPIS LS vay 


BL (Toi, Gi) = THi-L.Gi. (A.87) 

Thus, if . — 
L.aj = So Ligbi then fp = SOS oLigbi ® Taj (A.88) 

= i=1j=1 
Indeed, (31, Lizbi ® Taj)(Tox, de) = s* Lij(bi @ Taj)(Ton,4e) = yy Lij(bi-moe)(Maj-de) = 


ar Lj (bi. on) (Tay Ge) = i Lig dKid;e = Le = Tok-L.de, so (A.87) gives (A.88). 
Duality notations: L.@; = 57", L';b; and 6, = Darkep See ee! @ai. 


Contraction rule. If you write L = i Laima (~ Bz), then the vector L.ii € F is computed 
thanks to the “contraction rule”: 


Lié= SS @ Taj)-E = bhi Taj.) S55 ry (A.89) 
Se contraction i cee 
(With duality notations: L.u = ( OL, Bj a!) ).u= Le shi b, Dwar 5 
a Sneak. pes 


Remark A.69 Warning: The bilinear form §; should not be confused with the linear map L: The 
domain of definition of 6, is F* x E, and {; acts on the two objects ¢ (linear form) and w (vector) to 
get a scalar result; While the domain of definition of L is E, and L acts one object u to get a vector 
result. However, you can use the tensorial notation for L... only to calculate L.a with (A.89). a 


A.13.2 Warning: Confusion between transposed and adjoint 


The transposed L7 € L(F;E) of a linear map L € L(E;F) needs inner dot products to be defined, 
cf (A.68): It is not intrinsic to L, not objective ; While the transposed b’ € £(B, A;R) of a bilinear 
form b € £(A, B;R) is intrinsic to L (it does not need inner dot products to be defined). 

So if you represent a linear map L € L(E;F) by its tensorial representation 8, € L(F*, E;R), 
cf. (A.88), then 

1- you know the transposed (@;,)7 (given by (@,)7 (1, a) = By (z, w)), 

2- but you cannot deduce the transposed L? € L(F;E) from (@,)" (i-e., to start with (3,)7 is 
misleading): You need to choose inner dot products, and then use the formula (L’.7,Z), = (9, L.2)), 
where L? := Dh to get [ZL] = [g]7!.[L]".[h] (and [£7] ¥ [L]” in general). 

3- In particular: If LD € L(£; FE) is symmetric (relative to the chosen inner dot products), then 
Br € L(E*, E;R) is never symmetric because E* 4 F'! (Recall: there is no natural canonical isomorphism 
between F and E*.) 


A.14 Change of basis formulas for bilinear forms and linear maps 
A.14.1 Notations for transitions matrices for bilinear forms and linear maps 


Let A and B be finite dimension vector spaces, dim A = n, dim B = m. (E.g. application to the change 
of basis formula for the deformation gradient A=R?, + B=R?.) 
Let (Goiai) and (@new,i;) be two bases in A, and (Bo1a,i) and (Bnew) be two bases in B. Let Py 


and 73 be the change of basis endomorphisms from old to new bases, and Py := [PA]jaz,,, = [Pi;] and 
B= [Fs] ig a= [23;;| be the associated transition matrices, and Qy = P,~* and Qs = Ry7!: 
Gnew,j = Pa -Gotd,i = se Piz Gota,i, Tanew,j = S Ui jMaotas 
ij=l i=1 
. (A.90) 


m n 
bnew,j = FB-bolai = s Bij bota,i; Thnew,j = s Qe ij Tbold,i- 


i,j=l tga 


P : o> = n i> i & n ee i. = n ae 
Duality notations: Grew, = oj; FA‘ jGoia and a), = ja 7@arq 20d bnew,j = 2-1 B' jbotas and 
4 _ n t.39 
Besa ., j=1 BB joa: 
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A.14.2 Change of coordinate system for bilinear forms € £(A, B;R) 
Let g € L(A, B;R), and, for all (2,7) € [1, n]y x [1, mn, 


Cree) Gestay a ae 
9 (Golds, old,j) = Mij,  9(Gnew,is Onew,j) = Nij, Le. ete) 91 
eile =N= [Nig] = 7 ee 


as ee 


Proposition A.70 Change of basis formula: 


[9] news = A” [g)Jotas-FB, ie. N= Pj7.M.B. (A.92) 


> 


In particular, if A= B and (Goa) = (Bota) and (Gnew,i) = (Dastinals then Py = BR; =8°'d P, and 


ite =P lglg? |) Rey N= PIG: (A.93) 


Proof. Ni; = g(Gnew,is Das) = pp Pai B59 (Goan: bota,e) = pe Pi Mees = Dye (Pre) Maelo; ae 
Exercice A.71 Prove (objective result): 


g(t, 8) = [iz = [Tia [Mlotas (4) g,,,- (A.94) 


[9] news [8] 5 


bnew 


Answer. [if .[g]news-(@])g,., = (7? [i)auia)? (AA [9] otas Bs). [tt] yg_,)- J 


A.14.3. Change of coordinate system for bilinear forms € £(A*, B*;R) 
Let z € £(A*, B*;R), and, for all (7,7) € [1, n]n x [1, m]n, 
| = SO eens 


(dita Bota) = M, 2(dnews Drew) = NY, ie. Aniis=N = Ii} (A.95) 


yeeey 


Proposition A.72 Change of basis formula: 


Mince hides te Na B ea, (A.96) 


> 


In particular, if A= B and (Gia) = (boa) and (Gnew i) = (55252); then Py = B; =2°td P, and 


wera ? lag). Ren NeaaPe MP, (A.97) 


Proof. Nij = 2(@hews Phew) = one Qn" :Qe52 (A810: boa) = Dine Qa" M"Qs*; = Dee(Qr? )' eM Qs". v 


A.14.4 Change of coordinate system for bilinear forms € £(B*, A;R) 


(Toward linear maps L € £(A; B) ~ £(.B*, A; R) thanks to the natural canonical isomorphism.) 
Let T € £(B*, A;R), and, for all (i,7) € [1,n]n x [1, mn, 


[T] |otds =M= [M*] i=1,..,n , 


T (boas Goid,j) = M;, Tees, Gnew,j) > N‘;, i.e. 4 ‘pica (A.98) 
[Flinews = N = [N4j] seta 


Proposition A.73 Change of basis formula: 


Baler a Be [Totas-FA, Le. N=(Qy.M.B. (A.99) 


> 


In particular, if A= B and (Goa) = (boiai) and (Gnew,i) = (Dees, then Py = B; =8°'d P, and 


eoae ager) te: NSP ALP te NGS SOM PS, (A.100) 
k,@=1 
Proof. N*j = Trews Inew,j) = Dee QB nA GT hia Foid,j) = ee Qs eM PA’; f 
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A.14.5 Change of coordinate system for tri-linear forms € £(A%*, A, A;R) 


(Toward d?i: For a vector field @ € T(U) ~ Te(U), Gp) € R”, its differential satisfies dii(p) € 
L(R”;R") ~ £(R"*,R";R), and d?a(p) € L(R"; L(R"; R”)) ~ L(R"*, R”, RR), see § $.1.3.) 
Consider a tri-linear form T € £(A*, A, A;R), and 


fe = T (asta: Gold,j, Gotd,k); Nye = TG set Gnew,j; Gnew,k) Le. Pl hetsia a pae Pligice > [ G- 
A.i01) 
Then 7 
Ni, = SY) -QRPPPEM),. (A.102) 
A,p,v=1 
Indeed ae Mji,Gotd,r ® abd @ Aold = uve MQ) PP PE Gnew,i ® OF ® ae “ 


A.14.6 Change of coordinate system for linear maps € L(A; B) 
Notation of § A.14.1. Let L € £(A; B) be a linear map, and let, for all 7 = 1,...,n, 


L.dota,j = > Mizboiai = SM jdoiai Le. ([L]joids = M = [Maj] = [M*j]i-a.....m, 


j=l,..., n 
a aah (A.103) 
Lidnew.j =) Nijbnew.i = DIN‘ jbnews ie. [L]jnews = N = [Nig] = [Nj] om, 
i=1 i=1 


with classical and duality notations. 
Proposition A.74 Change of bases formula: 
[L]inews = 4B *.[L}iotas-A, ie. N= 27'.M.B. (A.104) 


> 


In particular, if A = B, if (@o1a,;) = (Borat), (Gnew,i) = (bnew,i), then Py = By ="°t*4 P and 


[L]new =P [L]joia-P ie. N=P.M.P, ie N= >> QinMeePa;, (A.105) 
kl=1 


with Q = P~1, and with duality notations N*; =), Q¢rM*2P*;. 


Proof. L.dnew = 2; Ntjbnews = Do N*j)B*idoae = Soy(B-N)*jboiae and L.dnewj = 
LAS; Py" Gota,i) = r Py; bar M* ;boid,k = >, (MB) * jbota,ks for all on thus I3.N => M.P,. ar 


Exercice A.75 Prove: 


CL. = [Qe LM jnews-lil|anen = Aye,4-llotas Lilja. (objective result). (A.106) 
Answer. []5__,-[L]news-[@j@new = ((Ayg,,)-2:)-(B 7 (L) otds-Pa) (Bx) Lana): in 


Remark A.76 Bilinear forms in £(A,A;R) and endomorphisms in £(A; A) behave differently: The 
formulas (A.93) and (A.105) should not be confused since P~! # P? in general. E.g., if an English 
observer uses a Euclidean (old) basis (@;) = (@ota,i) in foot, if a French observer uses a Euclidean (new) 
basis (b;) = (@new,:) in metre, and if (simple case) 6; = Ad; for all i (change of unit), then 


[Z] new = [L]|o1a; while [9] |new = aS [J]jota: (A.107) 


>10 


Quite different results! Le. PO cia? # P2 [DlisiaP for a general change of basis. See the Mars 
Climate Orbiter crash, remark A.14, where someone forgot that 1 foot 4 1 metre. aT 


B- Euclidean Frameworks 


Time and space are decoupled (classical mechanics). R” is the geometric affine space, n = 1, 2,3, and R” 
is the associated vector space made of “bi-point vectors”. 
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B.1 Euclidean basis 


Manufacturing of a Euclidean basis. 

An observer chooses a unit of measure (foot, metre, a unit of length used by Euclid, the diameter a 
of pipe...) and makes a “unit rod” of length 1 in this unit. 

Postulate: The length of the rod does not depend on its direction in space. 


e Space dimension n = 1: This rod models a vector é; which makes a basis (€)) called the Euclidean 
basis relative to the chosen unit of measure. 


e Space dimension n > 2: 

- The observers makes three rods of length 3, 4 and 5, and makes a triangle (A, B,C) with A, B and 
C are the vertices and A not on the side on length 5. 

- Pythagoras: 3? + 4 = 5? gives: The triangle (A, B,C) is said to have a right angle at A. 

- Two vectors @ and w in R” are orthogonal iff the triangle (A, B,C) can be positioned such that AB 
and AC are parallel to @ and w. 

- A basis (€;);=1,....n is Euclidean relative to the chosen unit of measurement iff the &; are two to two 
orthogonal and their length is 1 (relative to the chosen unit). 


my 


Example B.1 An English observer defines a Euclidean basis (@;) using the foot. A French observer 
defines a Euclidean basis (b;) using the metre. We have 


1 
1foot = metre, p=0.3048, and Imetre=Afoot, A= — ~ 3.28. (B.1) 
Lb 


(u = 0, 3048 is the official length in metre for the English foot.) E.g., the bases are “aligned” iff, for all i, 

b; = Ad; (change of measurement unit), (B.2) 
thus the transition matrix from (@;) to (6;) is P = AI, thus PT = P, P~! = 17 and PT.P = d?1. oe 
Remark B.2 The bases used in practice are not all Euclidean. See example A.13, especially if you fly. sa 


B.2 Euclidean dot product 
Definition B.3 An observer who has built) his Euclidean basis (€;), cf. § B.1. The associated Euclidean 
dot product is the bilinear form g(-,-) = (-,-)g € £(R”, R”; R) defined by 

(93 =) 9(Gi,€j) = 413, Vis, ie. [gle = [dij] = 2. (B.3) 
In other words, 


(,)o:= > tei ® te = e' BE’, (B.4) 
w=1 i=1 


with classical and duality notations, (7,;) = (e’) being the dual basis of (é;). And if you want to use the 
Einstein convention you have to write (-,-)g := ger Ouse” ® e: You cannot avoid writing 6;; = gij- 


Thus, for all Z,7 € R”, with # = T"_,aié and J = 7"_, wie; (classical notations), 
n 
(Z,I)9 = Daim = (Zee. (B.5) 
i=l 


With duality notations, 7 = S7"_,2°é;, J = iy’; and (Z,7), = UL, 2"y’; And if you want to use 
the Einstein convention then write (Z,¥)g := i a1 0 BY": You cannot avoid writing 4;;. 


Definition B.4 The associated norm is ||.||, := \/(-,-)g, and the length of a vector Z relative to the 
chosen Euclidean unit of measurement is ||Z'||, = /(Z, Z)g- 


Thus with the Euclidean basis (€;) (used to build (-,-),), if Z= S7y_, xi, then ||Z||, = />2;_,2? is 
the length of # relative to the chosen Euclidean unit of measure (Pythagoras). (With duality notations 


lZllo = V >oi=1(2")?, and if you want to use the Einstein convention: ||#||g = 4/30; ;=15ij2a.) 


Definition B.5 The angle 6(i, 7) between two vectors i, 7 € R” — {0} is defined by 


oes Gy 
cos(O(#,9)) = (Fas Tada: (B.6) 
Zlo [Ilo 
(With a calculator, this formula gives 0(Z, i) = arccos Gai ; Ta )g) a value in [0, 7].) 
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B.3. Change of Euclidean basis 


Let (@;) (e.g. English observer basis built with the foot) and (b;) (e.g. French observer basis built with 
the metre) be Euclidean bases in R”, and let (., -), and (-,-);, be the associated Euclidean dot products. 


B.3.1 Two Euclidean dot products are proportional 
Proposition B.6 If \ = Palos then llBillg = X for alli =1,...,n (change of unit) and 


(s)g = Cs)a, and |)-[lg = All-lln. (B.7) 


Proof. By definition of a Euclidean basis, the length of the rod that enabled to define (5;) is independent, 
of i, cf. § B.1, thus ||d;||y = ||b1||, for all i, and here ||d;||y ="°'4 A. Thus ||b;||2 = A? = ?||;||? for alll 4, 
since ||. |I2 = 1. And if i 4 j then (6;, B;)g =0= (bj, bin since b; and b; form a right angle (Pythagoras), 
cf. (B.4). Hence (6;,6;)g = A2(bi,;)n for all i,j, thus (B.7). = 


n 


Example B.7 Continuation of example B.1: (-,:)a = >\;_,a' @ a’ is the English Euclidean dot product 
(foot), and (-,-),» = 0;_,6' @ b' is the French Euclidean dot product (metre). (B.7) and (B.1) give: 


(a =A2(-,-)p and |j.|Ja =All-|[,, with AY3.28 and ? ~ 10.76. (B.8) 


In particular, if w@ is s.t. ||W||, = 1 (its length is 1 metre), then ||i||, = 2 (its length is \ ~ 3.28 foot). wf 


B.3.2  Counterexample : non existence of a Euclidean dot product 


1- Thermodynamic: Let T be the temperature and P the pressure, and consider the Cartesian vector 
space {(T, P)} = {(temperature,pressure)} = R x R. There is no associated Euclidean dot product: An 
associated norm would give ||(T', P)|| = VT? + P? € R which is meaningless (incompatible dimensions). 
See § A.3.5. 


2- Polar coordinate system ¢ = (r,@) € R x R: There is no Euclidean norm Vr? + 6? for ¢ that is 
physically meaningful (incompatible dimensions), see example 6.11. 


B.4 Euclidean transposed of the deformation gradient 


Let n € {1, 2,3} and consider a linear map L € L(R?; RP) (eg., L = Ff°(P)). 
Let (-,-)g@ be a Euclidean dot product in Rr (used in the past by someone), and let (-,-)g and (-,-)p 


be Euclidean dot products in R? (the actual space where the results are obtained by two observers, e.g., 
(-,-)g built with a foot and (-,-), built with a metre). Let Léa and LZ, be the transposed of L relative 


to the dot products, that is, Lé, and LZ, in L(R?; R? ) are characterized by, for all CX Y)E Re x R?, 
cf. (A.68), 
(LG, X)a =(L.X,H)g and (LG,9,X)a = (LXHn- (B.9) 
Corollary B.8 
if (5-)g=A7(,-)n_ then LG, = 7LGp. (B.10) 
NB: Do not forget \*, cf. remark A.14 (Mars Climate Orbiter crash). 


(B.9) (B.10 (B.9) 


Proof. (L&,.f, X)a"= (LX, iq" * 2(0.X, an = (LE ,.G, X)q for all X € RP and all fe RY, 
thus L,.7 = °L5,,.f for all 7 € RY, thus (B.10)s. i 


B.5 The Euclidean transposed for endomorphisms 


Let n € {1,2,3} and consider an endomorphism L € C(R?;R?) (e.g. L = di;(p) € C(RP;R”) the 
differential of the Eulerian velocity). Let (-,-), and (-,-),, be dot products in R”. Let Li and Lj, be the 
transposed of L relative to (-,-), and (-,-),, that: is, Le and L? in L(R?; BR”) are the endomorphisms 
defined by, for all z, 7 € R?, cf. (A.54), 


(LE, 8) (LED gs and, (Lh. (LZ n: (B.11) 
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Corollary B.9 
if (-)g=A°(-,-)n then LT =Lf noted rT eg £(R"; RR”) (B.12) 
(an endomorphism type relation): Thus we can speak of “the Euclidean transposed of an endomorphism”. 


Proof. (L".g,#)y "= (L.,9)q (2 2(L4,)n =” PLE GF, Bn (LEG, @)q for all #7 € BR”, thus 


L? gj = LT gf for all gE R". 


B.6 Unit normal vector, unit normal form 


The results in this § are not objective: We need a Euclidean dot product (need a unit of length: Foot? 
Meter?) to get a unit (Euclidean) normal vector. 


B.6.1 Framework 


(-,-)g is a Euclidean dot product (needed to define Euclidean orthonormality) and, for all @,w € R”, 
(i, 3), yw (B.13) 
(or =noted @. wz when one chosen Euclidean dot product is imposed to all). 
Q is a regular open bounded set in R”, n = 2 or 3, and T := 00 is its regular surface (dimension n—1). 
If p € then 7,T is the tangent plane at p to T, and a basis (61(p),..., 8n-1(p)) in T,P is known (usually 
obtained thanks to a coordinate system describing T'). And, to lighten the writings, (3; (1p), -+5 Bn-1(p)) 


is written (Bu, cae 


B.6.2. Unit normal vector 


Call 7ig(p) the unit outward normal vector at p € [at T,D relative to (-,-)g; So M%g(p) 8:(p) = 0 for all 
i=1,...,n—-1, and ||%,(p)|| =1, ie. fi, is defined on I by (up to its sign) 


Vi=1,...n-1, Biyiy=0, and figyfizg=1 (=|lill?), (B.14) 
ie., at any p €T, %,(p) is orthogonal to the hyperplane Vect-{ By (p I) . Bn—1(p)} and 7i,(p) is unitary. So 


(B1(p), vs, Bn—1(P); fig(p)) is a basis at p in R”, written in short (Biss ., Bn—1,%,). Drawing. 
Thus, for all w € R”, if # = ye a wifi + Wnitg (classical notations) then 


Wn = We, Ng = the normal component of w at p at T. (B.15) 
(w,, depends on (-,-)g.) (Duality notations: w= 37" oT wih; +0 Mg and w" = Wy Ng.) 


Exercice B.10 Let (d;) be a basis in R”, By = 0", BijG; for j = 1,...,.n-1, and fy = 37", nai, and 
Giy = 9(G;,G;) for all i,j. What equations satisfy the n;? And particular case (@;) is (-,-)g-orthonormal? 


Answer. (B.14) gives (G:iNG-(ghia-[elya = 0 for 1 = 1,...,n—1 (so n—1 equations), with [Reliz-[gla-[7%o]\a =1(sol 
equation), and 7, is obtained up to its sign. 
If (d;) is (-,-)g-orthonormal, then }7"_, Bijnj = 0 for j = 1,...,.n—1, with )7% at aly os 


Exercice B.11 Let (@;) be a Euclidean basis in foot, fy a Euclidean basis in metre, (-,-), and (-,-)s 
the associated Euclidean dot products, so (-,-)a = A?(-,+)» with A ~ 3.28, cf. (B.7). Let 7ia(p) and 7p(p) 
be the corresponding unit outward normal vectors, cf. (B.14). 1- Prove (up to the sign): 


ity = Aig, and (wt, fa)g =A(W, 7%), VO ER” (B.16) 


2- Then let fig = 07" nad; and ty = 7", n4ibi; Prove: 


If, Vi=l,...,n, 6; =Ad; then Vi=1,...,n, nai = Nvi- (B.17) 
So the vectors 7, and my are different (A > 1), and their respective components are equal... relative to 
different bases! And of course 1 = ||%al|2 = S774 (mai)? = 3, (ni)? = ||%o]|? = 1. 
Answer. fia(p) || 7%»(p), since the vectors are Euclidean and orthogonal to 7,[ cf. (B.14). And ||.|/a = Al].|[o 
Ch; ae thus ||7||> = 1 = IIFalle = = Allalle = ||Ava||b, som) = Aa. And they both are outward vectors, so 
= +\ita. Thus (ti, a)a = A7(W, fa)y = A? (HW, *e)e = = XA(W, Mo)p. 
And if b; = Ad; (B.16) gives pre nib; = SA aS aren) = yr nibi, then ni, = nj. os 
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b 


B.6.3. Unit normal form n’ associated to 7i 


(For mathematicians; May produce misunderstandings and lack of mechanical interpretations; Don’t 
forget: n’ is obtained after 7% has been defined.) 
At p €T, once you have computed 7i,(p), you can define the associated unit normal form i, (p) € R™: 


It is the linear form defined by n’, (p).W := Tig(p) ¢, W for all WE R”, i.e. on T, for all @ € R”, 


n? 06 = Tg Ww (B.18) 
( =noted i. w if one chosen Euclidean dot product is imposed to all). Thus [n? ] [al = [7,]7 .[9].[a]. 
Quantification: Let (é;) be a basis in R”; Then (B.18) gives [ne ]je-[B)\e = [igli=-[g]e-[e])2 simply 


written [n? ] [al] = [7i,|" .[g].[w] if the basis (é;) is imposed. 


So, with duality notations to justify the ? notation, with (e’) the dual basis of (€;), let 


n n 
ig = Sonié; and n?, = S ingie’. (B.19) 
i=1 i=1 
Le. ni, and ng; are the components of fig and n?, relative to the basis (é;) and (e*). Since (B.18) gives 
n?, ej := Tg «, & for all i, we get, for all i, 


Nig = So gign’ (B.20) 
j=l 


Particular case (é) is a (-,-)g-Euclidean basis, then nig = ni. 

Classical notations: 71g = S>;_,(7%)i€;, dual basis (7-;), n?, a ees (n?); = a1 96 (fg);- 

NB: In physics don’t forget to write the g,; in (B.20) even if g;; = 4;;, since you need to see the chosen 
metric and basis (and verify the Einstein convention), although (B.20) is simply written n; = ria 


B.7 Integration by parts (Green—Gauss—Ostrogradsky) 


Let 2 be a regular bounded open set in R” and T = @0 its frontier, let g € C1(Q;R), let (€;) be a 
Euclidean basis and (.,-) ge (p) := dy(p).é; (usual notation), 


let 7ig(p) = 7(p) = S35, ni(p)é; (classical notations) be the unit outward normal at p € T. Then, for 
4 el 


/ a (p) ‘n= f y(p)ni(p) dP’, in short [z= a -dQ = [en dv. (B.21) 


x0) Ox; 


Thus, for any v € C'(Q;R), with yu instead of y in (B.21), we get the integration by parts formula 
(Green formula): 


Oy Ov 
dQ = — Q+ ja. B.22 
Bier” Cae d. [eon (B.22) 


Thus, for any 7 € C!(Q;R”) (vector field), with o(p) = 7"_,u;(p)é) we get 


i 


Ov; 
[# -uan=— fy aon dO + [ evincar. (B.23) 


Thus, with the gradient vector grady(p) = 1 Bee and with divé = )7_, 2%, we get the Gauss— 
Ostrogradsky formula: 


i, grady + #dQ = -[ y dive dQ + i yiendr. (B.24) 
Q Q T 
(And {pv +iidI gives the flux through I.) 


Exercice B.12 Use the differential dy instead of the gradient grady (which is the (-,-),-Riesz represen- 
tation vector of dy) to express (B.23). Is the use of n? useful in that case? 


Answer. [, dy.vdQ = — f, pdividQ + f. pte ndD. Since n” depends on 7 (definition), there is no reason that 
justifies the use of n” (unless you want to introduce useless notations here). os 
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C Rate of deformation tensor and spin tensor 


Let © : [t1,t2] x Obj > R” be a regular motion, cf. (1.5), and let ¢: C + R” be the Eulerian velocity 
field, cf. (2.4), that is, v(t, p) = Pt, Pow) when p = ®(t, Poy). Its differential dv is given in (2.8). 

At t, an observer chooses a unit of measurement (foot, metre...) and builds the associated Euclidean 
dot product (-,-), in R?, cf. § B.2. (We loose the objective point of view here). And the same (-,-), is 
used at all t. 


C.1 The symmetric and antisymmetric parts of dv 
With the imposed chosen Euclidean dot product (-,-)g in R?, we can consider the transposed endomor- 
phism du; (p)s =noted gi (p)T € L(R?; R?), which is defined by, for all wy, Ww. € RP vectors at p, 

(di (p)" 201, W2)q = (1, dd; (p) 82) (C.1) 


cf. § A.11. We have thus defined 


oT . 
du; : 


Q L(R?; RP) (C.2) 


p — diy (p) = di(p)” 
Other usual notations (definitions): di,(p)7 =Pte4 do(t, p)7 =Poted do (t, p). 


Definition C.1 The (Eulerian) rate of deformation tensor, or stretching tensor, is the (-,-)g-symmetric 
part of du: 

dvi+ds du(t,p) + d&(t, p)? 
= +e ie, Vip) e Hx), D(t,p) = MO *A Gg) 


teR 


D 


The (Eulerian) spin tensor is the (-,-),-antisymmetric part of dv: 


dv — dv" du(t — dvi r 
9-2", ie, V(t,p) © LJ({t} x 21), Q(t,p) = ue) 5 oe (C.4) 
tER 


(So dv =D+Q with D the rate of deformation tensor and 2 = GA a rotation times a dilation, see the 
following.) 


NB: The same notation is used for the set of points Q, = ®/°(Q;,) C R” and for the spin tensor 
ne dv,—dor 


37: The context removes ambiguities. 


C.2 Quantification with a basis 
With a basis (@;) in R®, (C.1) gives 


[ghe-[do" |e = [do]fe-[g)je, and [do] = [g])5* [dae [alle (C.5) 


In particular, if (é;) is a (-,-),-orthonormal basis, then [dv7])z = [do] (orthonormal basis case). Thus for 
the endomorphisms D and Q, and with the above Euclidean framework ou its Euclidean oe 
. > n => > n => : 1/ Ov; Uj — 1/ dvi Ry 
basis, we have D.€; = yee: and 2.€; = ea ery with Di; = 5 ( a + Den) and OQ: = 3 (Sz; => De: ), 


2\0x 
that is, 


[ddlje + [de], [dd]je — [de], 
a aa and [Qle= ee (Euclidean framework). (C.6) 


: ; re bees psy i ij cs fo ahae as, i ij 
Duality notations: D.é; = wee, De = $(34 + ou) and (hep. 40.5 = (33 - oe), so 
with Di =D! and 0%; = —0/,. 


[D]\ze= 
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D_ Interpretation of the rate of deformation tensor 


We are interested in the evolution of the deformation gradient F(t) := ee (t) along the trajectory of a 
particle Poy; which was at pi, at to. So: 

Let A = G(to, pz, ) and B= B(to, Pty) be vectors at to at p;, in Q;,, and consider their push-forwards 
by the flow {° (the transported vectors), i.e. the vectors at t at p(t) = oe. (t) given by 


a(t, p(t)) := F(t).A and 0(t, p(t)) := F(t).B. (D.1) 
see (4.3) and figure 4.1. They define the function 
she C +R 
(2B), : a as (D.2) 
(t, pt) = (a, b) g(t, Pt) = (a(t, pe), b(t, pe))g- 
Proposition D.1 The rate of deformation tensor D = De es gives (half) the evolution rate between 


two vectors deformed by the flow, that is, along trajectories, 
D(a, b)g 
Dt 


Proof. f(t) := ((t, p(t), Ot, p(t), = (F(t)-4, F(t).B), gives 


= 2(D.G, b)q. (D.3) 


f'(®) = (F'(®.A, F(t).B), + (F(t)-A, F’(t)-B)q- (D.4) 
And F"(t) = da(t, p(t)).F(t), cf. (3.33). Thus, with a(t, p(t)) = F(t).A and b(t, p(t)) = F(t).B, 
f'(t) = (do(t, p(t). (t).A, F(t).B), + (F(t).A, do(t, p(t). F(t).B), 
= (d&(t, p(t)).a(t, n(6), b(t, v(t) + (A(t, v(t)), dd(E, p(t) .5(t, p(t))), (D.5) 
= ((da(t, p(t) + do(t, p(t))”).a(t, p(t), B(, p(t))) 9. 
i.e. (D.3), since f(t) = (a, 6), (t, p(t)) gives f’(t) = PGBg (t, p(t)). mi 


E_ Rigid body motions and the spin tensor 


Choose a Euclidean dot product (-,-)g (required to characterize a rigid body motion). 

Result: A rigid body motion is a motion whose Eulerian velocity satisfies dv + dv’ = 0, i.e., D = 0 
(Eulerian approach independent of any initial time to chosen by some observer). 

But the usual classical introduction to rigid body motion relies on some initial time to (Lagrangian 
approach). So, to begin with, let us do it with the Lagrangian approach. Recall: T the first order Taylor 
expansion of ®/° in the vicinity of a py, € 4, is 


o;° (to) = O° (Pto) + Be (Pty )-Pto Te + O( Pig To )- (E.1) 


EK.1 Affine motions and rigid body motions 
E.1.1 Affine motions 


Definition E.1 ® js an affine motion (understood “affine motion in space”) iff f° is an “affine motion”, 
i.e. iff Y° is a C! diffeomorphism (in space), and (E.1) reads, for all p;,, 44, € Mt, and all t € [t1, tel, 


o;° (Gt) 7 6° (Pt) ets FP (Dt )-Pto Uo - (E.2) 
Marsden-Hughes notations: ®(Q) = ®(P) + F(P).PO. 


Proposition E.2 and definition. If © is an affine motion, then F;°(p,,) is independent of p,,, i.e., 
for all t €]ty, ta[ and all py, € Qtr, and all qi, € QM, 


ted 
ne (Pt) == Ee (to) i yap (E.3) 


And then dF¥°(pi,) = 0, i.e. d?®%°(p;,) = 0. And for all t €Jti,t2[, ®¢ is an affine motion: For all 
T Elta, tal and all pr, ge € OQ, 
B. (ae) = OL (pe) + Fr Pi. (E.4) 


And @ is said to be an affine motion (understood “affine motion in space”). 
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Proof. qi, = Pio + Pind, gives BY (qi,) = BY (Dig + Din Gee) = Bi (pi) + dB? (pi,)-Pin Ge, and, similarly, 
oe (Pt) = )° (do + GoPra) = o/° (do) +d®;° (to) -TtoPre- Thus (addition) O° (do) +6) (Pt) = 0° (Pto) + 
O° (do) a (do; (Pt) rd d®,° (dt. ))-Pio Ge. thus (db,° (Pte) = d®,° (dto))-Pto Mea = 0, true for all Pto» Ios thus 
dB? (p,,) — d&} (q;, ) = 0, ie. (E.3). 

Thus #8; t° (Pto)-Uty = lima jo Peg theta) 282° Pa) 
thus d?/°(p;,) = 0 for all pi,, ae Poy = 0. 

And (5.17) gives (6! 0 ®f°)(p,,) = oto (pi), thus, with p, = &/°(p,,), we get d&* (p,).d®)?(p;,) = 
db (p,,), thus d&* (p,) = db (p,,).d®/° (pz,)~1, and (E.2) gives 


= limp_s0 = 0 for all p,, and all wi, 


db) —dvio 
h 


—1 noted 


d®! (pz) = db db! db! (independent of p,), (E.5) 


thus (E.4). Pr) 


Corollary E.3 If ® is affine then, v; is affine for all t, and V;° is affine for all to, t, i.e., for all p, € Qy we 
have du; (p,) = dv, (independent of p,), and for all p,, € 04, we have dV}#° (p,,) =20ted dV; (independent 
of p;,): For all q € OQ: and all qi. € Qt, 


© &(q) = Gi(ps) + deep, (F.6) 

© Vi (aig) = Vii? (Dig) + AV; Piohe- 

Proof. (E.2) gives ©°(t,q@,) = ®°(t,p:,) + F°(t).Di,%%, and the derivation in time gives (E.6)2, 
then (E.6); thanks to p, = ®°(p;,), a = 4° (qi,) and Droge, = (Fi°)~| .peqh, cf. (E.2). on 


Example E.4 In R?, with a basis (EZ, Ey) in R® and a basis (€, é2) € RY, then F/° given by [Fela a= 


1+t 2 re PORES AYE 1+t 2# a 
( ae gt 2 derives from the affine motion [®/° (pi, )®7° (dto je = ( 343 et ) [Bic Gs] z- ws 


E.1.2. Rigid body motion 


A Euclidean dot product (-,-), in R? is chosen, the same at all time t. Let ® := 6! and F := F°. 
Recall: If P € Q,, and p = ®(P) (€ Q,) then the transposed of the linear map F'(P) € L(RE; R”) relative 
to (-,-)g is the linear map F7(p) := F(P)? € L(R?; RP ) defined by 


RY +R? 
FT (p) = F(P)? : > ee . - ; % Ste. Teg 
Wp + F’ (p).y s.t. (F° (p).tp,Up)g = (yp, F(P).Up)g, Vp € Ry 


We have thus defined the function F? : Q, > C(R?;R? fod 
Particular case: For an affine motion, since F is ianesenient of P, we get F™ is independent of p. 


Definition E.5 A rigid body motion is an affine motion ® such that, for all to9,t ER, PE O:,, Up, Wp € 
R?, and with p = ©!°(P), 


to? 


(F.Up,F.Wp), =(Up,We),, ie. (F’.F.Up,Wp),=(Up,Wp),, ie. |FT.F =I. (E.8) 


(Angles and lengths are unchanged.) 


In other words, with the Cauchy strain tensor C' € L(R? Re) defined by C = F7.F, the motion is 


rigid iff it is affine and 


toi R 


Car aie. | Peers |, (E.9) 


Proposition E.6 If ®° is a rigid body motion, if (A;) is a (-,+)g-Euclidean basis in Rr , if PEDM,, if 
t € [to, T] and p = O}°(P), and if a;(t, p) = F(t, P).A; for all i, then G;(t,p) ="%€4 G; at ts independent 
of p, and (jz) is a (-,+)g-Euclidean basis with the same orientation than (A;) for all t. 
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Proof. 6° is affine, thus, for all t, P, F/°(P) = F/° (independent of P), thus @;4(p) = Fie A; € RP 
is independent of p, this at all ¢. Let ¢ be fixed and @, —"°'e4 @; (= F.A;). We get (a:,4;), = 
(F.A,, F.A; vem Cae F.A,, A; = (1. A, A; Na - (A;, A; = big for all i, 7, thus (@;) is (-,-)g-orthonormal 
basis. And det(d;,...,@,) = det(F.A},...,F.A,) = det(F) det(A),..., A,) = det(F) since (Aj) is a (., ‘gn 
orthonormal basis. And, 6° being a difisom orphisnn, t — det(F/°) is continuous, does not vanish, 
moreover with det(Fy°) = det(I) = 1 > 0; Thus det(F/°) > 0 for all t, hence det(@j,...,d,) > 0: The 
bases have the same orientation. oT 


Example E.7 In R?, a rigid body motion is given by re = Gee 7 a ' with @ a regular 


t 
sin(@(t)) — cos(O(t)) 
function s.t. 0(to) = 0. os 


Exercice E.8 Let ® bea rigid body motion. Prove 


(FT) (t) =(F'(t))?, and F?.F’ is antisymmetric. (E.10) 


and w(t, p(t)) = F(t).W. And recall that the function 


Answer. Let t € R, p(t) = 6/°(P), U,W ER 
= O)q = (W(t, p(t), F(t).D)q. 


FT :t > F7(t) is defined (as paual) by BEG: 
)), 


Thus ((F)'(t).(t, p(t) FF" (t ). 22 (t, p(t Z 7 : ¢ ), F (t).U),, which simplifies 
into ((F7)'(t).W(t, p(t), U)o = (W(t, p(t), F’().U)9 = ((F'(t))* Wt, p@), U)q, thus (F*)'(t) = (F'())* 
And (E.8) reads F7 (t).F(t) = It), thus (F7)’(t).F (t) + F’ ().F’(t) = 0, thus (F’)* (¢).F(t)+ F’ (#).F’(t) = 0, 


thus F7.F’ is antisymmetric. . 


E.1.3 Alternative definition of a rigid body motion: di'+ di? =0 


The stretching tensor D; = iam and the spin tensor Q) = aaa have been defined in (C.3)-(C.4). 


Proposition E.9 If ® is a rigid body motion, cf. (E.8), then the endomorphism dv, € L(R";R?) is 
antisymmetric at all t: 
dv, = OQ, Le. D =0. (E.11) 


Conversely, if dv, + dé? = 0 at all t, then @ isa rigid body motion (here no initial time is required). 
So the relation « dv, + dv? = 0 for all t » gives an equivalent definition to the definition E.5. 


Proof. Let F(t) := ee) and F7(t) := F(t)? and V(t) := Vio (t) = (on )'@ -- 
&(t, pz) (the Lagrangian and Eulerian velocities). (E.8) gives (F.F7)/(t) = 0 = F’(t).F(t)? + 
F(t). (FTY (t) "2" F'().F(O)" + (F'().-FO)? = dV(t).F()-? + (aV()-F()-)? PZ” dott,» + 


di(t,p:)’. Thus (E.11). 
Conversely, suppose dv’ + dv” = 0. Then (D.3) gives eo , thus (4, b), (t,p.) = (4, b)g(to, Pty) 
for all t,t) and all p,, = ®!°(p;), i.e. (Fi (pi,)-A, Fe? (pi,)-B)g = (A, B)g for all t,to, all pj, and all 


A,Be RP: Thus © is a rigid body motion, cf (E.8). o 


E.2 Representation of the spin tensor (2): vectors, and pseudo-vectors 


We are dealing here with concepts that are sometimes misunderstood. Framework: R” = R°. 


E.2.1 Reminder 


e The determinant det)z associated with a basis (€;) in R® is the alternating multilinear form defined 
by detje(é1, &2,€3) = 1; The algebraic volume (or signed volume) limited by three vectors w1, w2, ti3 is 
det (ti, U2, 73); And the (positive) volume is | det)e(t1, U2, W3)|, see § K. 

e Let A and B be two observers (e.g. A=English and B=French), let (@;) be a Euclidean basis chosen 
by A (e.g. based on the foot), let (b;) be a Euclidean basis chosen by B (e.g. based on the metre), see § B.1. 
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Let \ = |lb1||2 > 0 (change of unit of length coefficient). The relation between the determinants is: 


+ if det (bh, bo,b3) > 0 (ie. if the bases have the same orientation), 


det = +\3 det with 29) 
le |b — if det(br, bz, 03) <0 (ie. if the bases have opposite orientation). 
(E.12) 
In particular, if A and B use the same unit of length (or if A uses two (-, -),-Euclidean basis (@;) and (b;)), 
then A = 1 and detjg = + det 5. 


e With an imposed Euclidean dot product (-,-),: An endomorphism L is (-,-),-antisymmetric iff 


Vi,v, (Ld, 0)9+ (@,L.v),=0, ie. LT =—L. (E.13) 


E.2.2 Definition of the vector product (cross product) 


Let (€;) be a (-,-),-orthonormal basis, let wv, 7 € R3, and let le aa € L(RS, R) be the linear form defined 
by 


R? >R 
Oo) F > lea a(Z) = det(@,G, 2) 


jé 


(E.14) 


(the algebraic volume of the parallelepiped limited by u,v, 7 in the Euclidean chosen unit). 


Definition E.10 The vector product, or cross product, uA. v of two vectors @ and v is the (-,-),-Riesz 
representation vector of fz 7,3, that is, @ Ae U € R® is characterized by leze(Z) = (We U, Z)q for all 
ZER*, cf. (F.2), ie. 


VZER’, [(ZAcU,Z)q = det(t, @, 2) | (E.15) 


jé 


NB: wt A- U depends on (-,-), since we need a (-,-),-Euclidean basis (€;) (and depends on the orientation 
of (2%). 


We have thus defined the bilinear cross product operator 


R3 x R8 > R8 
nee a oe (E.16) 


(i,8) 3 A-(@, 0) = TAB. 


(The bilinearity is trivial thanks to the multilinearity of the determinant.) If one Euclidean basis is 
imposed by one observer to all the other observers, then & A. v is written & A U (non objective). 


E.2.3 Calculation of the vector product 
v= Dae Uje;, V = Sa v,€; and (E.15) give 


Uy UL 1 
(u Ne v, E1)g = gat, v, é1) = det U2 U2 0 = det & >) = U2QU3 — UZU2. (E.17) 
é 
U3 «U3 0 


> 


Similar calculation for (W Ac U, €2)- and (WA¢ U, €3)c, thus 


3 U2U3 — U3V2 
U Ne v= (Ui41Vi42 = Uj42Vi41) ei, i.e. [u Ne The = U3VU1 — ULV3 . (E.18) 
i=l Uj, V2 — UZQU1 


with the generic notation w4 := w; and ws = wg. (In particular €; Ac €i41 = €i+2.) 


Proposition E.11 1- tA. 0 = —vA¢ &. 

2-« || VifUA.0=0. 

3- If % and @ are independent then t A; U is orthogonal to the linear space Vect{ti, U} generated by t 
and v. 

4- iA. 0 depends on the unit of measurement and on the orientation of (€;): If (-,-)q and (-,-), are 
two Euclidean dot products, let \ > 0 such that (-,-)q = A?(-,-)», and then 


Ag ¥ = EAU Ap UV. (E.19) 
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> 


Proof. 1- detje(u, v, 7) = — det)e(v, wv, Z) (since dete is alternated). 
2- If a || U then detje(u, v, 7) =0 = (WAcU, Ze, 80 WAc U Ly Z, for all 7. And if 7A. v = 0 then (E.18) 
gives w || v. 
3- If 7 € Vect{u, v} then detje(u, v, 7) =0 = (WA- ¥,Z), thus UA. U 1, Z. 
(B 


>a» (E. a > —» (LE. > > —» (LE. — + > ~ > 
4- (ti Aa U,2Z)a ae dent, UZ) = +A det(t, 0,2) S$ P(E Ay FZ = £7 (E Ad 7, Za, true 
a 


for all Z, thus (E.19). os 


Exercice E.12 Prove that uA. v is a contravariant vector. 


Answer. It is a vector (Riesz representation vector) in R3, so it is contravariant; Or calculation: It satisfies the 


contravariance change of basis formula, see (F.17). os 


E.2.4  Antisymmetric endomorphism represented by a vector 


Proposition E.13 Let (€;) be a chosen (-,-),-Euclidean basis. If an endomorphism 9 € L(R3; R3) is 
(-,-)g-antisymmetric then there exists a unique vector G. € R® s.t., for all 7,7 € R°, 


(Q.Y, Z)g =a det(Ger¥, Z); (E.20) 


i.e., there exists a unique vector We € R3 s.t., for all ¥,Z € R3, 


0.9 = Be Ne G|, (E.21) 
And 
—c b a 
[Q]e = Cc 0 —a iff [Bele = b : (E.22) 
—b a 0 


In particular 0.0. = 0 (= We Ne We), ie. We is an eigenvector associated with the eigenvalue 0. 


0 
Proof. ( is antisymmetric, thus [Q])¢ is given as in (E.22). In particular [0.é,])¢ = [Q]jz.[ei]jz = | ¢ 
—b 
0 
Calculation of the components of , if it exists: Let a = w1é, + w2é2 + w3é3; thus [WA éi]je= | w3 |, 
is 
cf. (E.18), thus wz; = c and w2 = b; Idem with 2 so that w; = a. Thus if it exists @ is unique. And a, 
given in (E.22) satisfies (E.21): It exists. wa 


Proposition E.14 Let (.,-)q and (-,-)» be two Euclidean dot products (e.g. in foot and metre), let (G;) 
and (b;) be Euclidean associated bases, let ||b,||q = (change of unit coefficient), so (-,+)a = A2(-,-)s). 


0 -c b a 
Suppose [Q]q = ce 0 -—a |, thus [dal\j¢ = | 6 |, cf (E.22). Then (change of representation 
—-b a 0 c 


vector for Q): 


a. 


e If (b;) and (@;) have the same orientation, then Wy = Awa, 


‘ (E.23) 
e If (b;) and (@;) have opposite orientation, then Wy, = —Awa, 
E.g., if b; = \d; for all i (change of unit, same orientation) then ®@y = AW, and if by = —aQ, bo = Mio, 
bs = Ad3 (change of unit, opposite orientation) then @, = —ABq. 
NB: The formula &@y) = £AW, is a change of vector formula, not a change of basis formula. 
Proof. Apply (E.19). ar 
0 -1 0 
Interpretation of @.: Suppose [Q]jz =a]1 0 0]. So Q is the rotation with angle 5 in the 
0 0 O 
0 
horizontal plane composed with the dilation with ratio a. And [d,]j¢= a | 0 | = aé3 is orthogonal to 
1 


the horizontal plane and gives the rotation axis and the dilation coefficient. 
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0 -e b 
Exercice E.15 Let 0 s.t. [Q]j2= | c 0 —a | (see (E.22)). Find a direct orthonormal basis (;) 
—-b a 0 
0 -1 0 
(relative to (€)) s.t. [Q])¢=Var+b?+c? | 1 0 0}. 
0 O O 
a —b 
Answer. Let bs = 7347, that is, [ba]je = Jae b |. Then choose bi 1 63, e.g. [bilje = Same a 
c 
—ac 
Then choose bz = 63 Ac b1, that is, [be]je = 1 L bc . Thus (6;) is a direct orthonormal 


2452 24524 2 
Va Va . az + b? 


basis, and the transition matrix from (é) to (b;) is P = ([Bi}je [b2])2 [bs]jz)- And [Q])5 = Po [Q]\z.P (change 


of basis formula), with P~' = P? (change of orthonormal basis), thus Qe = PP [O2.P 

0 -c b —b —ac 

With [O]jz.[bijje = Ties c 0 -a].{ a J= eae : be Pa as Va?+b?+c?[b2]\¢ (expected), 
boa 0 a” +b 
—ac be? + b(a? + b) 

Ajz.[6 e z i c : u ac? — a(a? +b? = 
[ iT [ || Jor+e2 J a2+b2 402 a a8 * ? VJ b2 402 Ja2-+b2 +2 i a 7s ) 
—Va?+b?+c? [BiJje (expected), and [Q]j<.[ oe = (expected since b3 || Ge). Thus [Q]jzP = 
Vaer+e+e ([b]je —[bilje [Oe)- ae ae ee = ie [E-[Qhje.[bj]\2 gives the result. a 


E.2.5 Curl 


Definition E.16 If @ is a C' vector field, if (€;) is a Euclidean basis in R3, and if 7 = aS v'é;, then 
the curl (or rotational) of @ relative to (&) is the vector field curl.@ = rotev given by 


3 Ov3 i; Ove 
> Ov; 2 Ov; 1 > Ot» O86 
as a +1, 3 : te) (2) 
curl. = s (5 ; nee VE, 1.e. [curl v]j2 = aoe _ a Q (E.24) 
ay Vit] Vi+2 Ove _ Ovi 
Ox, 0x2 


Proposition E.17 Let O(t,p,;) = AS EL and let d.(t,p,) be the associated vector relative to 
the Euclidean basis (€;), cf. (E.21). Then 


1 
We = g curled. (E.25) 


Proof. (C.6) gives [Q]jz = 5 | - 0 Que _ gua , with [Q])¢ antisymmetric. Thus (E.22), 


(E.18) and (E.24) gives (E.25). . os 


E.3 Pseudo-cross product, and pseudo-vector 


Framework: M3, the space of 3 * 1 matrices, so we leave the vector framework to enter the matrix world. 


E.3.1 Definition 


Definition E.18 A column matrice is also called a pseudo-vector, or a column vector. 


Y 


XY 
Definition E.19 | 2x2 noted [z] and | yp pene [y] being two matrices in M31, their pseudo-cross 
v3 ¥3 
product is 
vy Y1 T2Y3 — ©3Y2 
e) ted e) 
v2 JA] yo | = [ esy1—aiys | “=* [Z)ALg1. (E.26) 
v3 ¥3 T1Y2 — ©2Y1 


Thus the pseudo-cross product of two pseudo-vectors is a pseudo-vector (is a matrix). 
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E.3.2. Antisymmetric matrix represented by a pseudo-vector 


0 -c 5b 
Definition E.20 Let A = [Ajj] = | c 0 —a | be an antisymmetric matrix (Aj; = —Aj,; for all 
—b a 0 
a de (e) - 3 - 0 
i,j). The pseudo-vecteur W associated to A is the column matrix w := | b | . So, 
Oo oy Gee ide 
Aly) =Alyl|, ie. A.| yo | =WA] yo |, for all matrix [y]) = | yo } . (E.27) 
¥3 ¥3 Y3 


E.3.3 Antisymmetric endomorphism and its pseudo-vectors representations 


Let R* be our usual affine space, (-,-), be a Euclidean dot product, and (é;) be a (-,-)g-Euclidean 
associated basis. Let be an antisymmetric endomorphism relative to (-,-)g, so Q7 = —Q, cf. (E.13). 


Thus [Q]|¢ is an antisymmetric matrix. Call © the associated pseudo-vector, i.e., cf. (E.27), for all 7 € R3, 


[Qelwe= Aloe. (E.28) 


This formula is widely used in mechanics, and unfortunately sometimes noted Q.7 =@ A ¥ (!): 


Be careful: (E.28) is not a vectorial formula; This is just a formula for matrix calculations which 
gives false result if a change of basis is considered; E.g., with (@,@2,@3) be a (-,-),-Euclidean basis, and 
(by, bz, b3) = (—@1, G2, @). So (B;) is also a (., -)-Euclidean basis, but with a different orientation. 


-1 0 0 
1- Vector approach: Let P be the transition matrix from (@;) to (b;), so P= { 0 1 0). Let 
0 01 
0 -ce 6b 
(Qja= | ¢ O —a }. Thus, Q being an endomorphism, the change of basis formula gives 
—b a 0O 
-1 0 0 0 -c b -1 0 0 0 c —b 
g=POeP= | 0 1 O].[ ¢ 0 -@).| 0 1-0) =| =-¢ O.-a (E.29) 
0 01 —-b a O 0 0 1 b a O 


Thus the vectors @, and Gp are given by (E.22): 


a a Bq _ aa, + baa + ca3, 
[Balla =| bd [Solis =|-b], ie. = os Sy thus | @p) = —We |. (E.30) 
Wp => ab, = bb = cbs, 


—c 
. : Oo 9 one) 
2- Matrix approach (E.27) gives [Q])z.[y] = Wa Aly] and [Qi [|] = &, Aly], with 
() a . (0) (e) 
W,= {1b and W,=|—b], so |Wg 4 —Wy|. (E.31) 
—c 


e) 2 - : F é : 
And w does not represent a single vector either, since it does not satisfy the vector change of basis formula 


(e) (e) O°. 2 : ee ‘. 
wy # P~'.Hq. Thus w is not a vector (is not tensorial): It is just a matrix (called a “pseudo-vector”). 


E.4 Examples 
E.4.1 Rectilinear motion 


Let ©: [t1,t2] x Obj + R” be a C' motion. Let to €]t, te[ and Poy € Obj. 
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Definition E.21 The motion of Poy is rectilinear iff, for all to, t € [t1, te], 


Bp, (t) — Bry, (to) 
=a 


|| Pr, "(to)- (E.32) 
And the motion is rectilinear uniform iff, for all to, ¢ € [t1, tal, 


py, (t) = Bry, (to) + (t-to) Br, (to), i.e. p(t) = p(to) + (t-to) V" (to, p(to)) (E.33) 


when p(t) = ®(t, Poy), that is, the trajectory is traveled at constant velocity. 


E.4.2 Circular motion 


Let (E,, E2) be a Euclidean basis. Let to € [t1, tg]. A motion 6° is a circular motion iff 


a(t)=at aay (E.34) 


O's (i) = x2(t)Ey + y(t) Ea, [O®B lia = ( y(t) = b + Rsin(6(t)) 


for some R > 0 (called the radius), some a,b € R, and some function 6: R > R. And ) =Oc € R? 


is the center of the circle and 6(t) is the angle at t. And the particle Poy (s.t. (to, Pov) 
the circle with center Oc and radius R. 
The circular motion is uniforme iff, for all t, 6’’(t) = 0, that is, dwo € R, Vt € [t1, te], O(t) = wot. 


P) stays on 


Notation: 
BiB(t) = Reos(O(t)£: + Rsin(O(t))E2, so [G8 ()g= eo, (B.35) 
Thus the Lagrangian velocity of a circular motion is 


VE) = PO =@H'O, 80 WEOha= RH (EY), (B.36) 


and VE (t) is orthogonal to ¢'8(t) (the radius vector). And the Lagrangian acceleration is 


) enemy (TOG). (B37) 


sin(O(t 
t)) 


Pio(t) = RO" (t) ( Lae : 


Consider 


. _ Z's (t) _ ( cos(A(t)) ae; _ (-sin(6( 
st) = ean = (ema) ) : a) = ( t 


thus (é,(t), 9(t)) is an orthonormal basis. Then : 


t)) 
) ) (B.38) 


Vi (t) = RO'(t) eo(t), (F.39) 
and: 
T(t) = —R(0'(t))? &,(t) + RO” (t) &9(t). (E.40) 


E.g., in R® and a motion in he “horizontal” plane given by (€1, €2), the vertical line being given by E3. 
Here 


Vio (t) = G(t) A G8 (t), where GB(t)=w(t)é; and w(t) =6'(t). (E.41) 
And ae , 
P(t) = a) APS (t)+G(t)AVP(t) (= R(t) &(t) — w2(t)RE,(t)). (E.42) 
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E.4.3 Motion of a planet (centripetal acceleration) 


Illustration: Obj is e.g. a planet from the solar system. 

Let (€1, €2,€3) be a Euclidean basis (e.g. fixed relative to stars an (€1,€2) define the ecliptic plane), 
(-,-)g be the Euclidean associated dot product, ||.|| the Euclidean associated norm, O an origin in R® 
(e.g. the center of the Sun), and R = (O, (&)). 

Consider a motion © of Obj in R, cf. (1.5). Let to € [t1, ti], and consider Go ="0ted @ or Gio —noted G 
cf. (3.1)-(3.4). 


Definition E.22 The motion of a particle Foy; is a centripetal acceleration motion iff the particle is not 
static and, at all time, its acceleration vector A(t) points to a fixed point F (focus). 


We will take the focus F' as the origin of the referential, that is, O := FP. 
Thus, for all t € [t1, t2], O@p() || Ap(t), that is, 


O®p(t) A Ap(t) = 0. (E.43) 


Remark E.23 A rectilinear motion is a centripetal acceleration motion, but such a motion is usually 
excluded in the definition E.22. os 


Example E.24 The motion of a planet from the solar system is a centripetal acceleration motion: An 
elliptical motion of focus the center of the Sun. os 


Example E.25 The second Newton’s law of motion >> f = m¥ (Galilean referential) gives: If > f is, 
at all time, directed to a unique point F’, then the motion is a centripetal acceleration motion. os 


Let ® be a centripetal acceleration motion, let O be the focus, and let ¢p(t) := O®p(t). So the 
Lagrangian velocity and acceleration are 


+, d®p 


dg io mn} 
Ve(t) = (= - - 


(), and Ap(t) = F(t) = SEF, (E.44) 


and p(t) A Ap(t) = 0, cf. (E.43). 
Definition E.26 The areolar velocity at t is the vector 


=> = 


Z(t) = Plt) A Vp(t). (E.45) 


Proposition E.27 If ® is a centripetal acceleration motion, then the areolar velocity is contant, that is, 
dZ 


S(t) = 0 pour tout t, so 


Z(t) =Z(to), Vt. (E.46) 


That is, the position vectors sweep equal areas in equal times. And Z (to) = 0 iff ® is a rectilinear motion. 

If Z(to) £0 then : 

- p(t) and Vp(t) are orthogonal to Z(to) at all time t, 

- The motion of the particle Poy takes place in the affine plane orthogonal to Z (to) passing through O. 

- Vp(t) never vanishes. 

Proof. (E.45) and (E.43) give 242 (¢) = 24" (t)AVp(t)+ Blt tA“Te tt t) = Vp(t)AVp(t)+G(t)AAp(t) = 040. 
Thus Z is constant, Z(t 3 = Z(to) for all t. Then, if Z(to) 4 0 then Z(t) 40 pour tout ¢, and 

e Z(t) = $p(t) A Vp(t) gives that Zp(t) et Vp(t) are orthogonal to Z(to) for all t, thus Ap(t) is 
orthogonal to Z(to), cf. (E.43). 

e The Taylor expansion reads Zp(t) = Gp(to) + Vp(to)(t—to) + aa Ap(r)(t—7)? dr, with Vp(to) 
and Ap(r) L Z(to) for all 7, thus Zp(t) — Gp(t) L Z(to) for all 7, that is Op(t) — OP = Pp(t) L Z(to 
for all r, Thus p(t) belongs to the affine plane containing P orthogonal to Z(to), for all t. And OP = 
Pp (to) il Z\(to), thus O belong to the same plane. 

e Z(t) = Z(to) £ 0 implies Vel ) £0 for all t, and (E.45) gives: (Zp(t )V, V p(t), 
oriented basis. Since Gp and V are continuous and do not vanish, since Z (to) Z 


Z(to)) is a positively- 
0, we get: Pou “turns 
around Z(to)” and keeps its direction. 
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If Z(t) = 0 then Zp(t) || Vp(t) for all t, cf. (E.45), so Vp(t) = f(t)@p(t) where f is some scalar 
function. And Vp(t) = Zp’(t) gives Gp’ (t) = f(t)Gp(t), thus p(t) = Gp(to)e* where F is a primitive 
of f s.t. F(to) = 0, thus ¢p(t) || Gp(to), so OG p(t) || O® p(to), for all t: The motion is rectilinear. a 


Interpretation. (Non rectilinear motion.) The area swept by Zp(t) is, at first order, the area of the 
triangle whose sides are Zp(t) and Zp(t +7) (“anglular sector”). So, with 7 close to 0, let 


~ de ¥ ~ 
Se(7) = 5PrP(t)AGr(t+7), and St(7) = |15e(r)II, (E.47) 
the vectorial an scalar area. With Zp(t+r) = Zp(t) + Vp(t)r + o(r) we get 


Si(T) = =Gp(t) A (Ve(t)t + o(7)), (E.48) 


Since $,(0) = 0 we get 290) = $6p(t)A Vp(t) + 0(1), then 


dS, 1, 2 3 o 
ae) = ger (t) A Vp(t) = Z(t) = Z(to), (E.49) 
thanks to (E.46), thus 
dS. dSg 
a 0) ae (0), Vt € [to, T]), (E.50) 


that is, the rate of variation of S$; is constant. And with ||$,(Ar)||? = (S;(Ar), S;(Ar)) we get 


d\| S41 |? _ 4 45 . 
so, since $;(0) = 0, 
ANSI? 4 


Therefore the function ¢ — ||9,(0)||? = S;(0)? is constant, thus t > S,(0) est constant, and %+(0) is 
constant. 


Exercice E.28 Give a parametrization of the swept area, and redo the calculations. 


Answer. Let 


r(t) =lir@ll, 9) = POP (angle), (B.53) 
then 
r(t) cos(A(t)) 
Pp(t) = { r(t) ee : (E.54) 
Thus 
- r’ (t) cos(A(t) — r(t))6’ (t) sin(A(t)) 
Vp(t) = | r’(t) sin(O(£) + pes cos(0(t)) (E.55) 
With (E.45) we get 
= 1 0 
Zi) =5 0 , with r?(t)6'(t)=r7(to)0'(to) (constant), (E.56) 
r?(t)0'(t) 
cf. (E.46). A parametrization of the swept area is then 
. { [0,1] x [to, T] > R® 2 pr(t) cos(A(t)) 
A: = : A(p,t) = | pr(t)sin(@(t)) |. (E.57) 
(p,t) — Alp, t) 0 
Therefore, the tangent associated vectors are 
ak r(t) cos(O(t)) ak pr’ (t) cos(@(t) — pr(t))0’(t) sin(6(t)) 
Bled) = [ resin) }.— Felost) = [ er sin(Be) + ar(2e"( esta) J (1.58) 
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hence the vectorial and scalare element areas are 


ry at 0 
dé = (4 A OA pat = 0 , do = pr?6' dpdo. 
e pr26' dpdt 


Therefore the area between to and t is 


A(t) = Alto) + [ : [tne er) apar = 5 fh r(r)?0"(r)ar. 


Hence 
A(t) = r(t)?6'(t) = r(to)?6'(to) (= constant = ||Z(to)||), 


cf. (B.56). 


Exercice E.29 Prove the Binet formulas (non rectilinear central motion): 


ver =a(4+E oO, tro--4(2+Z)oae, 


for the energy and the acceleration. 


Answer. Proposition E.27 tells that ® is a planar motion. With (E.53) and é,(¢) = ( 


A(t) = r(t)é,(t) (in the plane). Let @(t) = eek ), thus 


POH = THE) + OE =r" (EH + rl Hele). 


And é,(t)  &(t) gives 
V(t) = (r'()? + (rH)? 


E.4. Examples 


(B.59) 


Since 6’(t) 4 0 for all t (non rectilinear central motion) Let s(0(t)) = r(t). Let us suppose that 6 is C1, thus 


6’ > 0 or & <0, and 6: t + 6(t) defines a change of variable. And 


And (E.61) and 6’(t) = ay give 


2 SS opal 2 ZG 2 ZG _ 72 (s' 0))? ; 2 ds 
Vv (t(0)) (s ( )) r4(t) F (t) r4(t) Zo ( s4(0) y 20)? Zo do (8) 
Thus r(t) = s(0) and & := 4% give the first Binet formula. Then 
= _ ow > ! dé, ! / uw > ! déo 
I(t) =r’ (t)é-(t) + r'(t) a (t) + (r' (0° (£) + r()O" (4) )eo(t) + r(t)0 Oa 
< dé, Ps d&g , = > =4 é 
with aS || €o, and a = —6'(t)é-(t), and & LT (central motion), we get 


And 


thus 


"() = ~Zo ag (0) 8'() = — acy age)» 


which is the second Binet formula. 
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F_ Riesz representation theorem 


F.1 The Riesz representation theorem 


Framework: (£, (-,-),) is Hilbert space, i.e. E is a vector space equipped with an inner dot product (-,-)g 
such that, with the associated norm defined by||U||y := \/(v,%)9, (£,||-||,) is a complete space. And 
E* = £(E;R) is the space of the linear and continuous forms on E (the space of linear “measuring tools”) 


equipped with its norm ||é||g« := sup |0.z| < 00. 
e We have the easy seicnede — 
Vv € E (vector), d!u, € E* (linear continuous form) s.t. vg.%=(0,%)4, VEE, (F.1) 
and ||vg||z« = ||e||g- (Usual notation in finite dimension: v,y.7 = Us, %, or simply v.% = ve@ if a 


chosen (-,-), is imposed to all observers.) 
Indeed: Define vg : E > R by vg(#) = (U,£)g for all  € E; The definition domain of v, is E and 


vg is trivially linear; And the Cauchy—Schwarz inequality gives |v,(Z)| = |(U,2)9| < ||@|g ||Z||, for all 
& € E, thus ||vg||z* < ||U||g < co, thus vg is continuous; And |vg(¥)| = |(%,%)4| = |||, {ell,, thus 
||olle* > |l2llg, thus ||vg||* = ||2llg- 


e The Riesz representation theorem concerns the converse: If you choose an inner dot product (-,-), 
in E (e.g. English of French), then you can represent a “measuring instrument” ¢ € E* by a vector £, € E: 


Theorem F.1 (Riesz representation theorem, and definition) (E,(-,-),) being a Hilbert space, 


Vé € E* (linear continuous form), We, € E (vector) s.t. l&= (£,,2)9; Vai € EB, (F.2) 


. And l, is called the (-,-),-Riesz representation vector of € (depends on gq). 


a i. ‘ aac aes ae 
(Usual Dito in finite dimension: Ug. = U+,X, or simply v.t = U+z if a chosen (-,-)g is imposed 
to all observers.) 


Proof. Easy in finite dimension: With a basis (é;), if [@j¢—= (41 ... ¢n) (row matrix since / is a linear 
form) then (F.2) gives [4).[@]je = [€,]2-[g]jz-[@]je, thus [€]e = [g]jz'-[4 (column matrix), thus @,. 


é jé 

General case (e.g. with E = L*(Q) and the finite element method): If £ = 0 then ly = 0 (trivial). 
Suppose ¢ 4 0: Thus Kerf = ¢~!({0}) 4 {0} (the kernel). If dim £ = 1, it is trivial (exercise). Suppose 
dim FE > 2. Since £ is continuous, its kernel Ker? = @~1({0}) is closed in EF. Thus, if 7 € EF, then its (-,-),4- 
orthogonal projection #9 € Keré on Keré exists, is unique, and is given by: Wo E eres (Z— Zo, Yo)g = 0. 
(So Z— Xo L, Ker.) Choose a # ¢ Keré (possible since £ £ 0), and let 7% := e=Folle Zolle ; So 7 is a (-,-)g- 
orthonormal vector to Kerf, and (Keré)+ = Vect{7} since dim(Keré)+ = 1 (in finite dimension cf. the 
Dimension Formula which states that the dimension of the domain of a dé iteas map is the sum of the 
dimension of its range and the dimension of its kernel, and in infinite dimension see next exercise F.2). 
And E = Kerf @ (Ker@)+ since both vector spaces are closed (an orthogonal is always closed in a Hilbert 
space). Thus if @ © E then # = % + Av € Kerl @ Caos Thus (2,7), = A and &(@) = 0+ A€(7#) = 
(Z, 7) gl(7i) = (#, e(7)ii), (bilinearity of (-,-),); Thus é, = Ein satisfies (F. 2). And if ba and boa 
satisfy (F.2) then (E41 ae Z), =0 for all ¢ € E, thus £, 71 — £92 = 0. Thus ly is unique. 

And the Cauchy-Schwarz theorem give ||¢||z« := supyz),=1 |€(@ el = SUP} |z||,=1 (25,2) o | = ll45lle- 


R, is an isomorphism between Banach spaces: linearity since (R,(¢+ Am), £)g =(E st Am).& = 0.8 + 
\m.d = (Ry (0), @)g +A(Ry(m), 2), = (Ry (0) +ARg(m), Z)q for all # gives Ry(€+m) = R,(£)+AR,(m), 


bijectivity thanks to (F.1) and (F.2), and the norm is kept since olla = = ||¢l|B. ua 
Exercice F.2 Prove: If €€ E*—{0} then dim(Ker¢)+ = 1 (= dim(Im(¢)) = dimR). 
: aa (Kerf)~ +R : 
Answer. Consider the restriction (),.,¢1 : . It is linear (since @ is), and thus one to 
7 LiKeret = 
one: Indeed it is onto since £ # 0, and it is one to one since if iere+ ( (@) = 0 = &(#) then # € (Keré)+ (\ Keré = {0}, 


thus £ = 0. Thus dim(Keré)*+ < dim(Im(é)) = 1: Indeed, if 7, Z2 € ae {0} then fiKere (21) € R and 
Lixeret (22) € R, thus FA € R s.t. Lixeres (22) = Mxeret (Z); thus ae (2 — AZ) = 0, thus % — AZ =O since 
ixeret is one to one. And 7 € (Keré)+ gives dim(Keré)+ > 1 (above proof). ae dim(Keré)+ = 1 = Vect {7}. a 
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F.2 The Riesz representation operator 
The Riesz representation theorem F.1 gives the (-,-),-Riesz representation operator 


= EX SE 
Re: = 2; a (F.3) 
LOR (O:=f5, ie. (Ry(0),%), =, WEE. 


So R, transforms a < covariant ¢ » into a « contravariant ly » thanks to the tool (-,-)g. 


NB (fundamental): Rg is a isomorphism between the Banach spaces (£,||.||,) and (E£*,||.||z+), but Re 
is not canonical since it requires a man made tool (an inner dot product chosen by some observer) to be 
defined. (An isomorphism £ < E* can never be canonical, see § T.2.) 


And with G the set of inner dot products in EF, we have thus defined the Riesz representation mapping 


- Gx EK* oF 
: 3 wi - (F.4) 
(9,2) + R(g,£) := £, = Ry (€) = L(g). 


So R has two inputs: A choice (-,-), by an observer for the first slot, a linear form for the second slot. 


F.3 Quantification with a basis 


Here E is finite dimensional, dim E = n, ¢ € E* (a linear form), (-,-), is an inner dot product, (&) is a 
basis, (7¢;) is the dual basis (classical notations). Let 


Dig Ge ge NS NE Eres = > (G):&i Rg-mej = SRG: (F.5) 
i=1 i=1 i=1 
. (€4)1 
ie. [gli¢ = [9:3], jn. = (41 -- fn) (row matrix), [€g])¢ = : (column matrix), [Rglz,.¢ = [Rij]. 
3 NG nF : 
(Duality notations: €= 577") fie*, 05 = 571446: Rye? = 5, RG, [Rglee = [R")-) 

Proposition F.3 

[2g] = [g]* 107) and |[R)=[gl*), ie. (25) = So (gl is (Os; = D> Re as (05. (F.6) 

j=l j=l 


Full matrix notation: [Zahie =( gle) * (ne)? » and [Reline.e = ([gljz)7*. 
Duality notation to see the change of variance induced by (-,-), (bottom index for ¢, top index for l,): 


iS BL (F.7) 
j=l 


ie. f= 519°; when ([g]-*)ig =P [9]. 4 
(In particular, if (€;) is a (-,-)g-orthonormal basis, then [Rg] = |g\~' = I and 1, = ¢;.) 


Proof. (F.2) gives [z.[7j2 = [Cg] /--[alje-[@]\e for all #, thus [42 = [€,)£-[gljz, thus [g]yz-[@g]\e = [AF (since 
[gli = [g]jz), thus [¢,] = [g]-*.{4)"- 
And Ry.£=") é, gives )77_,(OjRg-my = Deja (4y)s@i, thus 7,1; Ru = Cj (4s)s@:, thus 


yy", Ris (2); = (G)i for all i, thus [R,].[@7 = [2]. Thus [Rg] = [9]. c 


Remark F.4 If a chosen inner dot product (-,-), is imposed (e.g. Euclidean foot based) and if duality 
notations are used, then a usual notation for 0, is @#, since 0, = R,(é) = 7"_, ¢é; with a top index for 


¢’: the index i has been raised through Ra Then (F.2) and (F.6) read (isometric framework) 
Le=O6# and [Ce = [ole Ae. (F.8) 


We won’t use this notation (we deal with objectivity). wa 
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F.4 Change of Riesz representation vector, and Euclidean case 


For one linear form ¢ € E*, two observers with their inner dot products (-,-), and (-,-), get two Riesz 
representation vectors ly = R,(é) and é, = R(@) given by, cf. (F.2): 


VECE, (l9,#)g = 0.2 = (fh, @)n- (F.9) 


Proposition F.5 For any basis (€;) in E, we have the change of representation vector formula: 


> > 


[Alene = [ghelole, te (nie = (hlje'-glie-(oliz- (F.10) 
In particular (for the Euclidean case), with > 0: 
If (4-)g =A2(-,)n_ then &, = d?6;. (F.11) 


Conversely, if &, = 20, for all linear forms € € E*, then (-,-)g = 2(-,*)n. 
So, a linear form € cannot be identified with a Riesz representation vector (which one: l,? Ly ?); 
In other words, a Riesz representation vector R, (2) is not objective, is not intrinsic to a linear form ¢. 
NB: (F.10)-(F.11) is a “change of vector formula” (one linear form gives two vectors relative to two 
inner dot products); It is not a “change of basis formula” (for one vector and its two sets of components). 


Proof. (F.9) gives [Z]f2 [gle [eghie = [x aie [hye [Znlie for all Z, hence [g]\z Z jie = [Alje- [Enhie ie. (F.10). 
In particular \?(-,-)n = (-,-)g give A?(€y,Z)n = (Lg, 2)q = es #)n for all #, hence 72, = fp. 


Converse: \22, = &, for all £ gives \7(0,, 2), = (G, 2), “= (E,,2)q, for all # and for all 2, thus for 
all £, thanks to the isomorphism R, : E* > E, cf. (F.3), thus 32) n= Gee: o 


Example F.6 If (-,-), and (-,-), are the Euclidean dot products made with the foot and the metre then, 
with (F.9), 
(sg =¥6,), => & =r72,, with ?>10: (F.12) 


ly (English) and Ly (French) are quite different! A Riesz representation vector is subjective, and certainly 
not “canonical” (a word that you may find in books where... nothing is defined...). 

E.g., aviation: If you do want to use a Riesz representation vector to represent a £ € R”", it is vital to 
know which Euclidean dot product is in use, see also remark A.14 (Mars Climate Orbiter Crash). Recall: 
The foot is the international unit of altitude for aviation. os 


Example F.7 If f € C'(R”;R) and p € R", the differential of f at p is the linear form df(p) € R™ 
defined by, for all @ € R”, 


oy 7 
df (p).w := lim f(p “) f(p) 


(definition independent of any inner dot product), (F.13) 


see (S.5). If you can choose an inner dot product (-,-), then the gradient grad, f (p) is the (-,-) -Riesz 
representation vector of df(p): 


grad, f(p) = Rg(df(p)), ie. df(p).b = grad, f(p) +, 0, Vw € R”. (F.14) 

And (F.12) gives 
erad,, f (p) = grad, f (p) with \? > 10 (English vs French) : (F.15) 
The gradient is very dependent on the observer (the gradient is subjective, the differential is objective). wf 


Remark F.8 The “gradient” is observer dependent; We already had this observer dependence for the 
usual derivative in the 1-D case f : x €R- f(x) € R; Question: What does f(x) = 3 mean? 

Answer. 11- For one observer, it means f(a) = limp_+9 SOE) but... where in the departure 
space this observer has chosen a basis vector @ of length 1 for him (e.g. length 1 foot) which he calls 1; 


So, with no abusive notations, his derivative f’(x) is in fact f} (x) = limp_o fletha)- F@) 
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12- For some other observer, it means f’(2) = limp, . where in the departure 


space this observer has chosen a basis vector b of length 1 for him (e.g. length 1 metre) which he calls 1; 
f(a+hb)— f(a) 
QoQ ——_* . 


So, with no abusive notations, his derivative f(a) is in fact f{(a) = limp_, s 
13- Both observer use the same formula f’(x) = limp-+o fleth)— f@) but get different results! In- 


> 


a _ 4, fle+hb)—f(z) _,. fle+had)—f(x) _,,, fle+ (raja) — f(z) _ 
deed, if b = Ad, then = lim ; — jim h = \ lim sy = 
ig er Be) ccs 

k>0 k 
fi(a) =Afi(x), with Ax 3.28 (F.16) 


opposite side 
adjacent side 
the adjacent side...) wa 


with foot and metre... Quite different results! (In fact f’(x) = depends on the length of 


Remark F.9 We insist on the subjectivity of the gradient: 

20- The differential of f at a point x along a vector w € R is df (x). = limp_so 
objective: The observers all use this same formula. 

21- An observer chooses a Euclidean dot product (-,-)g (e.g. based on the foot), then represent df (x) 


fethi)-12) and ig 


by its (-,-)y-Riesz representation vector Rg (df(a)) =n°ted grad, f (x) called the gradient of f at x relative 
to bs ‘)g- 

22- Another observer chooses a Euclidean dot product (-,-), (e.g. based on the metre), then represent 
df (x) by its (-,-),-Riesz representation vector Rj, (df(x)) ="'*4 grad, f(x) called the gradient of f at x 
relative to (-,:)n- 
£ eyed 


23- Both observer use the same formula df(x).w = limp+.o *) to get a different, result: 


grad, f — Merad, f, because they use different measuring tools (one based on the foot, the other on the 
metre). 
24- Recall: The gradient depends on a choice of a Euclidean unit. a 


Exercice F.10 In (F.16) we have f;(x) = Af’ (x). And the 1-D gradient gives grad, f(x) = grad, f(z). 
Why? 

Answer. To define a gradient grad, f we need a Euclidean dots products (-,-)q built from a basis (@) in R, while 
to define f’ we need a unit of length. Details: (@) and (b) are two bases in R with b = AG, thus (-,-)a = A?(-,-)o 


(since 1 = (a, @)a = (6,b)) = (AG, AG)» = A°(G, ay gives (@,@)a = A7(G,@)y and (@) is a basis). And we 
have f,(x) =e?) Afi (a), ie. df(x).b = Adf(x).d, thus (grad fy (a), 6)» = A(gradfa(x), @)a, thus (gradfp(x), 6) = 
AA (gradfa(z), 2)y = (A*grad fa (x), 6)», thus grad f(x) = A? grad fa(x). os 


Exercice F.11 1- Prove that (-,-)g = A?(-,-)n gives ally = A\\Cn||n- 2- Does it contradict the Riesz 
representation theorem which gives ||¢||pn* = ||€g||p»? 
Answer. 1- Uy =" \Z, gives |lEnlln = X21IZlln = MlElla since [I-lln = Allllo 
2- No, since ||é||p»* := SUP)/z|}pn=1 |¢-Z| depends on the norm ||.||r» chosen; Here |].||R is either |].||g or ||-||n- 
ted : La Lo) 
STONE |[E|| gx if you use the norme ||.||g, then ||¢||nx = supzegn = SUPgegn ta = 


La 
ASUPgcmn ice = AIlAllgx- os 


Thus if you write ||¢||Rn* 


F.5 A Riesz representation vector is contravariant 


= 


é, is a vector in E, cf. (F.2), so it is contravariant. To be convinced: 
Exercice F.12 Check: 


alee = P>1 (05) ota (contravariance formula). (F.17) 


Answer. Consider two bases (€oia,i) and (€new,i) in E. With the change of basis formulas [Z]jnew = P™ [joa 
and [g]inew = P’ .[g]joia-P, (F-2) gives (with (A.94)), for all 2, 


[Z]fora-[9] jora- [La] iota =a = [Bl reee<[6] mew al pity 


T T T a T a (F.18) 
= ([Z]jo1a-P~ ).(P [g]jota-P).[€g] new = [2] jora-[9]jora-(P. [lg] mew); 


thus [2a] ota = P.[l5) new since [g] is invertible (an inner dot product is positive definite), thus (F.17). os 
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Remark F.13 e Dont forget: A representation vector ly is not intrinsic to the linear form @ because it 
depends on a (-,-), (depends on a observer: foot? metre?)). Reminder: there is no natural canonical 
isomorphism between EF and E%, i.e. it is impossible to identify a linear form with a vector, see § T.2. 

e l, is incompatible with the use of push-forwards, cf. § 7.2. 


e l, is incompatible with the use of Lie derivatives, cf. (9.51). on 


F.6 What is a vector versus a (-,-),-vector? 


1- Originally, a vector was a bipoint vector v = AB in R° used to represent of a “material object”. 
E.g. the height of a child is represented on a wall by a vertical bipoint vector # starting from the ground 
up to a pencil line. The vector Z is objective: Any observer uses this same vector to get the height of the 
child... and then use “their subjective unit” (foot, metre...) to give a value. 

2- Then (mid 19th century), the concept of vector space was introduced: It is a quadruplet (E+, K,.) 
where + is an inner law, (£,+) is a group, K is a field, . is a external law on £ (called a scalar 
multiplication) compatible with + (see any math book). 

And then the concept of scalar inner dot product (in a vector space) was introduced. 

3- We can then get non “material” vectors (“subjectively built vectors”). E.g.: start with our usual 
vector space R” of bi-point vectors, then consider its dual (IR”*,+,R,.) ="°t¢d R"*. Then, for a given 
é€ € R™ (a given measuring device), consider two observers: An English observer with his foot built 
Euclidean dot product (-,-)j, and a French observer with with his metre built Euclidean dot product (-, -)n. 
These observers build their own artificial Riesz representation vectors 0, = R,(¢) € R” and &, = R,(2), 
cf (F.12); They remark that ly x 0: These constructions are very subjective. 

4- Then, with differential geometry, a vector 0 has been redefined: It is a “tangent vector”, which 
means that there exists a C! curve c: s € [a,b] > c(s) € E such that @ is defined at a p = c(s) € Im(c) 
by u(p) := @’(s) (so a vector is part of a vector field, here defined along the range of c). (This definition 
of a tangent vector is applicable to “tangent vectors to a surface” i.e. tangent vectors to a manifold, 
see e.g. § 9.1.1,2-.) Then it is shown that @ is equivalent to 2 = the directional derivative in the 
direction U (natural canonical isomorphism between E and E**). For other equivalent definitions of 
vectors, see Abraham—Marsden [1]. 


F.7 The “(.,-),-dual vectorial bases” of one basis (and warnings) 


Framework: £ is a finite dimensional vector space, dim E = n (e.g. E = RS). An observer chooses 


an inner dot product (-,-), (e.g., in R3, a foot-built Euclidean dot product). Hence the results will be 
subjective. And (€;) is some basis in E. 


F.7.1 A basis and its many associated “dual vectorial basis” 


Definition F.14 The (.,-),-dual vectorial basis (or (-,-),-vectorial dual basis, or (-,-),-dual basis) of the 
basis (€;) is the basis (€;,) in E defined by 


Vj =1,...n, (Gigse)g = 5ij, Le. [Bia 2 = 5s (F.19) 
NB: A vectorial dual basis is not unique: It depends on the chosen inner dot product, see e.g. (F.22). 


NB: Pay attention to the notations: &j, is a contravariant vector (€;, € E), so, even if you use the 
Einstein convention, the index ; in €;, must be a bottom index. 

Let (7-;) be the (covariant) dual basis of the basis (€;), i-e. the 7; € E* are the objective (the same 
for all observers) linear forms defined by 7-;.€; = 6;; for all j, cf. (A.7). 


Definition F.15 (Equivalent definition.) The (-,-),-dual vectorial basis of the basis (€;) is the basis 
(€;,) in E made of the (-,-),-Riesz representative vectors of the 7¢;, i.e. 


Gig = Rg(mei)|, ie. Giggt=Te.t, We E. (F.20) 


where R, is the (-,-)g-Riesz operator, see (F.3). 

With duality notations, (e’) is the dual basis and @, := R,(e’), ie. (ig, 0)g = e’.0 for all ¢ € E where 
here the position of the index 7 is bottom on the left and up on the right, since R, changes a covariant 
vector (a linear form) into a contravariant vector. 
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Exercice F.16 Prove that the vectors €;, satisfy the contravariant change of basis formula 
leraliei = P* [esaliota (F.21) 


(the €j, are indeed “contravariant vectors”). 


Answer. e First answer: jg is a vector in FE, thus it is contravariant. 

e Second answer: Apply (F.17) since i, is a Riesz-representation vector. 

e Third answer = direct computation: Consider two bases (@;) and (6;), and the transition matrix P from 
(a;) to (b;), ie, by = yon, Pij@: for all 7. (F.19) and the change of basis formulas for the vectors é; and the 
bilinear form (-,-)y give [é,]%5-lglia-l@ialia = (Es@)o = (1 5-lghe-léols = (P~?.(eshia)” (P? ghia-P)-[Eglia = 
[]iz-[glia-P- [ig] a for all 4,95 thus [Zig)\a = Pléiglig, thus (F.21). 7 
Exercice F.17 Consider two inner dot products (-,-)4 and (-,-)» (e.g., a foot-built and a metre-built 
Euclidean dot product), and a basis (€;) in E. Call (4) and (€) the (-,-)q4 and (-,-)y-dual vectorial 
bases. Prove: 

(a= ae yy = = Méia, Vi. (F.22) 


E.g., \? > 10 with foot and metre built Euclidean bases: é is very different from é;,! A dual vectorial 
basis highly depends on an observer: A vectorial dual basis is not intrinsic to (€;) (not objective). 


Answer. (F.19) gives (Ein, €;)b = ij = (Eia; Ej )a = (Gia; &;)b, thus (Exe - Mea: Ej )b = ij; for all a, 9. ar 
Example F.18 If (é;) is a (-, -),-orthonormal basis we trivially get €;, = &; for all i, i.e., (Gig) = (€;). This 
particular case is not compatible with joint work by an English (foot) and French (metre) observer. wf 


F.7.2. Components of é;, in the basis (€;) 


Proposition F.19 The components of €jg in the basis (€;) are given by, for any j € [1,nJn, 


jolie = [Rolie lEiz| = (ghia) 1Gilje = the j-th column of ((g]jz)~1, (F.23) 


i.e. the i-th component of €jg is (Ig]je )as- 
Thus the matrix of g(-,-) in the basis (€;,) is the inverse of the matrix of g(-,-) in the basis (€;): 


(I9(€ig, 2a) =) [Shee = Whey * (= (L9G, &))~")- (F.24) 
Proof. First proof of (F.23) (straight forward calculation): (F.19) gives, for all 7, J, 


Elie [glie-lighe = 5:5 = [Elie [Eile, thus [ghz-[@igle = [Eilje- (F.25) 


Second proof of (F.23): Apply (F.6) (generic Riesz representation result) to get (F.23). 


Thus, [g]jz being symmetric we have [glje' symmetric, and g(@jg,éjg) = [Zig] ie-[g)ie-lEsehie = 
[€]fe-(ghe*-[ghe-[ghe* [eile = (2) fe-lglie* [ese = ([glje7*)ay, thus (F.24). o 
Example F.20 R2, [g]je= & aE thus Ighie = ({ °). Thus 15 = €1, Gag = 52. “ 

2 


Remark F.21 Warning: When ([g]je dis =noted oii then (F.23) reads 
Cie a (F.26) 
i=1 


where the Einstein convention is not satisfied: The Einstein convention is satisfied with 


n 


= ~- \io ted ” pe 
€jg = >> Go) a= SP) ej (F.27) 


i=l i=l 


(the components of vectors have up indices), and this can be verified with (é,,€;), ="! 6;; which gives 
Se a1 (Pi) "9x7 = 5:3. And in (F.26) the scalars g‘) is just another name for (P;)', nothing more (nothing 
to do with the Einstein convention). 
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We insist:In other words: M = {g]jz = [Mj;] is a matrix, and its inverse is the matrix M~* = [M,,|~': 


A matrix is just a collection of scalars (has nothing to do with the Einstein convention), and its inverse 
is also a collection of scalars, and you do not change this fact by calling M~! =n°ted [M*] (the use of up 
indices is irrelevant for matrices). See remark A.50. 

And because (P;)* equals ({g] ie és =noted giJ, some people rename éj, as 9... to get @7 = 7", 9G... 
But doing so they despise Einstein’s convention, despite eventual claims: They confuse covariance and 
contravariance... and add confusion to the confusion. 

NB: Recall: If in trouble with a notation which comes as a surprise (the notation g’! here), use classical 
notations: Then no misuse of Einstein’s convention and no possible misinterpretation. In particular here 


€j, is a (contravariant) vector. us 


F.7.3. Multiple admissible notations for the components of €j, 


Let P € L(E; E) be the change of basis endomorphism from (€;) to (€,): defined by P.é; = é),. And 
let P = [P]\¢ (the associated transition matrix). It gives multiple admissible (non confusing) notations 
for the components of €j, relative to the basis (€): 


Gig = PG => Py = (PG = (PYG = PG, (F.28) 
j=l j=1 j=l j=l 
clas. dual 


ie. the i-th component of the vector @j, has the names P;; = (P;); = (P;)'’ = P’;, ie. P = [Pie = 


[P.;] = [(P;):] = [((P;)"] = [P*;] (four different notations for the same matrix), i.e. 
Pi (Pj) Pr (Pj) 
Vi, ([Ejglie=(PlielGle= | : | = al eet (F.29) 
Pri (Pj) Pn; (P;)” 


= the j-th column of [P]|z¢. You can choose any notation, depending on your current need or mood... 


F.7.4 (Huge) differences between “the (covariant) dual basis” and “a dual vectorial basis” 


1. A basis (é;) has an infinite number of vectorial dual bases (é,), as many as the number of inner 
dot products (-,-)g (as many as observers), see (F.23). 


While a basis (é;) has a unique intrinsic (covariant) dual basis (7¢;) ee (e’), cf. (A.7): Two 


observers who consider the same basis (€;) have the same (covariant) dual basis. 


2. Te, = e’ is covariant, while é; and €jg are contravariant. And there is no transition matrix between 
(é;) and (7,;) = (e’), since &; € EF and 7,; = e’ € E* don’t live in the same vector space. 


3. If you fly, it is vital to use the dual basis (7-;) = (e*): It is possibly fatal if you confuse foot and 
metre at takeoff and at landing (if you survived takeoff) because of the choice of different Euclidean 
dot product (-,-), or (-,-)n; See e.g. the Mars Climate Orbiter crash, remark A.14. Einstein’s 
convention can help... only if it is really followed. 


F.7.5 About the notation g’? = shorthand notation for (g*)/ 


Definition F.22 The Riesz associated inner dot product g! € £(E*, E*;R) is the bilinear form defined 
by, for all £,m € E*, 4 7 

g* (£,m) = gllg,M%g), ie. (€,m) gt = (lg, Mg)q- (F.30) 
= R,(m). 


is indeed an inner dot product in E*: trivial check. 


where i - joie (€) and ii, 
Thus FC, -) aroha (-, -) gi 


Quantification: (€;) is a basis in E and (e’) is its dual basis (duality notations). (F.30) gives: 


(gi)? = ghe!,e?) = g(Zig, 2g), thus [9]je =| [(94)"] = lod * |= (ole (F.31) 
cf. (F.24). And 
[(g*)"7] P=" Ig) | (F.32) 


Classical notations: [9*]}. = [(9*)ig] = [g* (mei, es)] = [9 (Gig, Gia)] = gis]? = (Iglie)- 
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Exercice F.23 How do we compute g*(€,m) with matrix computations? 


Answer. ¢€ = )7"_,fie’ and m = ime give g'(€,m) = ee eatema (e5.e") = 0 _&(g*)3m; = 


091 

(Qe-[9"]\<. [m] ie = [4lez-[9] ie life (a linear form is represented by a row matrix,). os 
Exercice F.24 (F.30) tells that the (&) tensor g' € L(E*, E*;IR) was created from the () tensor g = 
(-,-), € L(E, E;R) using twice the (-,-),-Riesz representation theorem. 

1- Show that if you use the (-,-),-Riesz representation theorem just once you get the ) tensor 
g' € L(E*, E;R) ~ L(E; E) given by 

gi =I. (F.33) 

2- Reciprocal: What is the (3) tensor g’ € £L(E, E;R) that you create from the identity I € L(E; E) 
when using the (-, -),-Riesz hecbagapiaes theorem once? 

3- Summary: I = g' gives (I)? = g? = g and (I [i= = gi 
Answer. 1- g' € £L(E*, E;R) is defined by g°(é, 1) = (C5, w), for all (€,) € E* x E, where £, is the (-, -)g-Riesz 
representation vector of £. Thus g*(¢,w) = ¢.w = ¢.1., for all (¢,) € E* x E, hence g' € £(E*, E;R) is naturally 
canonically associated with the identity I € L(E; FE). 


2- The identity operator [ € C(E; E) (observer independent) is naturally canonically eocatee with the (i ) 
tensor I € £(E*, E;R) defined by I(é,) = 0.1. = Ci for all (€,w) € E* x E, thus I = gi. os 


G Cauchy—Green deformation tensor C = F!.F 


es ie Obj — R” 


Framework: © : ce is a motion of Obj, Q; = ®(r, Pow) is the configuration of Obj 
(t, Pov) = P(t, Pov) 


t OQ, ae Qy A A _ 
at any T, to and ¢ are fixed, @ := ®/° : is the associated motion between tg and ft, 
P >p=O(P) 
Re > R? 
and F'(P) := d®(P) : x 7 B(P+hW) — O(P) is the deformation gradient 


at P between to and ¢, cf. (4.2 


G.0 Goal 


Construction of C (summary of Cauchy’ s approach): 

1- At to, consider two vectors W, and Wo, 

2- at t, they are distorted by the motion and become the vectors F.W, and FW; 

3- Then choose a Euclidean dot product (-, -), =noted . .. the same at. all ¢ (to simplify); 

4- Then, by definition of the transposed, (F.W,)+(F.W2) = (F?.F.W,)+W2: You have got the 
Cauchy strain tensor C := F’.F; 

5- Then (F.W,) + (F.W2) — W, + We = ((C—I).W,) « We gives a measure of the deformation with W2 
as a reference, measure that is used to build first order constitutive laws for the stress (Cauchy). 


G.1 Transposed F’: Inner dot products required 


We first give the functional definition of F? (qualitative); Then we get the usual matrix representation 
of F™ relative to observers (quantification). 


G.1.1 Definition of the function F7 


At to, a past observer chose an inner dot product (-,-)q in R?, and at t the present observer chooses an 
inner dot product (-,-)g in RP. 

By definition, the transposed of the linear map F(P) € £L(R RP ; RP) relative to (-,-)g and (-,-), is the 
linear map F(P)é, € L(R?; RP) defined by, for all Up € Re (vector at P) and w, € R? (vector at p), 


(F(P)&,-Up, Up)g = (F(P).Up, Gp)g, in short | (FZ,.0,0)¢ = (FU, wi), | (G.1) 
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see (A.68). This defines FG, (p) = F(P)é, when p = ®(P): 


Q, + CRP; RR?) 


FG, 


: , soinshort |(F7.0)-,U0 =a 
; p- FG, (p) = F(P)G, 


without forgetting that F7 := Fé, depends on (-,-)g and (-,-)g. 


Exercice G.1 1. In F?.2W =27F.W =F.W.Z= W.FT.2, which dots are inner dot products? 
2. What does F.W,.F.W2 = W,.F7.F.W2 mean? 


Answer. 1. No choice: (W,Z) € Ri, x R?, so (F".Z)4,W = 274 (FW) =(F.W) 4 2=W «, (F*.2) 
2. No choice: Wi, W € Rf, so (F.W1)  (F.We) = Wi «, (F?.(F.Wa)). i 


Remark G.2 More generally, on a surface Q (a manifold), (G.1) is defined for all (Up, wp) € TpQ4, x 
TpQ:, where TQ, is the tangent space at 0, at p-. 7 


G.1.2 Quantification with bases (matrix representation) 


Classical notations: (@;) is a basis in Rr, and (b;) is a basis in R?. Marsden-Hughes duality notations: 
(E) is a basis in Rr and (é;) is a basis in R”?. And the reference to the points P and p is omitted to 


lighten the writings (use the full notation of § G.1.1 if in doubt). 
Let [G] := [(4:, al, [9] = [(6:,by)o}, Flag = Fa] ="'4 (FI, (FT eg = (FT ig] P04 [F7- 


: (G.1) gives [UO]? .[G].[F? a] = [FU]? [G].[w], thus [(0]2.[G].[F7].[w] = (0)? [FI]? .[g].[w], for all 0, a, 
thus 


a,b 


[G].[F7] = [F]* [9], ie. | [F7] = [G)7*[F]* [9] } (G.3) 


Remark G.3 If (@;) and (6;) are (-,-)q and (-, -)g-orthonormal bases, then [C] = [F]’.[F]. But recall: If 
you need to work with a coordinate system, then the bases in use are the coordinate system bases which 
are not orthonormal in general, i.e. [G]~! 4 I and [g]~! # I in general. a 


Exercice G.4 Use classical notation, then Marsden duality notations, to express (G.3) with components. 


Answer. Classical notations: 


Giy = GG, Gj), gig =g(bi,d;), te. [Gla=[Gu], [gle = gis, 


3 


~ wae = sak (G.4) 
and “Faj=) Fy; Fb = (FP ea, te [Flee = [Fal [FP leg= (Yel: 
i=l a 


Then (F7.b;,d:)¢ =" (b;, F.di)g gives (P_,(F7 )ajde, dia = (bj, DR, Feibe)g, thus 3"_, (F?)aj (Ge, Gio = 
yr Fei (65, be) g with Fei = ([F]")ix, thus 


SS Gin(F" ag = SO (LF) ingens, te. (Fig = D2 ([GI")inFenges, (G.5) 


for all 2,7, thus (G.3). 
Marsden notations: Gry = G(Er, Ej), gi3 = 9(&, €;), PEs = 0, Fy, FT .6) = h_(F")'; Er, thus 


37 Grx(F7)*; = oF *on3, te. (FT)'7 = D> GI Phos where [G™]:= [Gri]. a 
K=1 k=1 


K,k=1 


G.1.3. Remark: F* 


(For mathematicians: F'* doesn’t seem to be very useful in mechanics, apart from making simple things 
difficult, and playing games with components and duality notations...). 


Definition G.5 The adjoint of the linear map F € L(R";R”) (acting on vectors) is the linear map 


to? 


F* € £L(R?; Rr) (acting on functions) canonically defined by, for all m € R?*, 


F*(m):=moF, written F*.m=m.F (€ Rr*). (G.6) 
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So, for all (m,W) € RP* x RP 


to? 
(F*.m).W =m.F.W (ER). (G.7) 
Quantification (matrix representation): (7;) and (7;) are the covariant dual bases of (@;) and (d;). 


Let (F*);; be the components of F* relative to these dual bases: 


n 


F* 1; => SP aaa i.e. [Fl ative = [(F™ ij]. (G.8) 
I=1 


(G.7) gives (E* 1155) .Gi = Toy Fai, thus 


Vi, 9, |(F*)ig = Fuel, ie. [F* imme = ([Fliea)’ > in short [F*] = [F]’. (G.9) 


Marsden duality notations: F*.e? = 07_,(F*)E! gives (F*))) = F3, for all I, j. 


Interpretation of F*. As usual in classical mechanics, we use Euclidean dot products, here (-,-)g in Re 
and (-,+)g in R?. Then we use the (-,-)g-Riesz representation vector Ro(F*.m) e Ry, of F*.m € Re 
and the (-,-)g-Riesz representation vector Rg(m) € R? of m € R?*, so, for all m € R?* and W € R? 


to? 

(F*.m).W = Ro(F*.m)+,W, and m.(F.W) = R,(m) + FW = (FT.Rg(m)) +, W. (G.10) 
Thus (G.7) gives Rg(F*.m) = F7.R,4(m), thus 

Rg.F* = F™.R,, ie. F* = Roo .FT.R,. (G.11) 

Remark G.6 The definition of F* is intrinsic to F (objective), while the definition of F7 is not intrinsic 
to F (not objective) since it needs inner dot products (observer choices) to be defined. us 
G.2 Cauchy—Green deformation tensor C 
G.2.1 Definition of C 


Consider vectors W; € Ry at P, i= 1,2, and their push forwards w; toward p = ®(P), ie. 
w; = FW, (G.12) 


short notation for w;(p) = F(P).W;(P). With the chosen inner dot products (-,:)g in Ry and (-,+)g 
in R®, we get (Wi (p), W2(p)), = (F(P).Wi(P), F(P).W2(P)) ="? (FG, (p)-F(P).Wi(P), Wo(P))¢ when 
p = ®©(P), written in short: 


(10), Bo), = (F.Wi, FW), = (FT -F.Wi, Wa)o, (G.13) 
Cc 


Definition G.7 The (right) Cauchy—Green deformation tensor at P € Q;, relative to (-,-)g and (-,*)g, 
is the endomorphism Cg,(P) € L(RY,; Rf) defined by 


to? 
Co,(P) := Fé,(p)o F(P), inshort [C:= F7.F |. (G.14) 
So 
Tv > <-F >. FT T =. Ed 

C= FToF:W—>F(W)—> F'(F(W)) =C(W), (G.15) 
with F and FT linear, thus C is linear and C(W) is written C.W = F?.F.W. And (G.13) tells that C 

is characterized by, for all Wi, We E Rg, 
Dy 4 We =| (C.Wy) +, We = (F.W1) 4 (F.W2) | (G.16) 


Moreover, (-,-), being symmetric (inner dot product), C is a (-,-)g-symmetric endomorphism in Rr, Le., 
for all Wi, W2 € RY, 


(C.Wi,Wa)a =(Wi,C.Wo)a, ie. (C.Wi) +, We = Wi», (C.Wa), (G.17) 


since (F?.F.W,,W2)¢ = (F.W1, F.W2), = (Wi, F?.F.W2)c. 
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G.2.2 Quantification 
(G.14) gives [C] = [F7].[F], with [F7] ="¢ [G]-!.[F]" [g], thus 


[C] = [G]7* FV? [gl -[F1 (G.18) 


short notation for [C@g]ja = Ghia lag)” -[gle-Flag- 


Exercice G.8 Use classical notation, then duality notations, to express (G.18) with components. 


Answer. Classical notations: 


Fd; =o Fiji and Ca; =) Cyd, ie. [Flgg=(Fy] and [Cla = [Ci]. (G.19) 
i=l t=1 
(G.16)-(G.17) give (G,C.@)g = (F&,F.@j)g, so (Gi,3>,Cejde)a = (92, Feibe, 0) Fujbe)g, thus 
Ye Cuz (Gi, Ge a = re Fri (be, be) g Fej, i.e. 
SOG 5a = Se Fei Gre Fe; = ss ([F] ix greFe;, so | [G].[C] = [F]”-[9]-[F] , (G.20) 
k=1 kje=1 kje=1 


80 Oij9 = Dhemar((G]*)imFlem gee Fej = De emai ((G]*)im([F]" mk gre Fj. Duality notations: 


P.E;=)0F5& and C.E;=) CGE, ie. [Fl g2=[F5] and [Clg =[C4], and 
2 ee. To ‘ (G.21) 
os GEES = 5 F*, gneF'y, and CF => a GEM Ey greF'y when esa = Gri]. 

K=1 k,f=1 kje,M=1 


Exercice G.9 (-,-)g is a Euclidean dot product in foot, (-,-)g is a Euclidean dot product in metre, so 
(,-)g =L7(-,-)q with pw ~ 0.3048; And (a) = (b;) is a (-,-)q-orthonormal basis. Prove 


[C] =»? [F]?.[F]. (G.22) 


Answer. [C]j¢ = [G]jz' [Fig,a-glia-[Flia,a gives (Cla = L[F]fza-0°1-[F jaa. Shorten notation = (G.22). Fa 


|@,a- 


G.3 Time Taylor expansion of C 


Here we use a unique inner dot product (-,-)g = (-,:)g at all time (to compare results in the vicinity 
of to). Moreover we use an orthonormal basis (to lighten the notations), thus, in short, [C] = [F]".[F]. 
P is fixed, Ci°(P) =ed C(t), and [C(t)] = [F(t)]".[F(t)] (since [G] = [g] = I here), and 
V,0(P) =noted V(t) and Ato(P) ="ted A(t) are the Lagrangian velocities and accelerations, and U(t, p) 
and ¥(t,p) are the Eulerian velocities and accelerations at t at p = ®°(t, P). 
With Lagrangian variables (used to define C): F(t+h) = F(t) + hdV(t) + ue dA(t) + o(h?) gives 


[C(t+h)] = [F(t+h)]*.[F(t+h)] 


ap WP 74 a 
= [FT + nav? +% ad? + on? (Ole + nav +2 ad + o(n?y(s) 


“ 2 h? = re = 7 
= (C(t) +h ([F7].[dV] + [aV]" [F])(t) sare ([F]" [dA] + 2[dV]" [dV] + [dA]? .[F'])(t))(¢) + 0(h?). 
pe” —— ss S 

=[(CP)’@)] noted [or(t)] =[(OP )”(e)] <noted [or (t)] 

(G.23) 

(As usual with Lagrangian variables, we have three times involved: to, t and t+h).) In particular 
. 2 Pres So lint ns 
[CS (to+h)] = I + ([dV] + [dV]*) (to) + > [dA] + 2[dV]* [dV] + [dA]”)(to) + o(h?). (G.24) 


Abusively written C8 (to +h) = I+ (dV + dV7)(to) + & (dA + 2dV? dV + dA™)(to) + 0(h?), but don’t 


forget it is a matrix meaning. 
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With Eulerian variables: With p(t) = 6*°(t, P), we have dV*°( 
v t 


= P) = di(t, p(t)).F(t) and dA‘ (t, P) = 
d¥(t, p(t)).F'(t), thus writing dv := du(t, p(t)) and d7¥ := d¥(t, p(t)) (fo 


t, 
)) (for short), 
CB (tt+h) = C8 (t) +h (F* (t).(dd + dv") (t, p(t)).F(t) 
2 G. 
~ (FT (t).(d7 + 2d0" dv + dy" )(t, p(t)).F(t)) + o(h?). ee) 


abusive notation of [C$ (t+h)] = ... (matrices relative to a basis). 


Remark G.10 F” = dA is easy to interpret, but C” = FT dA + 2dV? dV + dA F = (FT dA + 
dV™ dV) + (F7.dA+dV7.dV)? is not that easy to interpret (and in not linear in V). 

We already had a problem with the composition of flows: The formula fay — ry ae is simple 
(determinism), but the formula Cj° = (FY2)? Fo = (Ff°)? (FZ)? FE FP = (Fie)? .Ci .F{o is “not that 
simple” (4 Cj!.C?°). (Indeed, to consider C instead of F amounts to consider the “motion squared”, cf. 
(C.W,W), = ||F.WI¢-) 

Since C’(to) = dV (to) + dV (to)? this may have little consequences for linear approximation near to, 
but ultimately not small consequences for second-order approximations (and large deformations) if C’” is 
used to make constitutive laws. The consideration of Lie derivatives may be an interesting alternative. wt 


G.4 Remark: C’” 


For mathematicians: May produce errors, misuses, covariance-contravariance confusion, see next § G.4.2. 
For the general ’ notation see § A.10.4. 
G.4.1 Definition of C’... 


Definition G.11 At P € ,,, the bilinear form C?,,(P) =P°led C? € L(R?, Re; R) associated with the 


linear map Cgg(P) =nted Ce LRP; RP ) is defined by, for all W1,W. € Re vectors at P, 
C(W,,W2) :=(Wi,C-Wo)a (= (FW, F.W2),). (G.26) 
Then C” is a bilinear symmetric form (trivial) and is a metric in Ry when Fvo —noted F is a diffeo- 


morphism (usual hypothesis), but not a Euclidean one (it is iff C = I i.e. for rigid body motions). 


Quantification: (G.26) gives [Wa]? .[C’].[Wi] = [We]? .[G].[C].[Wi] for all W,,W2 since C? and (-,-)¢ 
are symmetric, thus 

[C*] = [G].[C] (= [F]"[9]-[F)). (G.27) 
Exercice G.12 Use duality notations to express (G.27) with components, and explain the flat ’ notation. 
Answer. (G.26) gives C? (Es, Er) = (C.E3, Er)e. Thus with C’ (Er, Es) = Cy, and C.Ey = Yar CLE; we get 
Cyr = 5k C* (Ex, Eta = Joe C*jGier; And C” and (-,-)q¢ are symmetric, thus 


Cry = 3) GixC*,, i.e. [Cla = [G] 2-[C] z- (G.28) 
K 
The flat notation C” is due to: The top index J in Cy has been transformed into a bottom index in Cy, in (ow 


which characterizes a change of variance because of the use of an inner dot product. 
And (G.27) also gives Cry = (F.E1, F.Es)g = oy) F* 1 F's(bx, be)g, thus 


Crs = 0 F'tgneF’s = (PF?) egeeF's, ie. (Cle = (Flas) MghielFlae- (G.29) 
ke ke 


G.4.2 ... and remarks about C”... and Jaumann 


C’ can also be defined only with (-,-), by, for all Wi, W2 € RY, 


Co(Wi, We) = (FW, FW2)g, (G.30) 


Le., Ch := g* =noted C> So we can also say that C? is the pull-back of the metric (-,-), by ®, see (8.9). 


126 


127 G.5. Stretch ratio and deformed angle 


e However C? = Cc is useless in itself: C? is not a Euclidean dot product (it is a metric defined at 
each P by C?(P)(W1, W2) = (F(P).W,, F(P).W2)q for all W,,W.2 € Rr vectors at P). In fact, C” is 
only useful to characterize a deformation if the value OW, W2) can be compared with the initial value 


(Wi, Waa, i.e. if a Euclidean dot product (-,-)g@ was introduced in Re: This is why C” is classically 
defined from C, cf. (G.26). 

e You may want to use the infinitesimal strain tensor ¢ = Bie - 
mation tensor E = 4(C — I), obtained from FT := Fé, (essential). 

e There is no objective “trace” for a () tensor like C’, while Tr(C) is objective since C is an endo- 


I, or the Green—Lagrange defor- 


morphism (~ a (1) tensor). 

e The Lie derivatives of a second order tensor depends on the type of the tensor, and the Lie derivative 
of the () tensor like C' gives the Jaumann derivative, which is usually preferred to the Lie derivative of 
the () tensor like C” which is the lower convected Lie derivative, see remark G.13. 

So the introduction and use of C’ in mechanics mostly complicate things unnecessarily, and interferes 
with basic understandings like the distinction between covariance and contravariance. 


Remark G.13 Interpretation issue (with Jaumann). 


2D = d+ dv® gives 22D = PU) 4 DUA" _ a7 4 dF? — di.dd — dv" dv", thus, with (G.23) and 


keeping in mind the matrix meaning, 


CO" (t) = F(t)? .(2—— + di.dé + di" .do* + 2dv" .dv)(t, p(t)).F(t) 
a (G.31) 
= 2F (t)" (Se + D.dé + dé" .D)(t, p(t)). F(t). 


The Ep + D.dé + dé" .D term looks like a lower-convected Lie derivative, but with dé” instead of dv*, 


cf. (9.58); So you may find (G.31) written as C” = 2F7.£LyD.F. But you get disappointing results when 
using the the lower convected Lie derivative (Jaumann is usually preferred). In fact, it is LD’ (lower 


a? eg? a 
Sy to get (Co) =2FT.LyD? FP. B 


convected Lie derivative) that should be used, where D> = 5 ; 


G.5 Stretch ratio and deformed angle 

Here (-,-)g = (-,-)a, ie. at to and t we use the same Euclidean dot product, to be able to compare the 
lengths relative to the same unit of measurement. (If (-,-)y 4 (-,-)g then use (-,-)y = u7(-,-)a-) 

G.5.1 Stretch ratio 


The stretch ratio at P € Re between to and ¢ for a Wp € RP is defined by 


Er z Fp.W V 
(Wp) = Haelle _ Whe Welle (= jp? Ile) (6.32) 
[Wella |Wella |Wella 


where Wp = Fp.Wp is the deformed vector by the motion at p = ®(P). Le., in short 
VW ER? s.t. ||WI|=1, AW) :=||F.WI. (G.33) 
(You may find: \(dX) = ||F.dX|| with dX a unit vector(!); This notation should be avoided, see § 4.3.) 


G.5.2 Deformed angle 


Recall: The angle , = (Wi, W2) formed by two vectors W, and We in RP —{0} at P € Q;, is given by 
_ _wW " We = Wi W2 
cos(9t) = Tirslia * Walia ‘= “Walia? Tale @- 
With the deformed vectors wi; = F.W; at p = 0}°(P), the deformed angle is 6; defined by 


— B z FW, FW. C.W,) + W. 
cos(6;) = (1, Wo) = a s a — ie e if — Ae ea, (G.34) 
ol] [eel] LR Wal| |LE.Wal| [||| |Iee2] | 
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G.6 Decompositions of C 
G.6.1 Spherical and deviatoric tensors 


Definition G.14 The deformation spheric tensor is 
1 

Csph = —Tr(C) I, (G.35) 
n 


with Tr(C) = the trace of the endomorphism C (there is no “trace” for the (2) tensor C’). 
Definition G.15 The deviatoric tensor is 
Caev = C — Cspn- (G.36) 
(So Tr(Cgey) = 0, and C = Cypn + Caev-) 


G.6.2 Rigid motion 
The deformation is rigid iff, for all to, t, 
(OE Fe Te CP Si. anitten CH LSP (G.37) 


Thus, after a rigid body motion, lengths and angles are left unchanged. 


G.6.3 Diagonalization of C 
Proposition G.16 C = F’.F being symmetric positive, C is diagonalizable, its eigenvalues are positive, 


and Re has an orthonormal basis made of eigenvectors of C’. 


Proof. (O(P). Wi, Wa)e = - (F(P).Wi, F F(P).W2)4 = (Wi, C(P). Wa)a, thus C is (-,-)q-symmetric. 
(C.W,,Wi)a =(F. W,F.W), = = ||F. WAIE > 0 when W; 4 0, since F invertible ('° is supposed to 
be a diffeomorphism). Thus C est (-,-)g-symmetric definite positive real endomorphism. 7 


Definition G.17 Let \; be the eigenvalues of C. Then the V/; are called the principal stretches. And 
the associated eigenvectors give the principal directions. 


G.6.4. Mohr circle 


This § deals with general properties of 3 * 3 symmetric positive endomorphism, like C7°(P). 
Consider R® with a Euclidean dot product (-,-)gs and a (-,-)gs-orthonormal basis (@;). 


Let M: R38 > R3 bea symmetric positive endomorphism. Thus M is diagonalizable in a (.,-)ps- 


orthonormal basis (€}, €2, €3), that is, 4A1, A2, 43 € R, dé), &2, €3 € R? s.t. 


A O O 
M.é; = AGE; and (E;, &j) ps = ois; so [M]j\2 = diag(A1, 2, A3) = 0 AQ 0 F (G.38) 
0 O rg 


And the orthonormal basis (€1, é2, €3) is ordered s.t. A1 > A2 2 A3 (> 0). 
Let S be the unit sphere in R’, that is the set {(x,y,z): a7 +y? +2? = 1}. Its image M(S) by M 


is the ellipsoid {(a, y, z) : a +4 xz +2 a = 1}. Then consider 7 = }0, ni; s.t. ||7i||gs = 1: 


[7i]je= | ne with n?+nz+n3=1. (G.39) 


“*, a Any 
A= M.7, [A]je = AgQn2 . (G.40) 
A3N3 
Then define : 7 r , 
A, =(4,f)p, AL, =A-A,fh, AL :=||A_]I. (G.41) 


So A= A,i+A, € Vect{ii} @ Vect{#}+. (Remark: A, is not orthonormal to the ellipsoid M(), but 
is orthonormal to the initial sphere S.) 
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Mohr Circle purpose: To find a relation: 
relation between “the normal force A,,” (to the initial sphere) and the “tangent forceA,” (to the initial 
sphere). 

(G.39), (G.40) and A, = (M.7i, 7)ps give 


ne tne +n2 =1, 
Aynt + Anz + Agn3 = An (G.43) 
Nn? + d3n2 + A3n2 = ||A||? = A? + AP. 


This is linear system with the unknowns n?,n3,n3. The solution is 


pis Ai + (An — A2)(An — As) 

, Ar —Az)(A1— Az)” 

Ai + (An — A3)(An — A1) 

3= - ' G.44 
Oo =a Oa) ae 
y2= Ai + (An — A1)(An — 2) 

: (s = An)(s = Aa) 

The n? being non negative, and with \; > Az > A3 > 0, we get 

Ai + (An — A2)(An — As) > 0, 

At + (An — Az)(An — A1) < 0, (G.45) 

Al + (An — 1)(An — Az) > 0 


Then let « = A, and y = A,, and consider, for some a,b € R, the equation 


y’ +(x—a)(x2-—b)=0, so (x-——)?+y’= 


This is the equation of a circle centered at (*¢°,0) with radius loa 


Thus (G.45)2 tells that A, and A, are inside the circle centered at (1tAs 0) with radius AAs 
and (G.45)i.3 tell that A, and A, are outside the other circles (adjacent and included in the first, 
drawing). 


Exercice G.18 What happens if A; = Az = A3 > 0? 


2 2 
ny ng n3 = 1, 


2 2 2 An 
Ny +r Ng + N3 


Answer. Then ey ie Thus A, = 1 and A? + A? = X?, thus A, =0. Here C = Ail, 
A? + A? 
ni tngtng= 2S + 
Ay 
and we deal with a dilation: A, = 0. “7 


Exercice G.19 What happens if 41 = Az > A3 > 0? 


2 2 2 
netng+n3=1, 


Answer. Then ¢ i(1 — 3) + A3n3 = An, Thus An = Ai — (Ai — As)n3 € [As, Ai], and AL = +(A7 — 
AT(1 — ng) + Agn3 = An + Al. 
(AZ — A3)n3 — A2)2, with A? + A% a point on the circle with radius \7(1 — n3) + A3n3. 7 


G.7 Green—Lagrange deformation tensor FE 


(G.13) gives (11, 2), = (F.Wi, F.We), = (C.W,W)a at p = ®(P), thus 


(11, We) g — (Wi, We)e@ = ((C — 1).Wi, Wa). (G.46) 
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Definition G.20 The Green—Lagrange tensor (or Green-Saint Venant tensor) at P relative to to and t 
is the endomorphism E;°(P) € L(R? RP) defined by 


to? 
to = a T — 
E%(P) := —— ho ee 5 zs (= H a (G.47) 


In particular E = 0 for rigid body motions.) And E¥? :Q;, 3 £ R? RP is the Green—Lagrange tensor 
& t 0 toi Sto grang 
relative to to and t. 


The 5 because (C.,.) = (F., F.) corresponds to the “motion squared”, see the following linearization. 
And we get the time Taylor expansion of E78 (t) = $(C'8(t) — I;,) with p(t) = ®'8(t) and (G.25): 


> do" h2 x ~T 
a (FET 5 aa? av) (t,p(t)) F(t) + 0(h2) 
2 2 2 (G.48) 


= FR(t) (hD +h? (= + D.dé + di” D)(t, p(t))). FP (t) + o(h?). 


ES (t+h) = Fe (t)’.(h 


G.8 Small deformations (linearization): The infinitesimal strain tensor ¢ 
G.8.1 Landau notations big-O and little-o 
Reminder. Let f,g: R— Rand a € R. 


f=O(g) near zo = AC>0, dn > 0, Va s.t. |e — xol <n, |f(x)| < Clg(z)|. (G.49) 


and f is said to be “comparable with g” near zo. 
If |g| > 0 then the conclusion reads We < C; And f = O(a”) near x=0 iff @™l < C near x=0. 


|ar| 


And 


f =o0(g) nearto <== Ve>O, dn > 0, Va s.t. |x — xo| <n, | f(x)| < elg(a). (G.50) 


and f is said to be “negligible compared with g near x9”. 


|f(x)| 


If |g| > 0 then the conclusion reads Ig(ay} ereo O- And f = o(a”) near «=0 iff |)! 


la” 2-30 0. 


G.8.2 Definition of the infinitesimal strain tensor E 


The motion is supposed to be C?. Along a trajectory, with Pe (to) = I we have, near to, 
FP (toth) =1+O(h), (G.51) 
thus F7? (to+h).W = W + O(h) for all W € Rr, i.e., near to, 
I —W|| = O(h) when w= Fi (to+h).W. (G.52) 


This supposes the use of a unique inner dot product (-,-)g = (-,-), at all time, and (G.52) means 
||c’ — W||g = O(h) near to. 


Definition G.21 If (-,-), is an inner dot product, the same at all time, and if (€;) is a (-, -),-orthonormal 
basis, the same at all time, then the infinitesimal strain tensor at P is the matrix defined by 


[F(P)e + FF(PE 


[e(P)lie = 5 tt (G.53) 
abusively written in short, 
F+F? 
Ei= a —I (matrix meaning). (G.54) 
to 5 to Tr. 
(And more precisely, at P € Q;, and between to and t, le (P)lje= Fe eae Pie [Z].) 


7 Z rote _ AWhetFIZ(Whe ce 
So e.W = EYEE Me — .W means [elye[We = elie Dlas ei [W]e [W]}e- 
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Remark G.22 ¢ in (G.54) cannot be a tensor (cannot be a function) since FP (P): Re — RP and 
F'(P)T RP > RP and Ii, : RR > RP don’t have the same definition domain. 
So € is not a function, is not a tensor: It is a matrix... But is called “the infinitesimal strain tensor”... sa 


Proposition G.23 The Green—Lagrange tensor E = ee € L(RE; RP) satisfies near to: 


F+FT 
E=e+o(t-to) (= ; I+ o(t—to)) (matrix meaning), (G.55) 
which means [E] = |e] + o(t—to). Thus, “for small deformations” we write E ~ ¢, ie. E~ EXE — 1. 


Interpretation: (G.55) is a linearization of E, since we keep the linear part of the “quadratic” E = 
3(F".F —1) given by (E.W,U), = L( RW, FU), —(W, U)q) for allU,W € Rj, (‘motion squared” cf. 
the (F-, F-), term). 


2[E] = [C] — 1] = [F]" LF] — i) = (FI? — (2).(F) - 2) + [FP + iF 


Then, near to and with h = t—to, (G.51) gives ([F]? — [J]).([F] — IJ) = O(h)O(h) = O(h?), thus 
2|F] = [F]? + [F] — 2[7] + O(h), thus (G.55). o 


H_ Finger tensor F.F* (left Cauchy—Green tensor) 


Finger’s approach is consistent with the foundations of relativity (Galileo classical relativity or Einstein 
general relativity): We can only do measurements at the current time t, and we can refer to the past. 

There is a lot of misunderstandings, as was the case for the Cauchy—Green deformation tensor C’, due 
to the lack of precise definitions: Definition domain? Value domain? Points at stake (p or P)? Euclidean 
dot product (English? French?)? Covariance? Contravariance’... 


H.1 Definition 

Let ® be motion, to € R, ©” the associated motion, P € Q,,, t € R, and F°(P) := d'(P) € L(R?; RP). 
And let (-,-)g and (-,-), be Euclidean dot products in RP and R®. 

Definition H.1 The Finger tensor Oe (p;), or left Cauchy—Green deformation tensor, at t at p; relative 


to to is the endomorphism € £(R?;R?) defined by, with P = Bio" (p,), 


oe (pp) = Fi (P).(Fe°) Gq (Pe) written in short |b=F.F7 |, (H.1) 


i.e. is defined by (br (pz).W1, W2)g = (Fy°(P)? 1, F7°(P)? tr) = ((Fy°)? (pt) th, (Fy°)* (pt)-2)a; for 
all wy , Wa vectors at py € 4, written in short 


(b.1, W2)g = (F" th, F? ha)g. (H.2) 
(To compare with C = F7.F and (C.W;, W2)¢ = (F.W,, F.W2),.) 
And the Finger tensor relative to to is 


C =| J({t} x 21) > CORE RP) 


Bf : (H.3) 
(t,pe) —> B'°(t, pe) == B)° (pe). 
NB: b’ looks like a Eulerian function, but isn’t, since it depends on a to. 
Other definition found: 
BP = o(6P), ie BP(P):=0%(p:) = FO (P).FP(P)?, written B= FFT. (H.4) 


Pay attention: B!(P) € £(R’;R?) is an endomorphism at t at p,, not at to at P: E.g., BY (P).a&;(p,) = 
b° (p,).08:(pz) is meaningful, while BY (P).W;,,(P) is absurd. 

Remark H.2 The push-forward by ® := o'° of the Cauchy—Green deformation tensor C = F7.F is 
®,(C) = F.C.F~! = F.F? = 6, cf. (8.15): It is the Finger tensor. So the endomorphism C in Re is the 
pull-back of the endomorphism 0 in R?. (However a push-forward and a pull-back don’t depend on any 
inner dot product while the transposed F? does...). os 
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H.2 57? 


With pull-backs (towards the virtual power principle at t). With pp = ®(P) and W,(P) = 
(F:°(P))~? -wi(pe): 


(Wi, Wa)g = (Fo 01, Fo} e)g = (FOP FO thy, We) = (0 th, Wa)g. (H.5) 


So b-* := (b)°)~} is useful: 


ov, J % 7 LRP RP) 
(0°) 4 (H.6) 


Pe — (UP) (m:) = FP(P) 7 FP (P)* = Ae (pe)? AP (pe) 
with p, = ©/°(P) and H}°(p,) = (F{°(P))~! cf. (4.41). Thus we can define 


Lite) x %) > £ORP Re) 
Co ee (H.7) 


(t, pu) > (W!)-1(t, pe) = (0)? @). 


Remark: (D°°)-1 looks like a Eulerian function, but isn’t, since it depends on to. 
In short: 
b-1=H’.H, tocompare with C =F’ LF, (H.8) 


and with w= FW, 
b\w =H".W, to compare with C.W = FT, (H.9) 


and with W; = F7!.u;,, ie. & = FW, 
(bi, @2)g = (Wi, We)e, to compare with (C.W,,W2)q = (1, we)g. (H.10) 
Remark H.3 p; = ©/°(P) and b(p;) = F(P).F(P)" and C(P) = F(P)".F(P) give 
b(p)-F (P) = F(P).C(P), (H.11) 
written b = F.C.F-}. Thus 7+ = F.C71.F71 


a ee haa ee a iW a Cn 2 ee ae (H.12) 


i.e. the pull-back of b~' is C71, i.e. b~* is the push-forward of C~?. os 


H.3 Time derivatives of b-* 


With (H.7) let Cee =noted 5* = H".H. Thus, along a trajectory, and with (4.45), we get 


Do eDyt DH 
= = A+H’. = —dv’.H" .H — HH" Hd 
Dt Dt Dt i " (H.13) 
a bo dd — dvr ee 


Exercice H.4 Prove (H.13) with (H.10). 


Answer. (H.10) gives F.(b7* thi, W2)g = 0 = ( = 1, W2)g + (b-*. 23 we) + (bth, en and 
3 -1 

w@i(t, p(t) = F"°(t, P).Wto(P) gives 2%: = do.w;, thus (Zt, We)g + (6-1 ddr, We) g + (O71 thr, die) = 0, 

thus (H.13). 7 


Exercice H.5 Prove (H.13) with et ae = T;.. 


Answer. )~! = (F.FT)7! =F F-" gives PT.b-".F = Ing, thus (FTY.b-P + FTL +4 FT bP’ =0, 
thus F?.do?.b7'F + FT 25 " F4 FT. 1 .dv.F = 0, thus (H.13). a 
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H.4. Euler—Almansi tensor a 


Euler—Almansi approach is consistent with the foundations of relativity (Galileo relativity or Einstein 
general relativity): We can only do measurements at the current time t, and we can refer to the past. 
At t in Q:, consider the Finger tensor b = F.F7 and its inverse be apo pt = now ch (8): 


Definition H.6 Euler—Almansi tenor at p;, € 9; is the endomorphism a’? (p;) € L(R?;R”) defined by 


(Lk = H(p1)" -H(pt)), (H.14) 


(hw) = 5 


w]e 


a (pi) = 


written 
aaa i 


Io 


“y= st He): (H.15) 


to compare with the Green—Lagrange tensor E = $(C — I) = $(F7.F — 1) L(R?; RP). 
Remark: af looks like a Eulerian function, but isn’t, since it depends on to. 
(H.10) gives (w; = F.W;) 
(1, 2)y — (Wi, Wa)g = 2(a.tt, We) g, (H.16) 


to compare with (wy), 2), — (W,, Wo) = 2(E.W,, Wo)g. (This also gives (2.1, W2)g = (E.W,, W)a.) 
And (H.15) gives 
Pli@reh. te: car Be, (H.17) 


standing for F/° (PyP a (p).FY/°(P) = Ef?(P) when p = ©/°(P). 


Remark H.7 a is not the push-forward of Ey? by ©!° (the push-forward is F.E.F~'). ws 


H.5 Time Taylor expansion for a 


(H.13) gives 


(H.18) 


m 


H.6 Almansi modified Infinitesimal strain tensor 


We are at ¢ (present time) and remember the past: We prefer a definition of a infinitesimal strain tensor 
€ from the Euler—Almansi tensor a, instead of ¢ from Euler-Lagrange tensor E, cf. § G.8.2. 
~ Same Euclidean framework as in § G.8.2, and matrix meaning again. 

We have I— 6-1 = I— H?.H = —(I — H™).(I — H) + 21 — H™ — H where H stands for Hj°(p,). 
Thus, for small displacement we get I — b~' = 2I — HT — H + O(h), so 


a(t, p(t)) = E(t, p(t)) + O(h) where gar - 


And, with t = to +h we have F'°(t,P) = I + (t—to) du(t, P) + o(t—to), cf. (4.35), thus we have 
H(t, p(t)) = F(t, P)~! = I — (t—to) dv(t, P) + o(t—to) when p(t) = ®°(t, P). Thus 


(H.19) 


F(t, P) — I =I — H*°(t, p(t)) + O(t—to). (H.20) 
Therefore, for small displacements (|t — to| << 1): 


a(t, p(t)) ~ E(t, p(t)) ~ e°(t,P) (matrix meaning). (H.21) 


I Polar decomposition, elasticity and objectivity 


I.1 Polar decompositions of F (“isometric objectivity”) 


The motion is supposed regular, to,t € R, pip € Qn, F := FY? (pio) (= d®1°(pi,)), (5 J@ and (-,-)g are 
Euclidean dot products in Rr and R”, and C = F’.Fe L(R?; RP). Here the covariant objectivity is 
abandoned due to the need for inner dot products. 


133 


134 I.1. Polar decompositions of F (“isometric objectivity”) 


1.1.1 F=RU (right polar decomposition) 


The endomorphism C' being (-,-)g-symmetric definite positive (the motion is supposed to be regular), 
daj,...,Qm € R% (the eigenvalues), 4c), ...,é, € Rj, (associated eigenvectors), such that, for alli = 1,...,n 


C.G,=a;¢, and (G) is a (-,-)g-orthonormal basis in RP. (1.1) 

So, if (@;) is a (-,-)g-Euclidean basis then D = P~!.[C]z.P, where D = diag(a1,...,a@n) = [C]z and 
P-! =P’, P = [P,;] being the transition ae from (G;) to (G), ie. defined by € = >>; Pid; for all j. 
Then, define the endomorphism U € L(R? i, )s called the right stretch tensor, by, for all i = 1,..., 


io R 
Vee Je. ond Ve, (1.2) 
the ,/a; being called the principal stretches. Then, define the linear map R € L(R? tos R?), called the 
rotation map, by 
Rea Pope ey (1.3) 
so that 
F=RoU|**' RB. U, called the right polar decomposition of F’. (1.4) 
Proposition I.1 We have: 
C=Uou "4 yy? U is symmetric definite positive, R7! = RT. (1.5) 
And 
the right polar decomposition F = RoU_ is unique: (1.6) 


If F = RoU whereU € L(RE; R? '') is symmetric definite positive and Re LIRR; R?) satisfies R-' = RT, 
then U =U and R= R. 


Proof. (1.2) yields (Uo U).c; = AG; = CG; for all j, cf. (11), thus UoU = C ; Then 


(US eC eC, Uei)e = (4, fajj))a = (AG, G)a = api = Jody = JailG,e)e = 
(/aié:, Gg = (U.G, &)q for all i,j, thus U? = U (symmetry). 
Then RT sR= Ut o FT o FoU-} a0) 3660 Ut seu) eU-* =. identity 


in RP. (Details: (R?.R.W,Z)G = (R.W,R2), = (FU".W,FU"!.Z), = (FT.FU.W,U-1.Z)¢ = 
(U2.U-.W,U-).Z)¢ = (UUW, Z)g = (W,Z)g.) Thus R71 = RT € LRP; RP), thus Ro RT 
RoR'=k identity i in RP. 

And F=RoU = RoU gives FToF = UToRToOROU = UT o RT o RoU, thus F? o F = UT oS, 
with F? oF =U o U, thus Vo =UoU = VC, thus 0 =U (uniqueness of the positive square root 
eigenvalues). Hence R=R. on 


I 


1.1.2 F=S.Ro.U (shifted right polar decomposition for covariant objectivity) 


In fact we need to be more specific if the gift of ubiquity is prohibited: Since we work with the affine 
space R”, consider the Marsden’s shifter 


D (OQ, ) noted RP = Tp (Mz) noted RP 


Sus 5 ess Teg (1.7) 


Wto peo <= (S.Wro pi, )(t Pt) = Wt pig where p= 6° (Pto)- 


NB: 1- S looks like the algebraic identity if you have time and space ubiquity gift (otherwise it is not), 
2- Sis not a topological identity since it changes the norms in the general case: You consider ||tt,,p,, |G 
at to and I|$-2Beo,p29 Ie = ||Beo pig lig at t. 


Then, let Ro € L( Tp (Qo); Treg Mto)) =P°te4 L(R?,; RP) be the endomorphism defined by, in short, 


noted 


Ro:=S'oR SLR, so |R=S.Ro| (=SoRp). (1.8) 


Full notations: (Ro)1°Gq(Pto) — (37°) "(Rigg (Pto))- 
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Proposition I.2 The endomorphism Ry = S~! 0 R is a rotation operator in (RP, (,)e@): 
Ro! =R2 in (RP, (-,-)@). (1.9) 


And 
F=SoRjoU. (1.10) 


Interpretation: F is composed of: The pure deformation U (endomorphism in R? (J) the rotation Ro 
(endomorphism in R '), and the shift operator S : Rr > RP (from past to present time and position). 


Proof. 
(RI We,W1)c¢ = (Ro.Wi,W2)q@ (definition of the transposed) 
=(S7.R.W,,W2)q (definition of Ro) 
=(R.W,,W2)a_ (S is the algebraic identity) (111) 
= (RT Wa, W,), (definition of RT) 
= (R1.We,Wi) (cf. (1.5) ) 
ahs: W2,Wi)a@_ (Sis the algebraic identity), 
true for all Wi, W2 € R?, thus RF = Ro* in (R%,(-,-)q). And (1.8) and (1.4) give (1.10). cf 


Exercice I.3 Let D = diag(a;), let (@;) be a Euclidean basis in Rr, let P be the transition matrix 
from (d;) to (&;), so [C]]q¢ = P.D.P~'; Prove [U]jq = P.VD.P-!. Case (a) = (Ej) is a (-,-)g-orthonormal 
basis? 

Answer. The n equations (1.1) (for 7 = 1,...,n), read as the matrix equation [C]|z.P = P.D since [G]z is the 


j-th column of P. And he n equations (1.2) (for j = 1,...,n), read as the matrix equation [U]|z.P = P.V/D since 
[€j]a is the j-th column of P. os 


Remark 1.4 Instead of Ry € L(R? s RP), cf. (L8), you may prefer to consider Ry € £L(R"; RP) defined 
by R= Ry 0S, ie., Ro = Ro S7}. ar 


1.1.3 F =V.R (left polar decomposition) 


Same steps than for the right polar decomposition, but with pull-backs (with F~+ instead of F). 

Let p_ = Bf (pi,) € Ne, let b° (p) := Fi! (pi) 0 (FY°)* (p,) € L(R?; RP), written b= FoF" (the left 
Cauchy—Green deformation tensor also called the Finger tensor). The endomorphism b being symmetric 
definite positive: 461, ...,8, € R% (the eigenvalues), Ad), ee ee RP (associated eigenvectors), such that, 
for alli =1,...,n 


liom 


d; = Bid;, and (d;) isa (., -),-orthonormal basis in RP. (1.12) 


Then, define the unique endomorphism V € L(R?: R?), called the left stretch tensor, by, for all 7 = 1,...,n 
i Ha) Ba, end 2. (1.13) 


(Full notation: ViGq (Pe) = be (pt)Gg-) Then define the linear map Ry € L(R? | IR”) by 


tos 
Res or ye (1.14) 
so that 
F=Vok, noted V.Re, called the left polar decomposition of F’. (1.15) 
Proposition I.5 We have: 1- 
b=VoV "842. V is symmetric definite positive, R7! = RF. (1.16) 


And the left polar decomposition F' = V o R is unique. 
2- Re = Rand V = R.U.R“ (so U and V are similar), thus U and V have the same eigenvalues, i.e., 
a; = 6; for alli, and d; = R.c¢; for alli gives a relation between eigenvectors. 
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Proof. 1- Use F-! and 67’ = (F7!)?.(F7), instead of F and C = FT.F, to get F~! = R7+.U;', 
cf. (1.3); Thus F = Up.Re; Then name Uy = V to get (1.15) and (1.16). 

2- V.Rp = F = RU = (R.U.R~).R, thus, by uniqueness of the right polar decomposition, V = 
R.U.R~' (so U and V are similar) and Ry = R. Thus, with (1.12), Bid; = V.d; = R.U.(R7!.d;), thus with 
¢&; = R71 a, then (€;) is an orthonormal basis in Rr and 6;R.¢, = R.U.G; = a; R.G;, gives 8; = a; and the 
G; are eigenvectors of U, for all 7. ar 


I.2 Linear elasticity: A Classical “tensorial” approach 
1.2.1 Classical approach (“isometric objectivity”), and an issue 


With the infinitesimal strain “tensor” (which is not a tensor but a matrix) 


FF? 
ee ty (1.17) 
= 2 
the homogeneous isotropic elasticity constitutive law reads (matrix equation for the stress) 
(a(®) =) o =ATr(e)I + Que, (1.18) 


where 4, are the Lamé coefficients and @ is the Cauchy stress “tensor”. 
Issue: Recall: Adding F and F? to make e is functionally a mathematical nonsense since F' : RR 


R? and: F2-3 RP —> Rp and I is some identity operator: @ is not a tensor. In particular the meaning of 


Tr(¢) is questionable oe é is not an endomorphism and Tr(¢) means Tr({g]) = aF)seeD —n), as 
well as the meaning of ¢.71 = $(F.i + F7.1), or the meaning of 
o.n = XTr(e)n + 2pe.n (1.19) 


since 7% has to be defined at (to,p:,) for F and at (t,p,) for F7. (Cauchy’s approach: 7 is defined 


at (t, pr)-) 


So, despite the eventual claims, neither ¢ nor @ are tensors (they don’t have a functional meaning): 


They only have a questionable matrix meaning (observer dependent) [¢] := ealeaealae — [I] and 
[2] = ATr(le])[Z] + 2ule], and [e].[7] = ATr([e]) [7] + 2n[e]- [7]. (1.20) 


Remark I.6 To justify the name “tensor” applied to ¢, you may read: “For small displacements the 
Eulerian variable p,; and the Lagrangian variable p,;, can be confused”: pe & pt, (80 Q, and Q: are 
“almost equal”, so F'(p:,) + F7(p:) can be considered). Which means that you use the zero-th order 
Taylor expansions p; = oF (t) = pty + o(1). But then, you cannot also use the first (or higher) order 
Taylor expansion in following calculations, e.g. you cannot use velocities... os 


1.2.2 A functional (tensorial) formulation (“isometric objectivity”) 


Question: Can the constitutive law (I.18) be modified into a tensorial expression (a functional expression)? 
Proposal for a yes: 


1. Consider the “right polar decomposition” F’ = R.U where U € L(R? ; 


to? 


Rr), cf. (1.3). The Green 


Lagrange tensor E = S (endomorphism in RP) then reads, with (1.5), 
UI, (U-I,,)? + 2(U — In) 
= = 1.21 
5 5 (1.21) 


(the Green—Lagrange tensor is independent of the rotation R), thus, with U — I,, = O(h) (small defor- 
mation approximation), we get the modified infinitesimal strain tensor at pi, € Qt, 


€=U-L,, |€ £(RR3R2), (1.22) 


endomorphism in Re (to compare with ¢ which is not a function, cf. the previous §). (Full notation 
Sf ; pee 
Es Gg (Pto) = Up Gg (Pto)—Lto (to) in L(R Rr; Rz).) And, for all W € RY, we get 


when = F.W (push-forward). (1.23) 


Went 


to? 


EW =UW-W=R18-—W| e€R* 
We 


V © R® (the deformed by the motion), remove the “rigid 


Interpretation: From w = F.W 
= U. to which you remove the initial W to obtain EW € Re. 


body rotation” to get Rot.w 
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In particular IE-Wlle = ||(U-L,,).W||g measures the relative elongation undergone by W. And you can 
then apply R to get back into RP at pr: 


> > 


R(EW)=FW-RW=0-RW ¢R?, when w= FW = (push-forward). (1.24) 


2. Then, at p;, € 4, consider the stress tensor ¥(®) ="°ted S € L(R Rt) (functionally well) 


defined by 


to) 


B= ATr(E)Iig + 2vE| = ATH(U— Leg) Lig + 2e(U—Leg)- (1.25) 


(The trace Tr(é) is well defined since € is an endomorphism.) Then for any We Rr you get in Rr, at 
Pto € Qr; Mts = 5 xy is = 
X.W = ATr(E)W + 2ve.W = ATr(U—-T,,)W + 2u(U.W-W) (1.26) 


(functionally well defined in Rt). Then rotate and shift with R to get into RP at pz, 
ROW = TE) R.W + WREW = dATr(U—-,, )R.W + 2pR.(U-li).W 


= \Tr(U-L,,)R.W + 2u(F — R).W, (1.27) 
= \Tr(U—-I;,)R.W +2u(—R.W), where o@=FW=RUW. 


You have defined the two point tensor (functionally well defined) 


RYO = ATOR+ WRE € L(R?; RK”). (1.28) 


3. Then you can propose the constitutive law with the stress tensor (the symmetric endomorphism) 
in R? given by 


(() =) |F=RoSoR|"E4* RER € LIRR). (1.29) 


(Functionally well defined.) And, for all vector fields wW defined in Q;, you get the (functionally well 
defined) vector field 
GW = RXR. ERP. (1.30) 


Interpretation of (I.29)-(1.30): Shift and rigid rotate backward by applying R~+, apply the elastic stress 
law with © which corresponds to a rotation free motion (Noll’s frame indifference principle), then shift 
and rigid rotate forward by applying R. 


Detailed expression for (I.29)-(1.30): With Tr(R.g.R~') = Tr(€) (see exercise 8), we get, at (t, pr), 


& = ATr(E) iy + WRER-* = ATr(U—I,,) fy + 2wR.(U—-l,,).R* L31) 
= ATr(U-1,,) I, + 2u(F-R-1,). , 
And for any Ww € R®, and with @ = R.W, you get 
6.0 = ATr(E) G+ WREW = ATr(U-L,) G+ 2uR.(U-h,,).W (1.32) 
= \Tr(U—-f,,) @ + 2u(R.U.R71 ww). 
To compare with the classical functionally meaningless (1.19). 
Remark I.7 Doing so, you avoid the use of the Piola—Kirchhoff tensors. os 


Exercice I.8 Prove: Tr(R.é.R~') = Tr(€) = )o,(ai—1). (NB: € is an endomorphism in Re while 


R.é.R~' is an endomorphism in R”.) 


Answer. det)e(RZ.R~! — Mz) = detye(R.(E—Altp)-R™) = det) g -(R). det) g(E-XI). detyz g(R7!) = det) gE) 
for all Euclidean bases (E;) and (é) in a and R?. (With L = = and components, Tr(R.L.R7') = 
a 
an 


DA(RLR YS = Vij, RLA(R YE = Dy (RO RL = pe GL = Dy iat Tr(L).) 
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Exercice I.9 Elongation in R? along the first axis : origin O, same Euclidean basis ae and Eu- 


clidean dot product at all time, € > 0, t > to, L,H > 0, P € [0,L] , [OP |, y, - and 
0 
en? 
[OG# (Pa 2 & cay ont) = oe) -_ (5) = ae where & = &(t—to) > 0 for t > to. 
0 0 
1- Give F, C, U = VC and R= F.U~!. Relation with the classical expression ? 


2- Spring OP = Oent(s) = Xohi + Yok +sW, ic. (OP); = (Oc) g eet 
YotsW2 


and W = WE, + W2E>. Give the deformed spring, i.e. give p = ¢(s) = O%° (cio(s)), and G’, and the 
stretch ratio. 


) with s € [0, L] 
E 


Answer. 1- [F] = [d®] = Gy : , same Euclidean dot product and basis at all time, thus [F7] = [F]" = [F], 
2 
then [C] = [F7].[F] = [F? = Cg a thus [U] = [F] = Gs a thus [R] = [I]. All the matrices are 


given relative to the basis (E;), thus F,C,U, R (e.g., C.Ey = (K+1)?E) and C.E> = Eb). 
Since R = I and [e] = [E], (1.31) gives the usual result [2] = ATr([e])J + 2uJe], cf (1-18) (matrix meaning). 


Sta At (Xo+sW1)(K+1) asp Wi(«4+1) : 
2- = OO) = Ne ae th = tretch rat 
Oci(s O®,° (cig (s)) ( YotsWo iz us '(s) We 2 stretch ration 
2 a 2 2 “a 
eee at (t, pt). 1 
Ss ee, = 
Exercice I.10 Simple shear in R? : [0 (P)]\z = ( ry oe =noted © ag) - (=) = 


[Op j- Same questions, and moreover give the eigenvalues of C. 


Answer. 1- [F] = é a [C] = fe Bint ) = & ee): Eigenvalues: det(C — AI) = »* — 


(2+«7)A+1. Discriminant A = (2+47)? —4 = «?(K?+4). Bigenvalues a, = $(2+K7 + K/K?+4). (We check that 


a+ > 0.) Eigenvectors #+(main directions of deformations) given by (l—a+)a+Ky = 0, ie, y= 5(K4 VK7+4)ar, 


< 2 s = : yA ; at 

thus, e.g., vk = on jana): (We check that 0, Ll ¢_.) With P the transition matrix from (Fi, E2) to 
(eh 7 Ta =) and D = diag(a+,a_) we get C = P.D.P~' (with P~' = P” since here (= S ) is an 
orthonormal basis), thus U = P./D.P~* (we check that U7 =U and U? =C). And R= FU". 


——— 
2- Cals) = 0 (e,(s)) = Ce thus [é@/(s)] = i ata Stretch ratio 
0 2 2 


g pt 


W- Ww: W. 
See at (t, pe). aT 


1.2.3. Second functional formulation: With the Finger tensor 


The above approach uses the push-forward: It uses F’, i.e. you arrive with your memory. You may prefer 
to use the pull-back, i.e. use F~! (you remember the past which is Cauchy’s point of view): Then you 
use F-' = R~!.V—! the right polar decomposition of F~!, and you consider the tensor 


€=V'-h € LR? RP), (1.33) 


and 
(2,(@) =) 2, =ATVE)ht+2ue,, and omy = ATr(E,) Me + 2ne, Me. (1.34) 


(Quantities functionally well defined: Give a tensorial approach). 


I.3. Elasticity with a covariant objective approach? 


In § I.2 you need to start with Euclidean dot products, so from the start the result can’t be covariant 
objective. Can you start without Euclidean dot products to set up general laws? Proposal: 


Hypothesis: The Cauchy stress w is a Eulerian vector field. 
Then we could use the (covariant objective) Lie derivative which characterizes the rate of stress, 


cf. § 9.3 and 9.5: With a particle Po, € Obj, with v(7,p,) = ot (7, Poy) its Eulerian velocity at 7 at 
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Dr = ®(r, Pou), the Lie derivative of a Eulerian vector field w along v is, at (t,p:), 


W(T,pr) —Wis(T,pr) 08 J, og 
= | . : ; 1.35 
7—t ( Ot dw. dv Ww) (t, pt) ( ) 


Hence the proposal, with the virtual power principle to measure the rate of stress (see 
https: //arxiv.org/abs/2208.10780v1 for a full description). 


Lyi(t, Pt) _ Tim 


1- Hypotheses: 1.1- Suppose that n Eulerian vector fields wW, (“force fields”), 7 = 1,...,n, enable to 
characterize a material. (In fact, for elasticity problems it could be better to replace vector fields w, with 
1-forms a; to characterize the work.) 

1.2- With a basis (&;) chosen in R’’, with (e’) its (covariant) dual basis in R"*, assume that the internal 
power density at (t,p;) is given by (at first order): 


n ; n ; a > 
Pint(8) = Ye Letty = Se! (SF + aiiy.0 — dv). (1.36) 
j=l j=l 


(At second order you can add second order Lie derivatives as Ly(Lzw;), similarly for higher orders.) 
2- Then, so that this pj; satisfies the frame invariance hypothesis, choose a Euclidean dot prod- 
uct (-,-)g in R?; Then, first, the internal power has to vanish if dv = 0, thus we are left with 


Pint (0) = —) ce! .dv.w; =—z Q dv, where r= Sw; @e!, (1.37) 
j=l j=l 


defined at t. (The j-th column of [r])¢ is [w;]|2.) And, second, the internal power vanishes if di + dv? = 0 
(rotation), thus we are left with 


dé + dot eT F 
Pint (UV) = —Z 0 a ee a@Qdv where g== 5 (1.38) 
this pint(v) = —@ @ dv being the usual expression of the internal power at first order. 


Example I.11 (1.36) may be applied to orthotropic elasticity, e.g. for a material which fibers at some 
time to are along €,, in a 2-D case for simplicity: 1- With an elongation type motion (®.) given by 


((Fe)(pio)| = [d(®e)(pt,)] = Gira 0 


eae you measure the Young moduli in the direc- 
tions €, and €; 2- And with a shear type motion given by [(F’;)(p1,)] = [d(®s)(pi.)] = (; i) you 


0 1 
measure the shear modulus. 
For more complex material, you may need more vectors wy, to describe the constitutive law, that is, 
(1.36) may be considered with }7"" ,e/ Low; with m > n. os 


Remark I.12 The Lie approach is different from the usual classic approach: 

1- The classic approach looks for an order two stress tensor [a] as a function of the deformation 
gradient [F'], cf. (1.18). - 

2- The Lie approach begins with the internal power (which measures forces), cf. (1.36), which then 
enable to build z and the a (the stress tensor), cf. (I.37)-(1.38). 

E.g., application to visco-elasticity: With the Lie approach, you automatically use Lie derivative of 
vector fields (and/or of differential forms), instead of Lie derivative of order 2 tensor fields (which does 
not seem to give good result, see e.g. the Maxwell visco-elastic type laws, as well as footnote! page 25). if 


J Displacement 


J.1. The displacement vector U/ 
In R", let py = ®f°(p;,). Then the bi-point vector 
uj? (Pto) = O° (Pt) = Li, (Pio) = Pt — Pto = PtoPt (J.1) 


is called the displacement vector at p;, relative to to and t. This defines the map 


“4 Q4, —> R” 
ue “s 
Ptp 7 ue (Pio) = Pt — Pt) =Ptyohi when py = o/° (Pt): 
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Remark J.1 1/!°(p,,) doesn’t define a vector field (it is not. tensorial), because U4! (p,,) = pi—Ptp = Diao? 
is a bi-point vector which is neither in R? or in R? since py, € Q4, and py € Q; (it requires time and 
space ubiquity gift). In particular, it makes no sense on a non-plane surface (manifold). More at § J.5. wf 


Remark J.2 For elastic solids in R”, the function U/* is often considered to be the unknown (to be 
computed); But the “real” unknown is the motion ®°. And it is sometimes confused with the extension 
of a spring 1-D case; But see figure 4.1 where ||w,, (p;,)|| represents the initial length and ||t,,.(t, p¢)|| 
represents the current length of the spring, while the length of the displacement vector uio = Pt — Pto 
can be very long for a very small elongation ||w).(t, pz) || — || We (Pio )|| of the spring. os 


J.2 The differential of the displacement vector 
The differential of U/!° at Pt, is 
dU? (Dig) = AB1 (Dio) — Lto = Fi? (Pt) — Lig, written di = F — I, (J.3) 


thus isn’t defined as a function, because FY° (pi) : Rr > R while I, : Rr > RY. 
So due (pi,) as to be understood as a matrix: With 


+ Sa e —> 
Ui? (Pto)] = PeoPi] = [O;? (De )] — [Opea], (J.4) 
relative to an origin O and a unique basis at all time, compute [dt/’° (pio)| = [d®!° (pt, )] — I, abusively 
written dU = db — I. Then, with Wc RP , 
du.W=FW—-—W, which means = [F!°(p,,)|.[W] — [W]. (J.5) 


Thus we have defined (matrix meaning) 


= to. T| XO. ER 4 to, T| — R” 
i : lost eg i r and ite Po] i (J.6) 
(t, Pty) =? u °(t, Pty) = UL” (Pte); ‘ t—- us (t) 2 Uz? (Pio) 
J.3 Deformation “tensor” ¢ (matrix), bis 
(J.3) gives (matrix meaning) 
F'° (pi) = Teg + dU! (p,,), written F =I + dU. (J.7) 
Therefore, Cauchy—Green deformation tensor C = F?.F reads, in short, (matrix meaning) 
C=1+d+du" +d" di (matrix meaning), (J.8) 
i.e. [C}°(Pto)] = [Teo] + [UE (Pio )] + [aLey? (Pto)]” + [aLA? (tI? [@A;* (Dio). 
Thus the Green—Lagrange deformation tensor E = S“, cf. (G.47), reads, in short, (matrix meaning) 
dit+du? 1, ; 
E= 5 + 5 dU .dU (matrix meaning). (J.9) 
Thus the deformation tensor ¢, cf. (G.54), reads (matrix meaning) 
Tents, Fs 
e= E— 5 (du) du, (J.10) 


with ¢ the “linear part” of E (small displacements: we only used the first order derivative d®}?). 
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J.4 Small displacement hypothesis, bis 


(Usual introduction.) Let p, = ©!°(p;,), Wi € Re, Wi(p) = Fi° (pi,)-Wi (pip) € Re (the push-forwards), 
written w&; = F.W;. Then define (matrix meaning) 


A; := &; —W; = du.W;, and ||Al|oo = max(||Az||pn, |[Ag| lpn). (J.11) 
Then the small displacement hypothesis reads (matrix meaning): 
[|Alloo = 0(||W|]oo): (J.12) 


Thus &; = W; + A; (with A; “small”) and the hypothesis (-, ‘)g =(-,-)q@ (same inner dot product at to 
and t) give 


= 


(W1, B2)q — (Wi, Wa)q = (Ai, Wa)a + (Aa, Wide + (Ai, Aa)a. 
So (J.10) gives 2(E.W,,Wo)g = 2(e.W1, We)c + (dU? .dU.W,,W.)c, And (J.12) gives 
(B.W1,We)a = (€.Wi, We)a + O(||AlI2,), (J.13) 
so E;° is approximated by Es, that is, Ey? ~ a? (matrix meaning). 
J.5 Displacement vector with differential geometry 


J.5.1. The shifter 


We give the steps, see Marsden—Hughes [12]. The complexity introduced is due to the small displacement 
FT .F-1I FFT _ T 
2 


hypothesis applied to the Green—Lagrange tensor EF = which linearization gives ¢ = 
(the classical approach “squares the motion” to get FE, then “linearizes” FE ... to get back to F... witha 
spurious F7). 

Let P € 24, We € RE, pe = O/°(P) € %, and wp, = F}°(P).Wp € RP (push-forward). 


e Affine case R” (continuum mechanics): With p; = ©/°(P), the shifter is: 


to . 
si: 


bo ee > 0, x RP (3.14) 


(P,Zp) — S*(P,Zp) = (p,,8%(Zp)) with St°(Zp) = Zp. 


(The vector is unchanged but the time and the application point have changed: A real observer has no 
ubiquity gift). So: 
Sie € L(RZ; RP) and [S;°])z= I identity matrix, (J.15) 


the matrix equality being possible after the choice of a unique basis at to and at t. And (simplified 
notation) S!°(P, Zp) =°ted ste(Zp). Then the deformation tensor é at P can be defined by 


<to(p) Z(p) = (SE) (P).Z(P) + Fe(P)? (5¢(P)Z(P)) 


é, 5 Z(P), (J.16) 


in short: ¢.Z = chalais Cabana, Zy, 


e In a manifold: Q is a manifold (like a surface in R® from which we cannot take off). Let Tp, 
be the tangent space 4 P (the fiber at P), and T,,Q; be the tangent space 4 p; (the fiber at p;,). 
In general TpQ, A Tp,Q: (e.g. on a sphere “the Earth”). The bundle (the union of fibers) at to is 
TX, = Urea, ({P} x TpQ:,), and the bundle at t is TQ: = U,, ca, {pe} < To, %). Then the shifter 


ae TO 4, —> TO: 
Sirs ( (J.17) 


P,Zp) =e S}°(P, Zp) = (pe, S1°(Zp)), 


is defined such that Zp € TpQ,, “as little distorted as possible” along a path. E.g., on a sphere, if the 
path is a geodesic, if 0, is the angle between Zp and the tangent vector to the geodesic at P, then 
6,, is also the angle between S‘°(Zp) and the tangent vector to the geodesic at p;,, and S'°(Zp) has 
the same length than Te (at constant speed in a car you think the geodesic is a straight line, although 
S'o(Zp) # Zp: the Earth is not flat). 
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J.5.2 The displacement vector 


a 


(Affine space framework, 2;, open set in R”.) Let P € Qn, Wp € Ri, Pt = 6 (P) € OQ, and 
db}? = Fj € L(RP; RP). Define 


Q, x RE 2, x £(RP; RP) 


to? 


SU}? : : a 8 Bast . (J.18) 
(P,Zp) —> OU}°(P, Zp) = (p1,0Uf°(Zp)) with dUf?(Zp) = (Ff? — Sf°).Zp. 
Then 6° = F'° — S* is a two-point tensor. And 
Cla (FP)? FPS OUP +8 Ue 8) (3.19) 


= 1+ (Si)" susie + (suri) Sto + (suf)? 5Lee, 


since (St°)?.S% = I identity in TQ,,: Indeed, ((S%°)?.S%.A, B)pn = (S%°.A,S%.B)pn = (A, B)pn, 
cf. (J.14), for all A, B. Then the Green—Lagrange tensor is defined on Q;, by 
(S70)? SUP? + S7°.(SU;°)™ 


1 1 
EP = 5(Ci — Iu) = ; + 5 (Ue)? UA, (1.20) 


to compare with (G.47). 


K Determinants 


K.1 Alternating multilinear form 


Let. E be a vector space, and let L(E,...,E;R) ="°'e4 £(E";R) be the set of multilinear forms, i.e. 
m € £L(E”;R) iff 
Mm(...,8+ AY, ...) = m(...,Z..) HAM(... Y, --) (K.1) 


for all zy ©€ FE and all A € R and for all “slot”. In particular, m(\i%1,...,AnZn) = 
CE tacts Xi) m(x1, seg Lands for all 1, fas An € R and all Z1, Sah Be EE. 


Definition K.1 If n = 1 then a 1-alternating multilinear function is a linear form, also called a 1-form. 


E” +R 
Ifn>2then Al: <¢ | 2 7 z € £L(E”;R) is a n-alternating multilinear form iff, for 
(U1, --,0n) > Al(01,...,Un) 
all u,v € E, 


AY ole itt) SMD hn ee), (K.2) 


the other elements being unchanged. If n = 1, the set of 1-forms is 0!(E) = E*. If n > 2, the set of 
n-alternating multilinear forms is 


Q”"(E) = {m € £L(E”";R) : m = Af is alternating}. (K.3) 


If At, Be € Q"(E) and A € R then Aé + ABE € N"(E) thanks to the linearity for each variable. Thus 
Q” (E) is a vector space, sub-space in (F(£”;R),+,.). 


K.2 Leibniz formula 


Particular case dim E=n. Let Af € 0" (EF) (a n-alternating multilinear form). Recall (see e.g. Cartan [5]): 

1- A permutation o : [1,n]n — [1,n]n is a bijective map (i.e. one-to-one and onto); Let S,, be the set 
of permutations of [1, nn. 

2- A transposition 7 : [1,n]y > [1,n]y is a permutation that exchanges two elements, that is, 4i,7 s.t. 
T (seep by ery Jy eve) = (59, ---54,---), the other elements being unchanged. 

3- A permutation is a composition of transpositions (theorem left as an exercise, of see Cartan). And 
a permutation is even iff the number of transpositions is even, and a permutation is odd iff the number 
of transpositions is odd. Based on: The parity (even or odd) of a permutation is an invariant. 

4- The signature e(a) = +1 of a permutation o is +1 if o is even, and is —1 if o is odd. 
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Proposition K.2 (Leibniz formula) Let Al € Q"(E). Let (&;)i=1,....n =" (&;) be a basis in E. For 


all vectors U},...,0n € E, with v; = ie for all j, 


qaiea's 


n n 


Mii, In) =e Y> eo) [Jv =e MS e(r) [J vig (with o:= M(G,...,&)). (KA) 
oeSn i=1 TES i=l 
Thus if c= Al(él,...,En) is known, then Al is known. Thus dim(Q"(£)) = 1. 
(Classic not.: U; = tess ACU), sang Un) => Cy eee: e(o) TT, Vo(i),é => Coe e(T) oles Oriol) 


1 > [l 
Proof. Let F := F((1,n]y;[1,n]n) =n°%4 (1, njt-n= be the set. of functions 7 : [Lm Lm \ 


kote i(k) 
Al being multilinear, Af(0j,...,0n) = ae v]! A(E;, ,02,-..,0n) (the first column” development). By 
recurrence we get Af(t1,...,Un) = oy jan UL ORY AEs - Ein) = Lge ear vl ME), eres: 


And At(é,,,...,6:,,) AO ii: k ei. n} > i(k) =i, € {1,...,n} is one-to-one (thus bijective). Thus 


M(H, Tn) = Voges, Wher 0? 0 M(Zot), Soin) = Vces, (0) 1h oF AA, .., En), which is the 
as 
first equality in (K.4). Then o,¢5, (0) TT? y7) = Des, €(7) Tf eS since o is bijectif, thus 


i=1 % 
ees, 2(@) Thy v7) = Dres, (7 *) [Ti=1 U4, thus the second equality in (K.4) since e(r)~! = e(7). 
(See Cartan [5].) vn 


K.3 Determinant of vectors 


ree n being a basis in FE, the alternating multilinear form det)z €¢ Q"(E) defined 


by 
det(@,...,é,) =1 (K.5) 


\é 
is called the determinant relative to (€;). And, with prop. K.2 (here c = 1), 


n n 


det (t1,...,9n) = > e(o) [J = Se) [via (K.6) 


é 
| oESn i=1 TESn i=1 


is called the determinant of the vectors v; relative to (€;). And we write 


QO” (E) = Veeigers (the 1-D vector space spanned by detja). (K.7) 
Thus, if A? € 0" (E) then 
Al = Al(E},..., En) ao (K.8) 
thus if (b;) is another basis then 
dee R, det= cae with c= det(é,...,é,). (K.9) 
|b “ |b 


Exercice K.4 Change of measuring unit: If (@;) is a basis and b; = iG; for all j, prove 


Vj=1,...n, bj) = rd; det = A" det (K.10) 
a |b 
(relation between volumes relative to a change of measuring unit in the Euclidean case). 
Answer. det(br, gba) = ae 1, AEn) nae A” det(a1, 2G) i ee ts det(b1, ..., bn). "s 
a a wear a |b 
Proposition K.5 detje(v1,...,0n) 7 0 iff (U1,...,Un) is a basis, or equivalently, det)e(U1,...,Un) = 0 iff 
U1, ...,Un are linearly dependent. 


Proof. If one of the % is = 0 then det)e(U1, ...,0n) = 0 (multilinearity), and if }>/_, civ; = 0 and one 
of the c; # 0 and then a 4%; is a linear combination of the others thus detye(0}, ...,Un) = 0 (since det)z 
is alternate). Thus detj2(v,...,0Un) #0 => the 0; are independent. And if the v; are independent then 
(U1, ..., Gn) is a basis, thus det)s(v1, ...,Un) = 14 0, with detjg = cdet)z, thus detje(t1, ..., tn) # 0. aT 
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Exercice K.6 In R?. Let 0 = S77_, vig and 0% = pre v3é; (duality notations). Prove: 


a 1.9 2 
det (hig) = UpUg — UUs. (K.11) 
e 

Answer. Development relative to the first column (nearby used for the first vector 0; = vté, + v{é): 
detje(@1, 02) = detje(vjé1 + v7 2, 02) = vt detjz(€1, 0a) +v? det e(€2, U2). Thus (linearity used for the second 
vector 02 = v3é, + v3é2): detje(@1, ¥2) = 0+ vpv5 det(é1, &2) + vive det (2, &1) +0 = vjus — viug. os 

Exercice K.7 In R®, with ¢; = ye 7 vei, prove: 
det (v1, 02,03) = $ eijnvivgvs, (K.12) 

4,j,k=1 


where €;;~ = 3(j—i)(k—j)(k—%), Le. eijn = 1 if (i,9,k) = (1,2,3), (3,1,2) or (2,3,1) (even signature), 
Eijk = —Lif (i,j,k) = (8, 2,1), (1,3,2) and (2,1,3) (odd signature), and ¢;;, = 0 otherwise. 


Answer. Development relative to the first column (as in exercise K.6). 


Result = vivsus + vduzup + vivzus veusuy vsuzut vsurus. ar 


K.4 Determinant of a matrix 

Let M = [Mig] i=1...0 be a n? real matrix. Let R” = R x ... x R (Cartesian product n-times) with its 
canonical basis (E;). Let v; € R”, v; = on Mi E;; So M = ([el)z ees [tn] a ). 

Definition K.8 The determinant of the matrix M = ([v: lj a [on] a ) is 


det(M) := det(d,, ...,d,). (K.13) 
|B 


Proposition K.9 Let M7 be the transposed matrix, i.e., (M?);; = Mj; for all i,j. Then 


det(M7) = det(M). (K.14) 
Proof. det [M];,] = det(v1, ... v; jie! S> e( o) | Iu o(%) = Soe tT) ] e% (i) = = det|M. Gale os 
Ee cESn i=l TESn i=l 


K.5 Volume 


Definition K.10 Let (é;) be a Euclidean basis. Consider a parallelepiped in R" which sides are vectors 
U1, ..,Un; Its algebraic volume relative to (€;) is 


algebraic volume = det(v,..., Un). (K.15) 


\@ 
And its volume relative to (€;) is (non negative) 
volume = [detah, ea Un) |: (K.16) 
E.g., if mn = 1 and @ = v'é\, then det)<(v) = v! is the algebraic length of @ (relative to the unit 
of measurement given by é1). And | det)<(#%)| = |v'| is the length of v (the norm of #). (The volume 


function (04, ...,0n) > |det)e(t, He Bn)| is not a multilinear form, because the absolute value function is 
not linear.) E.g., if n = 2 or 3, see exercises K.6-K.7. 


Notation. Let (é;) be a Cartesian basis and (e’) = (dx*) be the dual basis. Then, cf. Cartan [6], 
ae noted ola Ae = dal A... Adx”. (K.17) 
And, for integration, the volume element (non negative) uses a Euclidean basis (€;) and is 


422) = | det | = ld? A... Ada®| M24 dat da”. (K.18) 


Thus the volume of a parallelepiped at Z which sides are given by 62 1t},...,d%ntpn_ is 
dQ(#)(b21U1,...,02%nUn) = |621...6%p| | detje(t1, ...,Un)|; Thus the volume of a polygonal domain Q = 
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(es P; where P; is a parallelepiped which sides are given by 62;,1Uj,1,...,0%intijn is 
N 
[2| = $5 | det (ti, ..., Fin) |60i,1-.-5x,n- (K.19) 
_ jé 


And thus (Riemann approach), the volume of a regular domain Q is written 


|\Q| = [ dQ = is | det(ti1,...,@in)| dz’...dx”. (K.20) 
LEQ 


|é 
In particular, since any regular volume 2 can be approximated with cubes as small as wished, |Q| = 
N - = N ; 
ci teat Orga deta ety .,2n)| = diy Ode as02, | Bives 


i= f ao= | dx'...dx”. (K.21) 
Q £EQ. 


Exercice K.11 Let U : ¢= (q1,..., dn) € [ai, 01] x «.. X [nj On] @ # = (41 = V1), «on = Un(GQ) € 
be a parametric description of a domain Q; Prove 


dQ(Z) = |Ju(G)| dq’...dg” (= | det (Pi (2), -... Pn(@))| dq’....dq”), (K.22) 
where (p;(x)) = (32 (0) is the parametric basis at 7 = U(q) and Jy(q) = detye[dU(q)]\¢ is the Jacobian 
matrix of W at g. And thus |Q| = f-|Ju(q)| dq’...dq” 


Answer. Polar coordinates for illustration purpose (immediate generalization): Consider the disk Q parametrized 
with the polar coordinate system WV : ¢ = (p,0) € [0,R] x [0,27] — # = (a = pcosé,y = psin@) € R? 
where a Euclidean basis (€1,é2) has been used in R? (so Z = pcos6é; + psindé2). The associated polar ba- 


sis at € = W(q) is (Hi(Z) = $F (0,9), (@) = Fe (0,9), so [A(@he = Gag and [po(@)]\z = (a 


si pcos @ 
Thus det(71 (2), P2(Z)) = p (> 0 here), thus dQ = |p|dpdé = pdpdé. Thus the volume is |Q) = fp-gdQ = 


Sono Soc P-dpdd (= R?). oo 
Exercice K.12 What is the “volume element” on a regular surface © in R, called the “surface element”? 


Answer. Let (é1, 2, @3) be a Euclidean basis in R?. We need a regular parametric description U : (u,v) € [a1, b2] x 
[a2, bo] > # = W(u,v) = ai(u, vei +... + w3(u,v)é of the geometric surface © = Im(W). Thus )(Z) = ou (ts v) 


and f2(#) = oe (u,v) are tangent vectors at © at = W(u,v). Hence a normal unit vector is 7(z#) = TGC 


and thus detje(f1, 2,7) = ||f(Z) A t2(2)|| is the area of the parallelogram which sides are given by ¢ and 2 
(volume with height 1). Thus the surface element at @ = V(u,v) is dd(#) = ||2¥ oe (u,v) A oe ~(u,v)||dudv. Thus 
IZ] = fren @(#) = fer g, Se24, SZ (u.v) A S¥(u, v)|| dude. os 


u=a, Ju= Ou 


K.6 Determinant of an endomorphism 
K.6.1 Definition and basic properties 
Definition K.13 The determinant of an endomorphism L € L(E; E) relative to a basis (€;) is 


det(L) = det(L.é1, SST Res): (K.23) 


This define det)e : £L(E; E) > R. (If the context is not ambiguous, then detyz —noted det; z.) 


Proposition K.14 Let L € L(E; E). 
1- If L =I the identity, then det)e(I) = 1 for all basis (;). 
2- For all t1,...,0n € E, 


det(L.t}, ..., L.d,) = det(L) det(d1, ..., 7). (K.24) 


3- If L.é; = We Lah, i.e. [L]\e = [Lis], then 
det(L) = det([L})z) = det([Lij]). (K.25) 


4- For all M € £L(E; E), and with M o L ="°ted ML (thanks to linearity), 
det(M.L) = det(M) det(L) _ det(L.M). (K.26) 


5- L is invertible iff detje(L) # 0. 
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6- If L is invertible then ; 


ee = detya(L) 


7- Tf(:, -)g is an inner dot product in E and L? is the (-,-)g transposed of L (i.e., (Li) W, ti)g = (W, L.ti)g 
for all U,w € E) then 


det(L7) = det(L). (K.28) 


8- If (€;) and (b;) are two (-,+)g-orthonormal bases in R? (e.g. two Euclidean basis for the same 
measuring unit), then det, 5 = + detje. 


Proof. 1- detye(I) =(*28) es uy L.€n) =") detya(1, ..., En) = 1, true for all basis. 

2- Let m : (1, ...,0n) 4 M(t, ...,G,) = det)e(L.01,..., 0. a: It isa rhiltilinear alternated form, since 
L is linear; Thus m =*-®) m(&, ... Z,) detya; With m(é\, ..., En) =") ) detye(L ), thus (K.24). 

3- Apply (K.13) with M = [Lhe to get (K.25). 

4- detje((M.L).é1,..., (ML). En) = = det)e(M.(L.é1),..., M.(L.é,)) =") detjz(M) det) s(L.é1, w- LEn). 

5- If L is invertible, then 1 = detye(I) = dety(L.L~!) = detje(L) det)(L~!), thus detje(L) # 0. 

If detje(L ) £0 then det) (L.€; €1,...,L. en) # 0, thus (L.é},..., L.€,) is a basis, thus L is invertible. 

6- (K.26) gives 1 = detje(I ) = detje(L7" .L) = detje(L). detje(L~"), thus (K.27). 

7 (LPd,%), = (W,Lii), gives [ghe[Lo je = ([Llj2)"-[glje, thus det((gljz) det([L7]jz) = 
det (([L])2)") det([g]|z), and det([g])z) 4 0 (exercise), thus (K.28). 


8- Let. P be the change of basis endomorphism from (é) to (b;), and P be the transition matrix 


from (€;) to (bi). Both basis being (-,-),-orthonormal, P?.P = I, thus det(P) = +1 = oe 
And detje(b1, ...,b i= det e(P. €1,...,P-En) = det e(P) det) e(€1, ...,En) = det) e(P ) de ty g(b1 by), thus 
det = detje(P) det 5 =r det 5. 7 


Definition K.15 Two (-,-)-orthonormal bases (é;) and (b;) have the same orientation iff det; = + detjz. 


Exercice K.16 Prove detje(AL) =." detje(L). 


Answer. det(AL) = det(AL.c1, vy AL.En) = A” det(L.e1, wa, L.€n) =X” det(L). i 


K.6.2 The determinant of an endomorphism is objective 


Proposition K.17 Let (a;) and (b;) be bases in E. The determinant of an endomorphism L € £(E; E) 
is objective (observer independent, here basis independent): 


(det([Z]\z) =) det(L) = det(L) (= det((Z])z)). (K.29) 


NB: But the determinant of n vectors is not objective, cf. (K.9) (compare the change of basis formula 
for vectors [w]); = P~*.[w]\q with the change of basis formula for endomorphisms [L]); = P~*.[L}\a-P). 


Proof. Let (a;) and (6;) be bases in E, and P be the transition matrix from (d;) to (b;). The change 
of basis formula [L]); = P~ ' [L]\¢-P and (K.26) give det([L ]\g) = det(P~ ") det ([L]|z) det(P) = det([Z]jz), 
thus (K.25) gives (K.29). on 


Exercice K.18 Let (G;) and (bi ) be bases in FE, and P € L(E; E) be the change of basis endomorphism 
from (&;) to (b;) (i.e., P.aj = b; for all 7). Prove 


det(b1,...,5n) =det(P), thus det = det(P) det, ie. det =——“, (K.30) 


Answer. det (bi, Bn) = det(P.A1, ...P.dn) “2” det(P) det (di, ...n) = det(P)1 = det(P) det(dr,..., bn), 


thus (K.30) and deta = det)a(P) det; and dete (t1, AUa) = detya(P) det (v1, ota) s os 
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K.7 Determinant of a linear map 
(Needed for the deformation gradient F/°(P) = d®{°(P) : Re + RP.) 
Let A and B be vector spaces, dim A = dim B = n, and (4;) and (6;) be bases in A and B. 


K.7.1 Definition and first properties 
Definition K.19 The determinant of a linear map L € L(A; B) relative to the bases (@;) and (6;) is 


det(L) := det(L.a1,..., L.dn). (K.31) 
|a,b [6 
(And det); 7(L) = =noted det(L) if the bases are implicit.) 


Thus, (K.13) gives, with L.dj = 77, Lijbi, Le. (Leg = (La): 
det(L) = det([L]\z.5) = det([Lij]). (K.32) 


Proposition K.20 Let ii,,...,u, € A. Then 


det(L.iy,..., Lin) = det(L) det (iy, ...,n). (K.33) 


Proof. m: (t1,...,U%n) € A” > M(t), ..., Un) = det (L.t1, .., L.U%,) € Ris a multilinear alternated form, 
since L is linear; And m(a,...,dn) = detyg(L.di, ..., Ln) =" det), ¢(L) = det), ¢(L) detja(a1, ..., Gn). 
Thus m = det) g(L) detya, cf. (K.9), thus (K.33). on 


Corollary K.21 Let A, B,C be vector spaces such that dim A = dim B = dimC = n. Let (@;), (b:), (G) 
be bases in A,B,C. Let L: A— B and M: BC be linear. Then, with M o L ="°°¢ M.L (thanks 
to linearity), 


det(M.L) = det(L) det(M). (K.34) 

a,é |a,b |b,2 

Proof. det(M. L) = det(M.L.ti), w, M.L.dn)) = det(M) det(L.ay, ..., L.dn) = det(M) det(L). to 
é |b,e |B |b,e |a,b 


K.7.2 Jacobian of a motion, and dilatation 


Let ® be a motion, let to,t € R, let &!° be the associated motion, let Fi° "(Pto) : := db! (p,,) : Re > R? 
the deformation gradient at p:, € Qo relative to to and t, cf. (4.1). Let (£;) be a Euclidean Basis i in Re 
and (@) be a Euclidean basis in R® for all t > to, and [FY (Pt dhe = [Fi;(pip)], ie, Fy° (pip)-E; = = 


i jai eg (Pee JE for all j. 
Definition K.22 The “volume dilatation” at p;,, relative to the Euclidean bases (Fj) in RP and (é;) 
in R?, is 

Jig e(®:°) (Peo) = det °(Pio)) (= det(Fy ° (Pio) Bry --+5 4° (Pio)-En) = det([Fij(pt.)])), (K-35) 
usually written J) 2 °= det ([F \)é,2) (or simply J = det(F’) when everything is implicit). 


So, at to at py, (Pros Bias E,,) is a unit parallelepiped which volume is 1 relative to the unit of mea- 
surement chosen in RY, and, at t at p, = /°(p,,), dg. (Pi) (pig) = detye( FY? (pt). Bij, FE Deg) Ea) 


is the volume of the parallelepiped (p;, F¥° (pi).E 1, ---, Fv (pig )-En) relative to the unit of measurement 
chosen in RP. 


Interpretation: With tg > t; > to, and [é;) is the basis at t, and to: 
e Dilatation if J e( P12) (Dt) > Jia e(P:2) (Pt) (volume increase), 
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e contraction if J/g (2) (pig) < Jig e(P2) (Pt) (volume decrease), and 


e incompressibility if Jig a(®22) (Po) = Ji a(®i2) (Peo) for all ¢ (volume conservation). 
In particular, if (@;) = (E;) then Jize(®}?) (pin) = 1, and if t > to, then 

e Dilatation if Jjz<(®/°)(pi,) > 1 (volume increase), 

e contraction if Jjz<(®;°)(pt,) < 1 (volume decrease), and 

e incompressibility if Jjz2(®;°)(p1)) = 1 for all ¢ (volume conservation). 


Exercice K.23 Let (E;) be a Euclidean basis in R”., and let (@;) and (6;) be two Euclidean bases in R? 


to? 
for the same Euclidean dot product (-,-),. Prove: 


Jag B(P)) = J, 5(00(P)) (K.36) 
Answer. P being the transition matrix from (@;) to (b;), det(P) = +1 here. And (4.30) gives [Flea = PlF las: 
thus det([F])s z) = +det([F])g 5), thus detj¢(F.L\,..., F.En) = +det;(F.EL, ..., F.En). - 


K.7.3. Determinant of the transposed 


Let (A,(-,-)g) and (B,(-,-)n) be finite dimensional Hilbert spaces. Let L € £(A;B) (a linear map). 
Recall: The transposed Dh € £(B; A) is defined by, for all w € A and all w € B, cf. (4.68) 


(Dot Bg = Las (K.37) 
Let (@;) be a basis in A and (6;) be a basis in B. Then 


det (LF) 6,2) = det([Z]) 5) (K.38) 


Indeed, (K.37) gives [(-,-)gla-[LGnliea = (Lag)? (Cale 


K.8 Dilatation rate 


A unique Euclidean basis (€;) at all time is chosen, and (-,-), is the associated inner dot product. 


t it 
K.8.1 ire (t, Dig) = J'°(t, pt, ) divu(t, pt) 


A regular motion ® is considered, cf. (1.5), and the Eulerian velocity is o(t, Pt) — 8 (t, Poy) at pp = 
O(t, Pox). Let to be given; The associated motion ©" is given by ©*°(t,p;,) = ®(t, Pos) =P? p, when 
Pty) = ®(to, Pow), (3.1), and is supposed to be at a oe The Lagrangian velocity is V(t, Dio) — 


on" (t, pio), and the Eulerian velocity satisfies v(t, p:) = oF (f, Pto) When pz = ®°(t, pz, ), cf. (3.25). Let 
Fo (t, p,,) = db" (t, p,,) = Fr (pt, ) = d®Y°(p:,), and aie the Jacobian 
hg (Pto) = det(F ° (Pt) = = J (t, Pto), (K.39) 
Lemma K.24 ase (t, pt, ) satisfies, with p, = ©1°(p,,), 
J i a 
Hy (ts Pro) = J°(t, pz) divu(t, pt) (K.40) 


(value to be considered at t at p,). In particular, ® is incompressible iff divu(t, p,) = 0. 


=? : + , . 3 
Proof. Let © be a origin in R”. Let OO = Dv", ®',, Vo = LV, 8 = ya, Fee; = 


db?.B; = Si Sei. Let [Fle =noted BJ ahoted 7 and [d®*) = (= os a ) anoted gai 
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do! 
(row matrix). Thus J = det F = det : |, thus (a determinant is multilinear) 
de” 
O(d®") do} 
Ot : 
OJ 
By = aet de” 14. 4det dor} 
: O(d®”) 
db” Ot 
O(d&' ok 

With oro C*, thus a esr d(=- Ot M(t, Pto) = dV‘ (t, Pty) = du’ (t, pt).F(t, Pto)s cf (3.27). 
Thus 

A(ae*) Ov" Ov" ag! 0! 

dt, f= 1 Ox" det i Ox} 2 av! d®? au! 
det d® = det d®? = det d® = — det : = — J 
‘ : alternating : Ox! : Ox! 
do" i do" us 

Idem for the other terms, thus 

OJ Ov! Ov" sid 

By (h Pte! = Fai (ts Pe) I(t, Pte) ap eae Ox aan (bs Pt) I(t, Dig) = divu(t, p:) I(t, Pio); 
1.e. (K.40). 7 


Definition K.25 divu(t, p,) is the dilatation rate. 


K.8.2 Leibniz formula 


Proposition K.26 (Leibniz formula) Under regularity assumptions (e.g. hypotheses of the Lebesgue 
theorem to be able to derive under {) we have 


EU) | (Derren 


=f Lr atas ravmyienyan, (KA) 
pre Qe 
of 


7 Lea div(f@)) (t, ps) dQ. 


Proof. Let 
Z(t) = / a ftv) a = / og, {ltr BP Ut P)) F(t, P) Mey 


(The Jacobian is positive for a regular motion.) Then (derivation under [) 


Aiko Df to oJte 
ZO) = fo Beer IGP) + HP) Ge 


=f em) + fle.m) aivate.p) s(t, P) dQ, 
PED: 


(t, P) d%, 


thanks to (K.40). And div( fv) = df.v+ f div’ gives (K.41). wa 
Corollary K.27 With (i, 1), ="°'¢ @- wi (in the given Euclidean framework), 


di a pt) AQ, = so OE (t, pe) dQ +f ee +7i)(t, pr) aT, (K.42) 


sum of the temporal variation within Q, and the flux through the surface 0Q,. 


Proof. Apply (K.41)3. 7 
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K.9 aJ/aF =JF-T 
K.9.1 Meaning of oMae 


Let Mnn = {M = [Mij] € R”} be the set of n * n matrices, and consider the function 


Peis Mg > R K.43 
ean iyi [M;;] > Z(M) := det(M) = det([Mj;]). Ce 


Question: What does aay (M) mean? 
Answer: It is the “standard meaning” of a directional derivative BF (z) = df(Z).é;.... where here 


f = Z, thus ¢ ="°ted VV is a matrix (a vector in Mnn), and (é) is the canonical basis (mj;) in Mnn 

(all the elements of the matrix m;; vanish but the element at intersection of line 7 and column j which 
equals 1). So: 

OZ Z(M +hmj,;) — Z(M) 

M) := dZ = li “d 

any (MD = (Mamas = Jim “ 


(ER). (K.44) 


: 0 det 
K.9.2 Calculation of dM; 


Proposition K.28 


OZ 


=~ . OZ = 
om, = Z(M) (M aes written aM =7M-!. (K.45) 


Vi, J, 


OZ ae det(M+hm,,;)—det(M) , 
Proof. an, (M) := limpso i 


relative to the column 7 gives 


; The development of the determinant det(M + hm,;) 


det(M + h[mi;]) = det(M) + heiy (K.46) 
where c,; is the (2,7)-th cofactor of M; Thus airy (M) = limp+o 2AM thanis)— 2M) = cj; And since 
Mot aac eis)”, i.e. [cj] = det(M)M~T, we get any (M) = det(M)(M~-?),;, ie. (K.45). on 


K.9.3. 0J/0F = J F-? usually written las ep 


Setting of § K.8: With F := d®(p;,,) we have F.E; = S7"_, Fijé; where Fi; = ax (pz,), and 


L(RP ; RP) +R 


noted ;. 
Mer Be 1 F + J(F):=det([Fij]) (= det(( oe (oie))), Use) 


so, J(F’) is the Jacobian det)  -(d®(p1,)) of ® at p,, relative to (E;) and (é;). Thus (K.45) gives: 


Corollary K.29 


Vi, J, ae P) = TEYET written or Ser: (K.48) 
K.9.4 Interpretation of aah ue 


The first derivations into play are along the directions E; at to: The Fj; = ox ah = eae 


Question: a is the usual notation for a directional derivative, cf. § K.9.1. So 52— is the derivative 


in which direction? 

Answer: 1- “Identify” F € L(R ii R 
So, if FE; = = oy Fij& then F=y>? 
(wi) in Re and a basis (&;) and R?. 


R”) with the tensor F € £(R?*,R”;R) given by F(0,0) = ¢.(F.U); 


to? 


i,j-1 Fiji ® WH;, relative to a basis (E;) and its covariant dual basis 


L(R™*,R";:R) OR 


~ we to? 
2- Define the function det -= J: Pes I(P) := J(F) = det(F) = det([F,j]) ; 
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3- Then it is meaningful to differentiate J along the direction € @ Try € L(R?*, R?;R) to get 


to? 


a Jie a(F +hé;@an;)—Jeal(F 
oy. (F) := lim ie Bi) ~ dina?) ( 
OF i; h-0 h 


noted OJ 
OF i; 


(F)); (K.49) 


This is a derivation in both directions 7; in Re (past at p,,) and é; in R? (present at p;,). What does 
this derivative mean? (The answer is unknown to the author.) 


L Transport of volumes and areas 
Here R” = R® the usual affine space. Let to,t € R, and ®)° : R x Q4, + N, see (3.1). Let Fp = d®}°(P). 
Let (-,-), be a Euclidean dot product in R” (English, French...), with ||.||, the associated norm. 


L.1 Transformed parallelepiped 
The Jacobian of ®/° at P relative to a (-,-),-Euclidean bases is defined in (K.35): With Fp = F/°(P), 


Jp = J(P):= det(Fi°(P)-E1, .. F'°(P).En)), and Jp >0 (L.1) 


the motion being supposed regular. Thus, if (ie. 2A U3) is a parallelepiped at P at to, if uj, = Pet; 
then (t1p,...,Unp) is a parallelepiped at p at t which volume is 


det( trp, ws tip) = Ip det(Uip, sig) (L.2) 


L.2 Transformed volumes 


Riemann integrals and (L.2) give the change of variable formula: For any regular function f :Q,; > R, 


/ FOS ie= i f(®' (P)) |I(P)| dQ. (L.3) 
prEQe 


PEM 


(See (K.18): dQ: is a positive measure: It is not a multilinear form.) In particular, 


ial= fdr =f layer). (L.4) 
pe_E Qe PED: 
(With J(P) > 0 for regular motions.) 


L.3 Transformed parallelogram 


Consider two independent vectors cae, Uae € RP at to at P, and the vectors ti, = Pals and ti2p = 
Fp.Uop at t at p= 6! (P). Since 6! is a diffeomorphism, ti}, and ti2p are independent. 

Then choose a Euclidean dot product (-,-), (English, French...) to be able to use the vectorial product, 
cf. (E.15), the same at all time t. Then the areas of the parallelograms are 


|Fip AO2pllg and |ltip A @p)Ily, (L.5) 


and unit normal vectors to the quadrilaterals are 


e Tip AU e ip Att sf 
p= ER, and io eRe (L.6) 
[Tip A Deplla ||Wip A teplla 

Proposition L.1 If u,, = Fp.U;p and U2p = Bstiop: then 

tp A tap = Jp Fo? .(O1p AUop), and |ltip A top||g = Jp ||Fp 7 (ip A Uop)||q, (L.7) 
since Jp > 0 (for regular motions), and 

Pa" oN = 

t= a (4 Fp.Np in general). (L.8) 
|F’p -Np|lg 
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Proof. Let Wp € Re and Wp, = Fp.Wp. Then the volume of the parallelepiped (1p, Uep, Up) is 


(tp A Uap, Wy) g = det (tip, Urp, Wy) — det(Fp. Tp, Fp. Oop, Fp. Wp) = det (F ie Oop, We) 
Jp (ip A Urp,Wp)g = = Jp (Op A Uap, F 7 Op) g =P is ? (1p A Usp), Wp) g 


(L.9) 
= tiip\t2p _ JP F357 (GipAUsp) / 
for all w,, thus (L.7), thus litipAtagile = TrllFeT Gipatap)ile’ thus (1.8). on 
L.4 Transformed surface 
L.4.1 Deformation of a surface 
A parametrized surface W;, in Q,, and the associated geometric surface 5; are defined by 
[a, b| x [c, d > Qt, 
Wi, : and = S;, = Im(W4,) C Ox. L.10 
to (u, v) +PH= Vi, (u, v) to ( to) to ( ) 


: F 38 , = >_> 
(It is also represented after a choice of an origin O by the vector valued parametrized surface 7, = OW4,.) 
The transformed parametric surface is UV; := H/o o W,, and the associated geometric surface is S: 


; c x [c,d] 4 2%, 
UV, = ®,° O° Vio i t t 
(u, v) > p= Wi (u, v) a o, (We, (u, v)) = ;° (P) 


and S; = ©/°(S;,). 
(L.11) 
(After a choice of an origin O, the associated vector valued parametrized surface is 7; = OW;.) 
Let (E,, £2) be the canonical basis in the space R x R D [a,b] x [c,d] = {(u,v)} of parameters. 
The surface W,, is supposed to be regular, that is, U,, is C' and, for all P = W,,(u,v) € S;,, the 


tangents vectors ‘Tp and Fos at P are independent, that is, 


= - aw 
Tip := dW,,(u,v).FA noted Fae (us v), 4 3 3 
oa and Tip A Top £0. (L.12) 
Top := dW, (u,v).E2 et eee (u,v), 
Ov 
And the tangent vectors at S; at p = ®/°(P) at t are 
7 ~ Ow = ~ ov 
fp = dU,(u,v).E, = Fy (tes so tip=Fp.Tip (= d6(P). 5 (uy, v)), 
ai re (L.13) 
top = dU; (u,v).E = Fy (ts so top =Fp.Top (= dB}? (P). (u,v). 


These vectors are independent since 6° is a diffeomorphism and W;,, is regular. In facts, we used tangent 
vectors to curves and their push-forwards, cf. figure 4.1 and § 6.5.1. 


L.4.2 Euclidean dot product and unit normal vectors 


Then choose a Euclidean dot product (-,-)g (English, French...), to be able to use the vectorial product, 
cf. (E.15), the same at all time t. Then the scalar area elements dip at P at S;, relative to U;,, and do, 
at p at S; relative to W,, are 


Ow ow = ~ 
dp := || —“(u,v) A —“(u,v)||gdudv (=||Tip A Top||, dudv), 
Phe ne (ete) 
t t = > 
doy = Ila, HY) A Fy (Mla dudv (= ||tip A tap||, du dv). 
And the areas of S;, and 5S; are 
b d 
Ww Ww 
Sel =f dip =f / 2 Sta (u,v) A St (u,»)]Ig dude, 
uUu=a VU=C VU 
one (L.15) 


U 
isil= | doy =f a |e (u,v) A eu, v) [ly du de 
pes: u=a Jv=c Ov 


(See (K.18): dip and do, are positive measures: They are not multilinear forms.) 
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And the unit. normal vectors Np at S,, at P at to and my at S; at pat t are 


4 oF (u,v) A 2542 (u, v) _ Tip ATop 
Pe (a2) A 2 (u lly (Fue A Tella (L.16) 
._ Suv A Sur) tip tap _ 
MP 2%(u,v) A (u,v)Ily (ap Afpllg 


Then the vectorial area elements dip at P at Si, = Im(U;,,) relative to 7, and dé, at p at S,; = Im(V;) 
relative to W; are 


e., 3A U U ae 
Sp = Np Dp = 2 (u,v) nS (u,v) dudv (= Tip A Top dudv) 


(L.17) 
Ow ow a hia 
ddy := ty doy = Fy (th?) A Bia “(u,v)dudv (= fip A tap dudv). 
(Useful to get the flux through a surface: fy. feitdo = fe fiedé.) 
(NB: d¥ip and dé, are not multilinear since dip and do, are not.) 
L.4.3 Relations between surfaces 
tip A top = Jp F537 (Tip A Top), cf. (L.7), gives 
Ow, Ow, _p OW; OV, 
at yes ° ° , L.1 
SF ilus a) AS #(u,0) = Ip Fp? (2 (u,0) A (a, 0) (L.18) 
This gives the relation between vectorial and scalar area elements, 
iidoy = dé) = Jp Fp? dup =JIpF5'.Npd=p, and do, = Jp||Fp7-Np||,d=p. (L.19) 


(Check with (L.8).) 


L.5 Piola identity 


Reminder: Let M = [M; ‘| be a 3x3 matrix function. We use the usual divergence in continuum mechanics 
aM; 


OM; , OMz , OM; oo 

axt ax? ax? j=1 OX? 
(non objective) given by divM := i OM OM = yee , cf. ($.65). And if Cof(M/) 

OM? | OM} |, 0M} ee an 

axt T Ox? T Oxs 2m 12 
is the matrix of cofactors (in R*: Cof(M)j = MytiM;i3 - Mj yoMiit 2) then M~! = 54,,Cof(M)’, 
i.e., 

(det M)M~!' = Cof(M)’. (L.20) 


The framework being Euclidean, we use a Euclidean basis and the associated matrix, and thus (matrix 
meaning) 


J(P)F(P)-? = Cot(F(P)) "24 Cof(F)(P), written JF-T = Cof(F). (E21) 


Proposition L.2 (Piola identity) In R°, we have 


div(JF-T)(P)=0, ie. Vi, \-— = (P) =0. L.22 
iv(JF*)(P) =0, ie Mee age te (L.22) 
Also written ee ior (72x) = 0... NB: (L.22) is a just a matrix computation since we used the 


divergence of a matriz (we used components relative to a given basis). 


Proof. We are in R®, thus Cof(F)i = Fiti Fit} — FA Fit), and F = [d®,] = [22 “], that is, Fi= oe: 


Oxi Oxi: 
Thus 
ICof(F)i A yitt — ayit? a: dyit — Pyit2 A2yitl ayit? Ayitl |Pyit2 
OXI = AXIAXI+1 AXIF2 | AXIF1AKIAXI+2 = AXIOXIF2 AXItH1 = AXI+2 AXIAXIF 
Thus, for all i = 1, 2,3, we get. a i cite = 0 (the terms cancel each other out two by two). ary 
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L.6 Piola transformation 


Let @ be a vector field in Q;. The goal is to find a vector field Utas in 2; s.t. for all open subset w; CO: 


: -1 
with Wty = 6'° (we) Cc Qt; 


/ Opioia® N dd = | i+ iido, (L.23) 
Owe Owt 
or 
| div(Opioia) dQ, = | div(@) dQ, (L.24) 
Weg Wt 
i.e. 
| div(Opiola)(P) dQ, = | div(d) (6! (P)) J(P) dO,,. (L.25) 
PEwt, Pew 


(The motion is supposed to be regular, so J(P) > 0). Thus we want 
divUpioia(P) = J(P) divi(p) when p= '°(P). (L.26) 
Definition L.3 The Piola transform is the map 
C™°(Q4;R") > C°(O4,;R”) 


a = (L.27) 
a > Upicia, | Upicia(P) := J(P)F(P)~1.a(p)| when p= /°(P). 
(So Upioia(P) = J(P)®*(i)(P) where *(i)(P) = F(P)~!.a(p) = the pull-back with 6 = 6%.) 
Proposition L.4 With p = {°(P), Orsin= Ub icla€i and i = D7, u'e; we get 
+ “. OU}, "ut 
divUpioia(P) = J(P) divii(p), ie. — ele P= I(P) “ (p). (L.28) 
Ox? Ox’ 


i=l i=l 


Proof. div(z.2) =(5-61) div(r). W+T Q di gives div((JF—').(%@o &)°))(P) = (div(JF-7)(P), a(p)), + 


(J(P)P(P)) 0 (ait(p).P(P))="2904.J(P)(F(P).F(P)") 6 dtp) = J(P) I @ dit(p) = J(P)divi(p), 
which gives (L.28). on 


M_ Work and power 


M.1 Definitions 
M.1.1 Work 


(Thermodynamic like approach.) The elementary work is a differential form a, e.g. a = dU (internal 
energy density), a = 6W = (elementary work). Consider a regular curve c: t € [to, T] > c(t) € R”. And 
let U(t, c(t)) := €’(t). The work of a along the curve is 


ae dba T 
oe ch a(t, e(t)).2"(t) dt PL / dade 
Cc t=to t=to 


= / : a(t, e(t)).0(t, e(t)) dt "4 / nite. 


t=to 


E.g., W279 (a,c) = [.6W = work along c of the differential form a = dW. 

Then consider an object Obj and its motion © : (t, Poy) > p(t) = B(t, Por) = Dn, (t) € R", the 
curves Cp,, = On, >t € [to, T] — p(t) = Dr, (t) € R”, and the Eulerian velocities v(t, p(t)) = Bp,,/(t). 
The work for Obj and a Eulerian differential form a along ® is the sum of work of a of all particles, 
formally 3° p,, <0; oes Qp,)- So with the associated motion 6'°(t,p4.) = O(t, Poy) = p(t) = © (t) 
when p;, = ®(to, Pow), and with Q, = &(t, Of), 


T 


Wi (® ye [« a(t, BY (t)).a(t, OP (t)) dt dQ, =| / a(t, py)).0(t, pp) dQ, dt. (M.2) 
Pty EQ, Yt= t=to YprEQe 


(The last equality if Fubini theorem can be applied, e.g. if a is C° and ©” is C!, Obj being bounded.) 
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Exercice M.1 If a is a stationary and exact differential form, a = dU, then prove that 


/ dU = U(c(T)) — U(e(to)) "24 AU (M.3) 

only depends on the extremities c(tg) and c(T) of the curve c. 
Answer. [dU = fi, dU(c(t)).é"(t) dt = fi2,, “SP (t) dt = [Uo di, = U(c(L)) — U(c(to)). gE 
Remark (continuum mechanics): An observer chooses a Euclidean dot product (-,+)g =.%,-=.*. (if 


(-,-)g is imposed and implicit). And if he chooses to represent a linear form a;(p;) with its (-,-),-Riesz 
representation vector f;(p;) (observer dependent), cf. (B.8), then 


fo-fE ate(o).e'(oae= f Fae i Fede (M.4) 


M.1.2 And its associated power density 


Definition: The power density of a differential form a along ® is the Eulerian function 
C= (J Kt}xQ) +R 
w= av: t€[to,T] (M.5) 
(t,p) > ¥(t,p) = a(t, p).v(t, p). 


And the power at t is 
a ae 5 d - a 
Pi (®) — P(t, ®) =] w(t, p) dQy = / a, (p).U;(p) dQy note P(t, v:) = Pr (tv). (M.6) 
pEQe pee 


Remark: With a Euclidean dot product (-,-),, then with the (-,-),-Riesz representation vector fof a 
(observer dependent) we get 
pafet, ie. v(t.p)=fltp) yop) (= (F(tp), (tp) 9), (M.7) 


> 


which gives P(t, ) := fico, f(t,p) + d(t,p) dM. 


Pp 


M.2 Piola—Kirchhoff tensors 


Consider a regular Eulerian velocity field v, so dv is an endomorphism (identified with a () tensor). 
Then we need another endomorphism rz (identified with a () to get the objective double contraction 
T Q dv := Tr(z.dv), (M.8) 
which means r(t,p) @ du(t, p) := Tr(z(t, p).dv(t, p)). 
Quantification: With a basis (é) at t and t = D0, 7/& @ e? and dv =), Vinge ® e* (the endomor- 


phisms have been written like (1) tensors for calculation purpose), 7.dv = igk Thue @ e* and 


TQdv= ye Thy, (objective value), (M.9) 


ij=l 
see (Q.32). Then choose a Euclidean dot product (-,-),, to be able to use the double matrix product 
Ti dt:= S- T4015 = [\e" : [dd])z¢ (subjective value). (M.10) 
ij=l 
M.2.1 Objective internal power for the stress: function of dv 


Usual hypothesis for the internal stress in a material: At first order, the power density is of the 
type 


p=r Odi, ie. v(t,p)=Zz(t,p) @ ddt,p), V(t,p) €C, (M.11) 
thus the power at t is 
p(a)=f  wt.rydm=/ 2p) 0 ain) a, (M.12) 
pEe pent 
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M.2.2. The first Piola—Kirchhoff tensor 


The Piola—Kirchhoff approach consists in transforming Eulerian quantities into Lagrangian quantities to 
refer to the initial configuration. (M.12) gives 


Pa) =f (BPP) IPI d% = fr @P(P)) 8 aw (@!(P)) JCP) dd, (A.13) 
PEN, PEM 


(the Jacobian J;°(P) = det(F/°(P)) of &/° at P is positive for a regular motion). The Lagrangian velocity 
V(t, P) = &(®1°(P)) satisfies dV'°(P) = di;(p;,).F'°(P) where p, = © (t, P). Thus 


r,(pe) @ dée(pe) = x(pe) @ (dV;°(P).Fy? (P)~*) = (Fe°(P)*-z(pe)) 8 aV;°(P). (M.14) 


Quantification: Choose a basis and a Euclidean dot product (-,-),, thus 


Pr(v) = i : (Ff°(P)r(p.)" FP (P)-7) + dV°(P) do. (M.15) 
XA, ———— 
IK,O(P) 


Definition M.2 The first Piola—Kirchhoff (two point) tensor at P € Q4,, relative to to, t and a basis (€;), 
is the linear map AK/®(P) € L(R%;R?) defined by 


to? 
IK} (P) = Jy°(P)o,(®:°(P)).Fy°(P)-7, where a= 7", (M.16) 
abusively written 
Ka tok el (M.17) 
Hence 
Pui) =f KP(P):aVo(P) dy, (M.18) 
Q 


to 


Remark M.3 The Piola—Kirchhoff tensor is not that easy to master: Everything is quite simple in 
a Eulerian framework (the configuration at t where the laws are expressed to begin with), but then 
everything is made more complicated when expressed in an initial configuration (at to)... So, when the 
Piola—Kirchhoff tensor is used to introduce the Lie derivatives (Eulerian type), it makes the Lie derivative 
quite a mysterious mathematical object, see footnote page 25. a 


Remark M.4 Continuation of the remark: With the pull-backs, (M.13) reads (J/°(P) being positive) 
Pd) =f vvoae= ff (#eyu)(P) (@P)"a0.), (M.19) 
pee PEM, 


since ((®/°)*dQ:) = Jj°(P) dQ, and ((®}°)*v)(P) = vi(pe) (scalar valued functions). It gives the 
Piola-Kirchhoff tensor (pull-back to the initial configuration) since (®}°)*(az.%;) (pr) = (az-%;)(®}° (P)) = 
a (®;° (P)).04(®;° (P)). vs 


M.2.3 The second Piola—Kirchhoff tensor 


The first Piola—Kirchhoff tensor #K may confuse Eulerian and Lagrangian variables, linear maps and 
endomorphisms... And JAK (p;,) is not symmetric: It can’t be since IK (p,.) € L(R};R?) is not an 
endomorphism. To get a symmetric tensor, the second Piola—Kirchhoff tensor is defined: 


Definition M.5 The second Piola—Kirchhoff tensor is the endomorphism 9K}°(P) € L(RY, : Rt) defined 
by, in short, 
Ker aJP ar, (M.20) 


Full notation: 97°(P) = (Fy°(P))-1 Keo (P) = JP? (P)(Fe° (P))-1.g, (p).(Fe° (P))-7. 


So if a,(p) € L(R?;R”) is symmetric then 9¢!°(P) € L(R? ;R®) is symmetric. 


to? 
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Thus, with the pull-back of the endomorphism di, € £(R?, R?): 
((@;°)*dv:)(P) = Fy°(P)"* dbs (pe)-Fy°(P), (M.21) 


and with di;(p,) = dV°(P).F°(P)~? and a, (p) symmetric (so SK?° is symmetric), 


Pitti) = fie dV dtu, =f (F.K1) aT dM, = fF CRPLISKE) ATT Mg 


to to to 


Fpo" dVi0 + d(Vg0)7 Ff 
2 


=f sce (@VP TEP) am, = faces ( ) dq. 
Q 


to Qt 

(M.22) 

Remark M.6 It is a “chosen time derivative” of Sx (t) = J(t)F(t)~!.a(t).F(t)~* that leads to some 
kind of Lie derivative as explain in books in continuum mechanics, as in footnote page 25. a 


M.3_ Classical hyper-elasticity: OW/0F 


FE and F are finite dimensional spaces, dim E = n, dim F = m. 


M.3.1 Definition 


Reminder: Consider a function 


~ (L(E;F) ~R 
W: a (M.23) 
LW) 
~ [L(E:F) > L(L(E; F);R) 
Its differential dW : oe is defined at L by, in a direction M, cf. (S.3), 
L + dW(L) 
dW iy Stim WEEE =) noted OW cen: (M.24) 


h-0 h OL 
Also written dW (L)(M) = dW(L).M since dW(L) is linear. 
Example M.7 W : F ¢€ L(RE RP) — W(F) € R (real valued function), with F := F/°(p,,) the 
deformation gradient at € Q;, at t at p,;,. Thus dW (F).M = limp_+o WF RM) W(F) =noted OW (F).M € 
R is the derivative of W at F in a direction M € L(R?; RP). ws 


to? 


Example M.8 m = n, endomorphisms L € C(R”";R"), and W(L) := Tr(L) (the trace). Here 
dTr(L)(M) = limp_49 2E***O-h) _ Ty(M) (the trace is linear), thus dTr(L) = Tr for all L. ms 


M.3.2 Expression with bases (quantification): The 0W/0L,; 


Let (@;) and (6;) be bases in E and F, with (7,;) the (covariant) dual basis of (@;). Let (Ly) esta = 
j=l 


(5; ® Tq;) be the associated basis in L(E; F), ie. the £;; are defined by £L;;.d¢ = 00; for alli =1,...,m 
and j,é =1,...,n, cf. prop. A.41 (all the elements of the matrix Lisle z; vanish except the element at the 
intersection of row i and column j which equals 1). Let L € £(E£;F). The derivation of W at Lina 
direction Lj; is 

W(L+hLi;) —W(L) noted OW 


(usual notation). Associated matrix relative to the chosen bases: 
— aw ted ted » > 
[AW (L)licx, = [peice MS [dW (Lyigg (CSS [€W(L)ay)). (M.26) 
ty ee dee 


dW(L)(M) = S> ——(L) Mi = [dW(D)) a5: Mia (M.27) 
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Remark M.9 The notation Mize : [AW (L)}) z is just a matrix product, since M = L(R";R™) and 
dW (L) € £L(L(R”;R™); R) are different. kinds of mathematical objects. "s 


Example M.10 Continuing example M.8 with (e€;) = (Bi): Then W(L Tr(L) gives dW (L ).M = 
Tr(M) = >°, Mi, thus Sra (L ) = 6;, for all i,j, thus [dW (L)]je = [=(4 “(1 )] (identity matrix), and 


we recover dTr(L)(M) = pe (L)] : [M] = [7] : [M] = 9 Ma = Te(). vn 


ow 
OF; 
derivation in the direction £;; ;® pj, where (€i) i is a basis at p = ®/°(P) in R? and (mg;) is the 
dual basis of a basis (E;) at Pi in R®, ie. oe iF ) =dW(F). Lig Poe dW (F).(é; ® 1 p;) is a derivation 


to? 


“at, the same time” in the directions é; (at (t,p)) and mp; (at (to, P)), where F stands for F/°(P). wa 


Example M.11 Continuing example M.7: The meaning of the derivation 
—noted & 


is intriguing: It is a 


M.3.3 Motions and w-lemma 


Generalization of (M.23) to C’ functions, with Ue open subset in a affine space which associated vector 
space is E, 


Ww: ‘a aig ei (M.28) 


(P,L) + W(P,L). 
At P, let Wp(L) := W(P,L). The differential dWp(L) ="°te4 0,W(P, L) in a direction M € L(E; F) is 


W(P,L+hM)—W(P,L) noted aw 


02W(P,L).M := d(Wp)(L).M = lim ; ap (P E)M. (M.29) 
With a motion ® := /° : Q,, + Q; define 
C1 (4534) 2 C°(O4,;R 
| Oat we?) (M.30) 
® > f(®) := W(.,d8(.)), 


a function of ® which only depends on its first (covariant) gradient; So, for all P € Q4,, 
f(®)(P) = W(P,d®(P)) ER. (M.31) 


(This kind of relation is generally deduced after application of the frame invariance principle, and the 
hypothesis of dependence on only the first order derivative d® = F.) 


Lemma M.12 (w-lemma) For all ®,U € C'(Q1,;), 


df (®)(V) = ,W(.,d®)(dv) 


nated FT (sd) (dH) (M.32) 


i.e., for all P € Q, df(®)(¥)(P) = aw (P, d®(P))(av(P)). 


With bases (E;) and (é;) in Re and R? and dW. E; = axe €;, we get 


aw OW; , noted, OW, OV; 


(M.33) 


Marsden notations: df(®)(W) = ig=1 oe ae = lore : [5]. 


Proof. C1(Q;,;9;) is a vector space, so df(®)(V) = lim;+o ferny)—F@) € C°(015;), ie, for any 
P €%, we have df()(V)(P) = limp_s0 F@+HW)(P)—F@)(P) Sree WikatE hare) wees) = 


dW p(dU(P), ie. (M.32) 
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M.3.4 Application to classical hyper-elasticity: IK = OW/0F 


Let (-,-), be a unique Euclidean dot product in R? at all times t, and let (E;) and (&) be Euclidean 
bases at to and at ¢. Let o (p) = the Cauchy stress tensor at t at p = 61° (P). 


Let K(P) = J(P)o \(p).F-T(P) = = the first Piola—Kirchhoff (two point) tensor at P, cf. (M.16). 
Since HK depends on ®, “the full notation is IK = IK(®) given by 


IK(®)(P) = J(P) ¢ (®(P)).d®(P)-7. (M.34) 


=t 
Definition M.13 If there exists a function IK such that IK reads 
IK(®)(P) = IK(P,d®(P)) (M.35) 


then IK is called a constitutive function. (First order hypothesis: K only depends on d® = F the first 
order derivative of ®.) 


—~ {2% x LIRR; RP) oR 
Definition M.14 The material is hyper-elastic iff there exists a function W : wae 
(P,L) > W(P,L) 
such that = a 
=> OW ; —~ OW 


that is, IK(P, F(P)) = 2©(P, F(P)) for all P € 9), where F = d®. 


With bases (E) and (é;) in Rr and R”, and (EB) the dual basis of (E;), and IK = = Ké,® 


UK) e¢= OR. Pge= (Ge Mhae ie (Ki) = Srl (M.37) 
Thus, for any (virtual) motion U :Q,, > Q:, with (M ais and (M.27) 
aw noted 
EK (d®) (dv) = ar (42) (av) Dar rns (aK ]: [dV], (M.38) 


that is, K(d®)(dv)(P) =>, 2 Ser WP, FY (P)) 2# (P) for all P € Q4,. 


Exercice M.15 With a unique Euclidean dot product (-,-), both in Rr and R?, with Euclidean bases 
(Exe Re and (€;) € R?, and with (£’) the dual basis of (E;), with C = F’.F, prove (derivation in the 
direction €; ® E7): 


0c 


spr (F) = > Fk Bs @ BX +) Fie Bix @ BY (=d0(F).(G @ B’)). (M39) 
J K K 
avC 1 =4,.00 
Ao (PF) = 5 (VOR) EU). (M.40) 
ave 1 2 
2c = 5 (VC) (M.41) 


Answer. Let F = ,, F}& @ E’, so F7 = 0, (F )} Er @ e) =, FJEr @ e!, and C = 0, ,CiE, @ BE” = 
FTF =>-,,>0,(F LFS E: @ EY =>, >, FEFS Er ® BE? =C(F), so Cl =>, FRFR = CH(F). And 
C(F +hé& ® E’) = (F+hé @ E’)’ (F + hé; @ E’) = (F" +hE; @e').(F + hé& ®@ E”) 
= O(F)+h(E; @e).F+hF"(&@E’)+hE,@E' (M.42) 
= C(F) +h) FrE; ® EX +S 7(F*)F Ex @ BY) +h? By ® E? 
K K 


Thus (M.39). And C(F'+hé @ E’)— C(F) = (VC(F + hé; @ BE’) + VC(F)).(VC(F + hé&; @ E”) — V/C(F)) gives 
dC(F)(&, ® E’) = 2/C(F).dV/C(F)(é; ® E’). Thus ah = t( OW) eet (F). 

(C + h&; ® e&?) —C = (VC Fhe; @ei + VC).(V/C+he © eF — VC), divided by h, gives & @ e? = 
2VE. limp 49 VOM VE _ 9,/E.dVC.(é @ e’), thus L = 2/C.(dVC.L) for all L (linearity of dVC), thus 
dVC.L = 3 (VC)"".L. ws 
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160 M.3. Classical hyper-elasticity: OW/OF 


M.3.5 Corollary (hyper-elasticity): Yo = 0W/dC 
With the symmetry of the second Piola—Kirchhoff tensor 9¢ = F-!.K, we deduce 9}°(®)°)(P) = 


KP (P, F/°(P)) (constitutive function). And we deduce the existence of a function W 


Q,, x C(R?;R") OR 
ehe aa such that, 
(P,L) + W(P,L) 
«®(.,.c) = 0, (M.43) 


(See Marsden and Hughes [12] for details and the thermodynamical hypotheses required.) 


N Conservation of mass 


Let p(t, p) = p:(p) be the (Eulerian) mass density at t at p € Q:, supposed to be > 0; The mass m(w;) of 
a subset w, C Q; is 


m(wt) = if pr(p) dir. (N.1) 
pews 
Conservation of mass principle (no loss nor production of particles): For all w,, C Q;, and all t, 
(wx) =a), ie f — prlp)die= fig P) dry (N.2) 
pewr Pew 


Proposition N.1 If (N.2) then, with J{°(P) = det(d®/°(P)) (positive Jacobian the motion being sup- 
posed regular) and p = ©{°(P), 
P 
= PalE)) (N.3) 
Je (P) 


pr(p) 


Proof. The change of variable formula gives 
[ erder= fp (P)) JP) aa, 
pew PEwi, 
thus (N.2) gives p;:(®}°(P))J;°(P) = pi, (P). os 


Proposition N.2 @ = u(t, p,) being the Eulerian velocity at (t,p,) € R x Q:, (N.2) gives 


Dp oe Opin Gite ee 
Di +pdivv=0, ie. Dt + div(pv) =0. (N.4) 
Thus, for all w, CO, 
0 33, 
i ot dw, = — [.. pv.ni doy. (N.5) 
Proof. (N.2) gives aw ptiyeuls p(t, p(t)) dw,) = 0, and Leibniz formula (K.41) applied for all w; gives (N.4). 
Then the Green formula f, div(pt) dQ = Jog, pU-7idox gives (N.5). va 


Exercice N.3 Use (N.3) to prove (N.4). 
Answer. J(t, P)p(t, ®(t, P)) = pio(P) give, with p, = ®(t, P), 


tt P) p(t, pt) + J(t, P) (Ftere) + dp(t, pz).d®(t, P)) =0. 


Thus $4(t, P) = J(t, P) divi(t, p), cf. (K.40), gives (N.4). os 
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161 O.1. Framework 


O Balance of momentum 


O.1 Framework 


® : [to,T] x Obj + R” is a regular motion, Q, = O(t, Obj), Ty = OM, (the boundary), @ is the Eulerian 
velocity field, w; is a regular sub domain in 9; and Ou, is its boundary. 

An observer chooses a Euclidean basis (€;) (e.g. made with the foot or the metre) and call (-,-), the 
associated Euclidean dot product. And 7i(t,p) = 7;(p) is the outer unit normal at ¢ at p € Ou. 

All the functions are assumed to be regular enough to validate the following calculations. 


LJ (t}x%) oR LJ ({t} x Q) +R” 


Let p: < té[to,T] (a mass density), let f': ¢ t€[to.7] (a 
(t,p_) — p(t, pr) (t,p.) > F(t,pe) 
LJ ({t} x du x RP) +R” 
body force density), and let T : 8 télto,T] (a surface force density) 


(t, pe, W(pr)) T(t, pt, H(p2)) 
defined for any regular subset w, C :. 
O.2 Master balance law 


Definition O.1 The balance of momentum is satisfied by p, a and T iff, for all regular open subset w; 
in OQ, 


d ~ + 
<(f pudQ) = | fdQe+ | Tou, dl; (master balance law). (0.1) 
we we Ow 


(It is in fact a linearity hypothesis, see theorem O.2.) 


Thus, with (K.41), 
D(pv ee 
i 5 pvaive an, = f 


fd + | Tah, (0.2) 
t Ow 


And with the conservation of mass hypothesis, cf. (N.4), we get 


Dv 


PH; I = fd +f Ta dl), (0.3) 
We Wt Ow, 


with x = 7 = the Eulerian acceleration. 


0.3 Cauchy theorem T = g.ni (stress tensor 2) 


Theorem O.2 (Cauchy first law: Cauchy stress tensor) If the master balance law (O.1) is satis- 
fied, then T is linear in 7, that is, there exists a Eulerian endomorphism a, identified to a Eulerian tensor 
ae Ti (Q), called the Cauchy stress tensor, s.t. on all Ou,, in short 


T=a7, (0.4) 


=> 


where 7i is the unit outward normal to Ow, (i.e., T(t, pr) = a(t, pe).7(t, pe) for all t and py € Ou). 


The proof is based on: 


2 +R = Qx RS ee 
Lemma O.3 Let y: a €C'(Q;R) andy: ee ee Pp E C1(Q, RR). If 
p — 9(p) (p,w) > v(p, Ww) 
vw open ind, | gp)aa= f v.atp) ar (0.5) 
pew pcdw 


(no dependence on the curvature or on higher derivatives since at any p € Ow, w only depends on 7i(p)), 
then 


Jk € C1(O;R) s.t. b = (Kk, i)g, and yg = divk, (0.6) 


i.e. W depends linearly on vi, and ¢ is a divergence. 
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162 0.3. Cauchy theorem T = g.ii (stress tensor a) 


Proof. (Lemma 0.3.) (This proof is standard: We recall it.) Let p € Q Cc R. Consider the tetrahedral 
defined by its vertices p, p + (hi,0,0), p+ (0, h2,0) and p+ (0,0,h3), with h; > 0 for all 7. (On each 
face of a tetrahedron, the unit normal vector is uniform.) Let /) the side which outer unit normal is 
—E\: It area is 0) = shoh3 (square triangle). Idem for “2 and %3. Let be the fourth side: its area 


is o = $\//h3h2 + h3h? + h?h3 and its outer unit normal is % = +(h2h3,h3hi,hihe) (see exercise 0.5), 


that is 7 = (n1,n2,n3) with nj = pour i = 1,2,3. The volume of the tetrahedral is ghihzhs —noted 3. 
Let M := sup,cq|¢(p)|; We have M < oo, since ¢ is continuous in Q. Then (0.6) give 
M@>|}] v(p,7i(p)) dP], so (p, 7i(p)) av = O(€?). (0.7) 


Owe Owy 


And w being continuous, the mean value theorem applied on %; gives: There exists p; € Yj s.t. 
[ ve.) at = ori.) 
ar 


Thus 


: W(p, 7(p)) dP = (ot, —E,) + o2W(t, pe, —E2) + o3b(p3, —E3) + ou(ps,ii)). 


Then, © being continous, (0.7) gives 


o10(p1,-E1) + o2h(p2, —E2) + o30b(p3, —E3) + oW(pa, it) = O(€?). (0.8) 

We flatten the tetrahedron on the yz face by taking ho = hg =" h and hy = h?; Thus o; = 5h?, 
02 =0(h?), 03 = 0(h?), o~ 01, = Eh4, with Z~ —7, = E, and p; ~ p; Then 

V(p, Ei) + W(p, +1) = 0. (0.9) 


Idem with xz and xy. And for a fixed tetrahedron with h1, hz, h3 given, consider the smaller tetrahedron 
with ¢h1,eh2,ch3. Then as e > 0 (0.8) with (0.9) give 


O% — 02 Sd 


3 
U(p,) = — *o(p,— Bi) — 2U(p,- Ba) - 2 o(p,— Bs) = So nv, Bi), 
i=l 


since n; = = pour i = 1,2,3. The same steps can be done for any (inclined) tetrahedron (or apply a 
change of variable to get back to the above tetrahedron). Thus 7, is a linear map in 7p, that is, there 


exists a linear form a, 8.t. Yp(%p) = Qp.fp for any p € Ow. And the Riesz representation theorem gives: 
—noted Kp ip. . 


Fk, 8.t. dp-y = (Kp; Mp) g 


Proof. (Theorem.) Apply Lemma 0.3 component by component with ¢ = p2% — f= ee 


cf. (0.3). LT 
Corollary 0.4 With diva := 7) (Sj, an )é; (definition of “the matrix divergence” see (S.65)), 
~ Dv 
+ diva = p— in, 
f+ dive = py, } (0.10) 
an=T onl; 
(matrix meaning). (With duality notations, diva := D7, (04-41 771 es.) 
Proof. Apply the divergence Formula to (0.3). ary 


Exercice O.5 Consider a triangle T in R® which vertices are A = (h1,0,0), B = (0, h2,0), C = (0,0, hg). 
Prove that 7 = (hgh3,h3h1, hha) is orthogonal to T and that o = $\/h3h3 + h3h? + h2h3 is its area. 


Answer. Consider the parametric surface F(t,u) = A+tAB+uAC for t,u € [0,1] describing the triangle. Thus 
hi —hi hzhs 

h= SAS =ABAAC=| ho |A|{ 0 | = [ hahi | is orthonormal. And do = ||$¢ A 2||dudt = 
0 hg hihe 

Vhgh3 + h3h? + h7h3Zdudt. Thus o = f., [do = V/h3h2 + hzh? + h7h3 is twice the aera of the triangle. fa 
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163 Q.1. Tensorial product and multilinear forms 


P- Balance of moment of momentum 


Definition P.1 The balance of moment of momentum is satisfied by p, f and T iff for all regular sub-open 


set w, CO: 
d 
— pom ncan, = | 


5 pOM n far, + | OM AT dry, (P.1) 


We We Owt 


equality called the master balance of moment of momentum law. (This excludes e.g. Cosserat continua 
materials. ) 


Theorem P.2 (Cauchy second law.) If the master balance law (so T = g.n) and the master balance of 
moment of momentum law are satisfied then o is symmetric. 


Proof. (Standard proof.) Let ¢ = OM = y, viEi, and T' = So hE; =on= 5 oijn; Ej. Then 


(first component) (7 A T); = £273 — 73T2 = &2(031N1 + 932N2 + 033N3) — #3(G21N1 + G22N2 + 923N3) = 


ae: (xaos — 
(x2031 = £3021)N1 + (12032 = £3022)n2 + (12033 = £3093)N3. Thus Tou (z A T); dl; = i eee zs 
0(%2032—2%3022) O(%2033—%3023) _ : : 
Bae Das dQ, = ie r2(diva)3 + ©3(diva)2 + o32 — o23 dw. 


(0.10) gives pp f= diva, thus £ A (py — fy =2N diva, so the first component of @ A (py — f) is 
£9(diva)3—a3(diva)s, cf. (0.10). Thus (P.1) gives he 032-023 dw, = 0. True for all w;, thus 032-023 = 0. 
Idem for the other components: @ is symmetric. . 


Q Uniform tensors in £7(F) 


Uniform tensors enable to define without ambiguity the “objective contraction rules”. Uniform tensors 
are scalar valued multilinear functions acting on both vectors and linear forms. 

NB: In classical mechanics courses, what is called a “tensor” generally not a tensor but a matrix. 
E.g. you may encounter the expression “Euclidean tensor’ which means: The matrix representation of 
“something” with respect to a Euclidean basis (based on the foot, metre,...) chosen by some observer. 
(An “Euclidean tensor” is a non-sense, e.g. can you define a “Euclidean vector”?) 


Q.1 Tensorial product and multilinear forms 


Let Aj,...,A, be n finite dimension vector spaces. And A* = £(A;;R) the set of linear forms. 


Q.1.1 Tensorial product of functions 


Let f: : A, > R, ..., fn: An  R be n functions. Their tensorial product is the function f; @...@ fr : 
A, X ... X An — R defined by (separate variable function) 


(f1 ® ... ® fr)(Z1,--, Bn) = fi(£1)..-fn(En)- (Q.1) 
(E.g., n = 2 and A, = Aj = R and (cos @ sin)(x, y) = cos(x) sin(y).) 


Q.1.2 Tensorial product of linear forms: multilinear forms 


Let £(Aj,..., An; IR) be the set of R-multilinear forms on the Cartesian product A, x ... x An, that is, the 
set of the functions M: A, x... x A, > Rs+., for all i = 1,...,n, all Z;, 4; € A; and all \ € R, 


Mica Rae) SM Cag Cased (Q.2) 


the other variables being unchanged. 
Definition: An elementary tensor is multilinear form M = ¢; ®.... ® €,, with €; € Aj for all 7; So 


Viens €] [An (4... @ ln)(Hi, --) En) = (41-F1)--(CnEn) ER. (Q.3) 


i=l 


(The dot in @;.%; is not an inner dot product: It is the duality “outer product” ¢;.%; := ¢;(%;), cf. (A.45).) 
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164 Q.2. Uniform tensors in £2(E) 


Q.2 Uniform tensors in CL°(E) 


Let E be a real vector space, with dim(#) = n € N*. In this section we consider the first overlay on E 

made of multilinear forms M on E, called the uniform tensors of type 0 s or of type (°). 
E.g., M € £LY(E) a linear form, M € £§(£) an inner dot product, M € £°(E) a determinant... 
Notations for quantification purposes: (€;) is a basis in E, (7¢;) is its (covariant) dual basis (basis in 


E* = £(E;R)), (0;) is its bidual basis (basis in E** = £(E*;R)). 
Q.2.1 Definition of type (°) uniform tensors 
L}(E) :=R, and if s € N* then 
0 = F 
LYE) := LIE . x E;R) (Q.4) 


xX.. 
— 
s times 


is called the set of uniform tensors of type os on E. 


Q.2.2 Example: Type Ci uniform tensor — linear forms 


A type (?) uniform tensor is an element of £9(E) = £(E;R) = E*: It is a linear form ¢ € £L9(E) = E*. 
Quantification: With ¢; := ¢(é;) we have, cf. (A.10), 


. ted 
C= len and! Oi Gh, wee) = ie (Q.5) 
i=1 
(row matrix for a linear form). Duality notations: (e’) is the covariant dual basis and 0 = )7)"_, ie’. 
U1 
Thus, if  € E, v= >>", v.é;, then v is represented by [vje= | : (column matrix for a vector), 
Un 
and the matrix calculation rules give 
U1 n 
(8) = [Qele=H( fn) | 2 | = Slew ea. (Q.6) 
Un i=1 


Duality notations: 7 = )°"_,v'é; and ¢(v) = S>;_, @;v', and Einstein’s convention is satisfied. 


Q.2.3. Example: Type (°) uniform tensor 
A type (3) uniform tensor is an element of £3(Z) = £(E, E;R): It is a bilinear form T € £(E, E;R). 


Quantification: Let T;; := T(é,é;). Then, with ¢ = >", vié; and w= >" wie, 


T(6,B) = SOT jviw; =(e(Teldye ie. T= So Time @ 65. (Q.7) 


ij=l ij=l 


Duality notations: T(7,w) = )7},,Tijv'w?, and Einstein’s convention is satisfied. 
An elementary uniform tensor in £9(E) is a tensor T = €@m, where (,m € E*. And so, for all 
v,W EE, 
(€® m)(U, w) = (£.0)(m.w). (Q.8) 
Q.2.4 Example: Determinant 


The determinant is a alternating (°) uniform tensor, cf. (K.2). 


Q.3 Uniform tensors in £7(E) 


In this section we consider an over-overlay on EF: The multilinear forms acting on both vectors (€ FE) and 
functions € E* (linear forms). 
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165 Q.3. Uniform tensors in LE(E) 


Q.3.1 Definition of type (") uniform tensors 


Let r,s ENs.t.r+s > 1. The set of multilinear forms 


LUBE) :=L(E* x... x EX, EX ..x E;R 9 
3(Z) ( ; ;R) (Q.9) 
r times s times 


is called the set of uniform tensors of type (") on E. 

The case r = 0 has been considered at § Q.2. 

When r > 1, a tensor T € £7(£) is a functional: Its domain of definition contains a set. of functions 
(the set E* = £(E;R)). 


Q.3.2 Example: Type (6) uniform tensor: Identified with a vector 
A uniform (5) tensor is a element T € £4(E) = L(E*;R) = L(L(E;R);R) = E**. With the natural 


canonical isomorphism 


E + E* =L£5(E) 
Feet . e ‘ (Q.10) 
wb > J(wW)=w, defined by w(f):= (Ww), VEE E*, 
cf. (T.9) and prop. T.5, 
fe ag. eg Pet ae? ta), (Q.11) 


Soa (a) type uniform tensor w is identified (natural canonical) to the vector @ = J~'(w). 


Interpretation: £** is the set of directional derivatives. Indeed, if € is an affine space, if E is the 
associated vector space, if p € €, and if f is a differentiable function at p, then w.df(p) =(@1 df (p).0 is 
the directional derivative along w. 

Remark: In differential geometry, w.df is written w(f), so w(f)(p) := df(p).w, the definition of a 
vector being a directional derivative. 


Quantification: For all i, 7, 
O; Te; — bi = Te; Ei, thus 0; _ J (é) ee Ej. (Q.12) 


Duality notations: 0;.e3 = 6! = e.€;. E.g., if f is a C* function then df(p) = ” Silo) Tei ( 
endo) e') and ~ 
Oi (df (p)) = df (p).e; = fui(p) noted a:(f)(p) noted 2,(f)(p). an 


Q.3.3. Example: Type Gy uniform tensor 


An elementary uniform tensor in £1(F) is a tensor T = u@ 8, where u € E** and 8 € E*. And, with 
a= J~"(u) € E, cf. (Q.10), we also write T = 7 ® B. Thus, for all 0 € E* and we E 


(wu 8) (0,28) = u(€)B(w) = €(@)B(w) "4 ae) Bw) "EE" (Z@ B)(E, Ww). (Q.14) 
Quantification: Let T(7-;, €;). So 
T= S07 G83, and [The= [Tj], (Q.15) 
i,j=l 


[T]|ze = [Tij] being the matrix of T relative to the basis (€;). Duality notations: T(e',é;) = T’;, [Te = 


[Tj], T = ey j1T& © e?, and Einstein’s convention is satisfied. 
Thus with €€ E*, = 30; fie' € E*, and We E, w= oy_,w'é € E, (Q.15) gives 


Tl.) = YPM (Ores (@B) = Y Tiylioy = QhelTe-bd)e (Q.16) 


n 


([¢lje is a row matrix). Duality notations: T(¢,w) = )°?,_,7";¢:w? and Einstein convention is satisfied. 
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166 Q.4. Exterior tensorial products 


Q.3.4 Example: Type Gh uniform tensor 
The same steps are applied to any tensor. E.g., if T € £5(E), then with duality notations, T’j, = 


T (ee, ej, a) and 


T= S- Tine Se? @e*, and T(l,a,w) = 3 Tiyplsulwr. (Q.17) 
t,j,k=1 i,j,k=1 
Q.4 Exterior tensorial products 
Let T, € £U(E) and T € £72(E). Their tensorial product is the tensor T; ® T2 € £5'773 (E) defined by 


Si 1Ts2 


(Ti ® T2)(41,1, a1; wy U1, v5 W215 ate) = Ti (41,1, ee U1, .)To(€21, wo U1, 2) (Q.18) 


Particular case: with A € £3(£) = R and T € L°(E), 


AOST=T@A:=AT ELE). (Q.19) 
Example Q.1 let 7,72 € CLt(E). Quantification: Let T; = De ger Pipe @ e/ and let Ty = 
p> nem ib) eae ® Onis Then Ti @ Tz = me Da) Le ® ej ® ef @erme L3(E). ar 
Remark Q.2 Alternative definition: T,@T2 := peas (Tok E @ eC? @ && @e™ CE 


L(E*, E,E*,E;R). And we get back to the previous definition thanks to the natural canonical 


isomorphism J : CL(E*,E,E*,E;R) > L(E*,E*,E,E;R) = L£3(E) defined by J(T) = T where 
T (l,m, ¥, w) = T(E, v,m, w). 7 


Q.5 Contractions 


Q.5.1 Contraction of a linear form with a vector 


Let £ € £9(E) = E* and w € E. Their contraction is the value 


ay ee ap ae (Q.20) 


And with a basis (é;) and its dual basis (mei), €= 07, 4imei and W = "_, wie; give 


bi = Sow; = [Qe bile = S wiki = HL = Tr(d@ 9), (Q.21) 
t=1 


i=1 
where Tr is the objective trace operator Tr : C(E;E) ~ Lj(E) — R (defined by Tr(é ® mj) = 55). 
Duality notations: @.z = >>;"_,£;w', and Einstein convention is satisfied. 
Exercice Q.3 Use the change of coordinate formulas to prove that the computation ¢.1¢ in (Q.21) gives 
a result independent of the basis. 


Answer. Let P be the change of basis matrix. So [i@Jnew = P~*.[W]oa and [new = [@oia-P, cf. (A.28), thus 
[Qnew-[O]new = ([Aota-P).(P~.[ti]ora) = (Qora-(P-P~*).[W]ora = [QotalW]ora (= 0.08). os 


Q.5.2 Contraction of a () tensor and a vector 
Let ¢ € E* and w€ E. The contraction of the elementary tensor w® ¢ € Lt(E) with @ is defined by: 
(W® l).u = (L.a)w. (Q.22) 
“w 
contraction 
Thus, if (é;) is a basis in E and (m,;) is the dual basis, and T = SO} ,_,Tij€; @ mej € Li(E) and 
a = y-1uje; € E, then 


T= S)°TjG08 = Tat= D> Tywe, (Q.23) 


i,j=l ijl 


because 7.;(t%) = uj. Duality notations: T.a = >>” 


tad @. 
ija1tjU Ej. 
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167 Q.5. Contractions 


Then, with the natural canonical isomorphism (L}(E) =) L(E,E*;R) ~ L(E;E), see (T.7), any 
endomorphism L € £(E; EF) defined by L.é; = 30, Lijé can be written, for calculation purpose, 


n n 
4 > ‘ ~ (Q.22 > 
= S- Li je; ® Tej mond L, which means L.u es SLigtisei (Q.24) 
ij=l i=1 
when ti = >, ujé;, since 7-;(t) = uj. Duality notations: L = )0y ,_,L°j& @ e. 


Q.5.3 Contractions of uniform tensors 


More generally, the contraction of two tensors, if meaningful, is defined thanks to (Q.20): Let T; € £71 (£), 
Th € LE (EL), €¢ E* andwe E. 


Definition Q.4 The objective contraction of T, @ ¢ € £72, ,(E) and @@ Tp € £L2+1(E) is the tensor 
(T; @ £).(U@ To) € LE 4? given by 
ar 
contraction 
In particular (T, © @).a = (¢.t) T; (as in (Q.22)), and £.(@ @ T2) = (¢.t1) To. 
And the oblecive contraction of T; @% € L72+)(E) and £@T, EL 
To) € LOT? given by 


Sits 


541(£) is the tensor (T, @ v/).(€@ 


(T,; @ v).(€@ To) = (UL)T, @T, (= (2./)T, @ Tr). (Q.26) 
Quantification with a basis (€;), examples to avoid cumbersome notations: 


Example Q.5 Let T € Li(E) = £),,(E), T = 3 


"Tig, @ ei. With @ € E~ E™* = LAB), 
wo= oye ey, (Q.25) gives T.w € L5(E) ~ E and 


se Ywié;, ie. [Td]j2=[T]z.[w])2 (column matrix). (Q.27) 


(Einstein’s convention is satisfied.) Indeed, T. = es, pail w"(G © €?).& = aa pai li wé,(e’ .€,) = 
ij part wes (Gf) = Di jalp we. With @ ¢ E* = LY(E), € = o_, fie’, (Q.25) gives 2.T € LY(E) = 
E* and 


= S0aTie, ie. (LT2=[A\zlT 2 (row matrix). (Q.28) 

ij=l 
(Einstein’s convention is satisfied.) Indeed 0.T = (S7"_, 6; €). (pnt TP EGE?) = apa e ene - 
ee: ar 


Example Q.6 Let $,T € Li(E), S = do}, 9,6: @ e* and T = YY} ,_, THe, @ e?. Then 


S> STR @e?, ie [S.The=[S]e(Te (Q.29) 
ij,k=1 
(Einstein’s convention is satisfied.) Indeed S.T = (pa Sh @ a OSH Tem @ ef) = 
hs mma EL ei (e* Em) Qei= Dep ee @ ei. 7 


Example Q.7 Let T € £3(E), T =O} par Tjp&i @ C7 @ e*, and t,we E~ LU(E), b = >d>_,w'é; and 
d= yoy u'é;. Then 


pe Tiw'é; @e) ELIE), and (T.w).a@= > Tiwtwe, "8" ra, a). (Q.30) 
j,k=1 i,j,k=1 
(Einstein’s convention is satisfied.) So [T.w])e = [Op_4yTi,w sie abe . And with £€ E*, = 7) fe’, 
((T.).a).L= S> Tiw*ull; = Tl, a, 8) = OT (a, 8) = 0.(L8).a. (Q.31) 


i,j,k=1 
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Q.5.4 Objective double contractions of uniform tensors 


Definition Q.8 Let S,T € L}(E). And let (é;) be a basis in E, (e*) its dual basis, S = >? 


; i,j=1 
and T = rE ® eJ. The double objective contraction S Q T of S and T is defined by 


Sie; @ e? 


Sore ar (Q.32) 


ij=l 
(Einstein convention is satisfied.) 


Proposition Q.9 S QT defined in (Q.32) is an invariant: It is the trace Tr(Lg 0 Lr) of the endo- 
morphisms Ls,Ly7 € L(E;E) naturally canonically associated to S and T (given by ¢.Lg.ti := S(€,%) 
and ¢.Lr.ti := T(¢,%) for all (u,¢) € E x E*). So the real value 57; ,_,SiT} has the same real value 
regardless of the chosen basis (€;). (Which is not the case of the term to term matrix multiplication 
S:T= yj /SiT?, see next § Q.5.5 and example Q.13.) 


gop? 
Proof. Let (a) and (b;) be two bases and P = [ P*] be the transition matrix from (d;) to (b;), 
és by & Soh Pia; forall’ gy. Let: = (OH = Po. Ther oS Sat Tees = 


Vij (Sa)jGi @ a? = Ya (So) bbs @ b). So [(Sp)i] = Po!.[(Sa)i].P (change of basis formula for (7) 
tensors identified with endomorphisms), i.e. (Sb)i = YOpm Qi(Sa)tnP)” for all i,j. Idem with T. 
Thus De j(S5)5 (Ti )3 a adhe oe Oe. ae me Oe, Dae a Sicimeeoonoe OE, = 
ree a)in (Ta) 8pm = Dota (Sa) (Ta)e- v 


Definition Q.10 More generally, the objective double contractions S Q T of uniform tensors, is obtained 
by applying the objective simple contraction twice consecutively, when applicable. 


E.g., Ty ® lia ® Ly 2 and ti21 ® U2,2 ® T> give 


(T, @ C11 @ €1,2).(Go,1 @t2,2 ® Te) = (41,2-to1)(Th ® 41,1) ® (H,2 @T2) 
“Y+{_SE_S ——S$ 


first second (Q.33) 
=> (€1,2-ti2,1) (41,1-U2,2) T 34) To. 


Example Q.11 Let $ € £3(E), T € Li(E), 8 = pj par Sin Gi BE? BE%, T= g ya TH? Ea @ Ep WE". 
Then . ‘a 


n 
ST= > Si, TE @ei @ep@e’, and SOT= 2 Si, TE; ® e7. (Q.34) 
1,9,k,B,y=1 tj,k,y=1 
(Einstein’s convention is satisfied.) wa 


Exercice Q.12 If S ¢ £L(E,F;R), T € L(F,G;R) and U € L(G, E;R) then prove 


S Q(0.U) =(S.T) QU =(U.S) QT (circular permutation). (Q.35) 
Answer. If S = 0 Sia, @b', T = Ti, @ co and U = LUIZ @ a), then T.U = TjUSO; @ a’, thus 
S Q(T.U) = i SRTP UF, and S.T = >) STF; ® c), so (S.T) QU = SiTRU. And the second equality 
thanks to the symmetry of (Qj, ie. (S.T) QU =U Q(S.T) = (U.S) Q T with the previous calculation. 7 


We define in the same way the triple objective contraction (apply the simple contraction three times 
consecutively). E.g., with (Q.34) we get 


S@QT= > otra Bae (Q.36) 


ij,k=1 


(Einstein’s convention is satisfied.) 
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Q.5.5 Non objective double contraction: Double matrix contraction 


The engineers often use the double matrix contraction of second order tensors defined by (term to term 
multiplication): If S = [S;;] = [S%] and T = [Tj] = [Tj] then 


6:T:= So SyTy = So STi "Et TST). (Q.37) 


‘j=l ij=l 
Einstein’s convention is not satisfied, and the result is observer dependent for associated endomorphism: 
2 


Example Q.13 Let (é;) be a basis, let S € L(E;E) given by [Sle = € 


S.€: = 4€)). Then the double matrix contraction (Q.37) gives 


) (so S.é; = 2é@ and 


S:S=[Sle:[S]e=4*44+2*2=20. (Q.38) 


Change of basis: let b, = & and by = 2é. The transition matrix from (E;) to (b;) is P= ( a). Thus 


[S]; = P-}.[S]e.P = € t) € ) = C i} Thus 


S:S=[S]z: [S]p = 8*8+1*1=65 F 20. (Q.39) 


To be compared with the double objective contraction: [S]z Q[S]z = 4*2+2+*4 = 16 = [S]- @[S]; = 5 0S 
(observer independent result = objective result). 

So it is absurd to use S : S (double matrix contraction) if you need objectivity: Recall that the foot is 
the international vertical unit in aviation, and thus the use of the double objective contraction is vital, 
while the use of the double matrix contraction can be fatal (really). Also see the Mars climate orbiter 
probe crash. a 


Exercice Q.14 Let S € £9(E) (e.g. a metric), let (@) be a Euclidean basis in foot, and let. (b;) = (AG) 
be the related euclidean basis in metre (change of unit). Give [S]j\q : [S]jq and [S]ig : [She and compare. 
(The simple and double objective contractions are impossible here since S and T are not compatible.) 
Answer. Let S= Suey eaanee @ a? a a She @ b). Since (b;) = (Adi) we have b' = ja’. Thus 
yo" Saja" @ a? =O" Sai 70' @ 0’, thus 7 S.,i3 = So,43. Thus 


i,j=l 49=1 
(Sle? [Se = >. (Sees)? =A° S5 (Saag)? = A715]: [Sha (Q.40) 
i,j=1 gat 
with A* > 100: Quite a difference isn’t it? a 


Q.6 Kronecker (contraction) tensor, trace 


Definition Q.15 The Kronecker tensor is the (;) uniform tensor 6 € £L1(E) defined by 
VZ@eE*x EF, (2d) = La. (Q.41) 


And the Kronecker symbols relative to a basis (€;) are the reals defined by, calling (7-;) the dual basis, 


Lite= 7, -. 7 ‘ 
big = strats) ={ es ie G=Sima@e', (=(GJ=( — (Q-42) 
y i=l 


(identity matrix whatever the basis). Duality notations: 6; := 6(e’, €)), 6:= )oj_, & @ e’ and [4] = [6%]. 
Definition Q.16 The trace of a (}) uniform tensor T € L}(£) is 

TT) =5 OT (=Tr(Lr)) (Q.43) 
(with the natural canonical isomorphism T € L}(E) ~ Lr € L(E; E) given by T(é, 0) := ¢.L.0). 


Thus Tr(T) = 2", 7%. 
In particular Tr(d) = n, and Tr(¢@ ¢) = 0, uv'é; = €.0 when @ = 57, v'é; and (= 5°, bye’. 
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R_ Tensors in 77(U) 


R.1 Introduction, module, derivation 


Let A and B be any sets, and let F(A; B) be the set of functions A > B. The “plus” inner operation 
and the “dot” outer operation are defined by, for all f,g € F(A; B), all A€ Rand all pe A, 


(f +9)(p) = f(p)+9(p), and 


(f)(p) :=AF(p), Af MES AS. 


(F(A; B),+,.,R) is thus a vector space on the field R (see any elementary course) called F(A; B). 
But the field R is “too small” to define a tensor which can be seen as “a linear tool that satisfies the 
change of coordinate system rules”: 


(R.1) 


Example R.1 Fundamental counter-example: Derivation. Let U be an open set in R”. The 
derivation d : w@ € C!(U;R") > dit € C°(U; L(R”; R”)) is R-linear: In particular d(Aw) = A(di) for all 
AER... 

...but d doesn’t satisfy the change of coordinate system rules, see (S.35). 

So a derivation it not a tensor (it is a “spray”, see Abraham—Marsden [1]). 

In fact, one requirement for T to be a tensor is, e.g. with T = w a vector field: For all y € C®(U;R), 
and all we T(U) (C%-vector field), 

T(pw) = yT(w). (R.2) 
While 
d(yw) A pd(w), because d(yw) = pdw+dy.w. (R..3) 
Thus the elementary R-linearity requirement “T.(Aw) = A(T.w) for all \ € R is not sufficient to charac- 
terize a tensor: The R-linearity has to be replaced by the C*(U; R)-linearity, cf. (R.2). 

Thus we will have to replace a real vector space (V,+,.,IR) over the field R with the “module” 
(V,+,.,C°(U;R)) over the ring C°(U;R), which mainly amounts to consider (R.1) for all A = » € 
C™(U;R). Remark: The use of a module is very similar to the use of a vector space, but for the use of 
the inverse: all real \ 4 0 has a multiplicative inverse in R (namely +), but a function f € C°°(U;R) s.t. 
“f #0 and f vanishes at one point” doesn’t have a multiplicative inverse in C™°(U; R). vs 


R.2 Field of functions and vector fields 


Framework of classical mechanics: U is an open set in an affine space € which associated vector 
is E. And the definition of tensors is done at a fixed time ¢ (concerns the space variables). As before, the 
approach is first qualitative, then quantitative with a basis (@;(p)) and its dual basis (mei(p)) = (e*(p)), 
at any pe €. 


R.2.1 Field of functions 
Let f € C°(U;R) be a function. The associated function field is 


~ {U —~UxR 
: ss (R.4) 
p — fp) = (p; f(p)); 
and p is called the base point. So Imf = {(p; f(p)) : p € U} is the graph of f. Definition: 
Pi <= {f:f €C™°(U;R)} = {field of functions} = the set. of (3) type tensor on U, (R.5) 
or the set of tensors of order 0 on U. Abusive short notations (to lighten the writings): 
Fe) "S" Fp), and T}(U) "=" C*(U;R), (R.6) 


but keep the base point in mind (no ubiquity gift). 
In T)(U), the internal sum is defined by, for all f,g € T)(U) with f(p) = (p; f(p)) and 9(p) = (p; 9(p)), 


(f+ 9)(p) = (ps (F+9)(v)) (=e f(p) + 9(P))). (R.7) 
and the external multiplication on the ring C®°(U;R) is defined by, for all y ¢ C°(U;R), 
(pf)(p) := (ps (¢f)(p)) (= e(v) F(v))) (R.8) 


(the base point p remains unchanged). Thus (T)(U), +, .) is a module over the ring C®°(U;R). 
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R.2.2 Vector fields 


Let w € C™®(U, EF) be a vector valued function (at least Lipschitzian, to get integral curves, cf. Cauchy— 
Lipschitz theorem). The associated vector field is 


s {° SUXxE 


W: 


~ (R.9) 
p — W(p) = (p; w(p)). 


So Imui = {(p; t(p)) : p € U} is the graph of w, and the definition of « tells that the vector «(p) has to 
be drawn at p (the base point). Abusive short notation: 


(p) "" wi(p) instead of w(p) = (p; w(p)). (R.10) 
It lightens the notations, but keep the base point in mind. Let 
T(U) := the set of vector fields on U. (R.11) 


More precisely, we will use the following full definition of vector fields (see e.g. Abraham—Marsden [1]): 
A vector field is built from tangent vectors to curves. It makes sense on non planar surfaces, and more 
generally on differential manifolds. 


R.3 Differential forms 


The basic concept is that of vector fields. A first over-layer is made of differential forms (which “measure 
vector fields”): 
— E* 


U 
Definition R.2 Let of () (so a(p) is a linear form at p). The associated differential form 
p> alp 


(also called a 1-form) is “the field of linear forms” defined by 


(R.12) 


~ JU ~UxE 
p — a(p) = (p;a(p)) (= “a pointed linear form at. p”). 


And p is called the base point, and Ima = {(p;a(p)) : p € U} is the graph of a. 


Thus, if @ € Q!(U) (differential form) and w € I(U) (vector field), then @.1d € T9(U) (field of scalar 
valued functions) satisfies 


_~ {U ~UxR 
ate : lee - ¥, (R.13) 
p — (a.%8)(p) = (p; (a.8)(p)) = (p; a(p).W(p)) EU x R. 
Short notation: 
G(p)"" ap), instead of &(p) = (p:a(p)), (R.14) 
but keep the base point in mind. And 
Q1(U) := the set of differential forms U. (R.15) 


R.4 Tensors 


A second over-layer is introduced with the tensors with are “functions defined on vector fields and on 
differential forms” (which “measure vector fields and differential forms”). 

LP SE) 
pip) 
cf. (Q.3.1)). And consider the associated function 


Let r,s € N, r+s > 1, and let T : (so T(p) is a uniform (") tensor for each p, 


a U +Ux £L°(E) 
: & (R.16) 
p + T(p) = (p;T(p)) 
Abusive short notation: : 7 
T(p)"* T(p) instead of T(p) = (v;T()), (R.17) 


but keep the base point in mind. 


171 


172 R.5. First Examples 


Definition R.3 (Abraham—Marsden [1].) T is a tensor of type (") iff T is C°(U; R)-multilinear (not only 
R-multilinear), i.e., for all f € C°(U;R), all 2, zo vector field or differentiable form where applicable, 
and all pe U, 


T(p)(... 21(p) + 2a(p), +.) = T(p)(..-5 21), --) + T(p)(--+5 22(P), +1), and Rais 
T(p)(..-, f(p)21(p), ---) = fp) T)(.-. 1 (P), ---), 
written in short 
T(...)21 + 2a,-.-) =T(..., 21,-.) +7 (..., Z2,-..), and 
And 
T!(U) := the set of (") type tensors on U. (R.20) 


(Recall: T)(U) := C™(U;R) the set of function fields, cf. (R.4).) 


Remark R.4 Definition in differential geometry lessons: A tensor is a section of a certain bundle over 
a manifold. For classical mechanics, definition R.3 gives an equivalent definition. us 


R.5 First Examples 
R.5.1 Type C) tensor — differential forms 


If T € TP(U) then T(p) € E*, so T =a € O1(U) is a differential form: TP(U) c 21(U). 
Converse: Does a differential form a € 1(U) defines a (?) type tensor on U? Yes: We have to 
check (R.18), which is trivial. So a € T?(U), so Q'(U) C TP(U). 
Thus 
THO) =O. (R..21) 


R.5.2 Type (5) tensor (identified to a vector field) 


Let T € TP(U), so T(p) € £5(E) = L(E*;R) = E** for all p € U. Thus, thanks to the natural canonical 
isomorphism E** ~ E, T(p) can be identified to a vector, thus T?(U) Cc T(U). 
Converse: Does a vector field Ww € I(U) defines a (6) type tensor on U? Yes: We have to check (R.18), 
which is trivial. So '(U) C Tg (U). 
Thus 
Ty (U) ~T(U). (R.22) 


R.5.3. A metric isa () tensor 
Let T € T3(U), so T(p) € £L3(E) for all p € U, and T(a, #) € T}(U) for all v, @ € T(U). 


Definition R.5 A metric g on U isa (3) type tensor on U such that, for all p € E, g(p) =noted Jp is an 
inner dot product on E. 


R.6 ({) tensor, identification with fields of endomorphisms 


Let T € T/(U), so T(p) € L}(E) for all p € U, and T(a,w) € T2(U) for all a € O'(U) and w E T(U) (so 
T(p)(a(p), @(p)) € R for all p). 


= U —>Ux L(E; E) 
The associated field of endomorphisms on U is Lr : 


= where L(p) is 
p — Lr(p) = (2, a 
identified with T(p) thanks to the natural canonical isomorphism £L(E; E) ~ L(E*, E;R) = Lt(E) given 
by 

Vee RE, VWwekE, ¢.(Lr(p).w) =T(p)(¢, wv). (R.23) 


R.7 Unstationary tensor 


Let t € [t1,t2] CR. Let (Tt)tepe,,z.) be a family of (") tensors, cf. (R.16). Then T : t + T(t) := T, is called 
an unstationary tensor. And the set of unstationary tensors is also noted T(U). E.g., a Eulerian velocity 
field is a te) unstationary vector field. 
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S Differential, its eventual gradients, divergences 


S.1 Differential 


The definition of the differential of a function is observer independent: All observers have the same 
definition (qualitative: no man made tool required, like a basis or an inner dot product). 


8.1.1 Framework 


Classical Framework: € are F affine spaces associated with vector spaces FE and F’, and ||.||z and ||.||r 
are norms in & and F such that (£,||.||z) and (F;||.||7) are complete (we need “limit that stay in the 


U +>F 

space as h + 0”, ). U is an open set in €, and @: is a function. If applicable, € 
p — pr = &(p) 

and/or F can be replaced by E and/or F’. (The definitions can be generalized to manifolds.) Reminder: 


Definition S.1 Let p € U. The function © is said to be continuous at p iff 6(q) — ®(p) relative to the 
q>P 


considered norms, i.e., ||®(q) — ®(p)||" —||q—p||~0 0, also written (Landau notation): Near p, 
O(q) = Op) + o(1), (S.1) 


called “the zero-th order Taylor expansion of ® near p”. In other words: 
Ve > 0, dn > 0s.t. Va € E 8.t. ||g— plle < 7 we have ||®(q) — ®(p)||p < e. 
And C°(U;F) is the set of functions that are continuous at all p € U. 


8.1.2 Directional derivative and differential (observer independent) 


Let p€ U, w € FE, and let f : R > F defined by 


f(h) = ®(p + hii) (S.2) 


Definition S.2 The function ® is differentiable at p in the direction w iff f is derivable at 0, i.e. iff the 
limit f’(0) = limp, S@+*Y-P@) _noted 7@(p)(Z) exists in F, i.e. iff, near p, 


O(p + hii) = ®(p) + hd®(p)(z) + o(h), (S.3) 


equation called the first order Taylor expansion of ® at p in the direction Ww (it is the first order Taylor 
expansion of f near p). 

Then d®(p) (i) is called the directional derivative of ® at p in the direction w. 

And if, for all d € E, d®(p) (i) exists (in F’) then © is called Gateaux differentiable at. p. 


Exercice 8.3 Prove: If © is Gateaux differentiable at p then d®(p) is homogeneous, i.e., d®(p)(Au) = 
A d®(p)(v) for all we E and all AER. 


Ppt nnd) PCP) = dlim; +0 Ppt Mn PP) = Alimz-+0 Serkpe ew) a 


Answer. limp_+o 


Definition S.4 If ® is Gateaux differentiable and if moreover d®(p) is linear and continuous at p, then 
® is said to be differentiable at p (or Fréchet differentiable at p). So 


®(q) = O(p) + hd®(p).Bq + o(||P4] lz), (S.4) 
since then d®(p)(iz) =2°'4 d&(p).z for all @ € E (linearity). 
And the affine function aff, : q — aff,(q) := ®(p) + d®(p).pq is the affine approximation of © at p. 


(So, the graph of aff, is the tangent plane of ® at: p.) 


Definition 8.5 ®:U — F is said to be differentiable in U iff © is differentiable at all p € U. Then its 
differential is the map 


F 10 + L(E; F) 6.5) 


p —+ d®(p). 


And C!(U;F) is the set of differentiable functions w such that d® € C°(U; L(E; F)). 
And C?(U;F) is the set of differentiable functions w such that d® € C1(U; L(E; F)). 
. And C*(U;F) is the set. of differentiable functions w such that d® € C’—!(U; L(E; F))... 
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CU; F) + OW; L(E;F)) | , 
& + d® = 


Proposition 8.6 The differentiation (or derivation) operator d : 


R-linear (“a derivation is linear”). 


Proof. d(® 4 AW) (p).z = limp_+0 (BEAD) (pr hii) (be) @) = limp_s0 Bp t hi) Pp) FAW phil) AVP) = 
limp, 49 S2TPO—°O) + Timp, _,g LOO") = gO(p).7 + AdW(p).@ = (d®(p) + AdV(p)).@ for all p 
and i, thus d(@ + AW) = d@ + AdW for all \ € Rand ©, U € C!(U;F). cf 


Exercice 8.7 Prove: if f € C'(U;R) (scalar values) and ® € C!(U;F) then, for all a € E, 
d(f®).it = (df.@)® + f(d®.z) (5.6) 
(and we also write d(f®) = ® @ df + f d® for a use with contraction rules). 


Answer. 
d(f®)(p).i= lim f(ptht)®(p ho) fe) ®(p) 
= jim LPtha) (othe) — f(p)P@thu) | f(e)@(ptha) — fp) P(e) 
i » h (S.7) 
= lim L@+hE) — FO) (a(p) + o(1)) + Jim F(p) @PRD— PO) 


= (df(p).a) ®(p) + f(p)(d®(p).z). 
Tensorial writing: d(f®).d@ = (® @ df). + (f d®).w@, thanks to the contraction rule which gives (® ® df).u@ + 
(f d®).it = O(df.it) + f(d®.z). a 


Remark S.8 In differential geometry, the definition of a tangent map is defined by, with definition S.4: 


UxE 3 FxF 
re: (S.8) 


(p,u) —+ T®(p, %) = (®(p), d®(p).a/). 
The two points p (input) and ®(p) (output) are the base points, and the two vectors w@ (input) and 
d®(p).v% (output) are the initial vector and its push-forward by ®. vn 
S.1.3 Notation for the second order Differential 


Let ® € C?(U; F); Thus d® € C1(U; L(E; F)), thus d(d®) € C°(U; L(E; L(E; F))); So, for p € U and tw € 
E, we have d(d®)(p).@ = limp) @&@*")-"  ¢€ ¢(E; F), and, with o € E we have (d(d®)(p).i).6 € F. 


Definition S.9 The bilinear map d?®(p) € L(E, E; F) is defined by 
d*®(p)(t, 8) = (d(d®)(p).a).¥, (S.9) 


thanks to the natural canonical isomorphism L € L(E;L(E;F)) © Tr € L(E,E;F) given by 
Ty (@1, @) := (L.t%,).%p for all 1, % € E; Thus L ="e¢ 7, thus d(d&) ="°ted d?@(p) € L(E, E; F). 


This gives the usual second order Taylor expansion of ® (supposed C7) near p in the direction w: 
h? 
O(p + hi) = O(p) + hd®(p).a+ a d?(p)(a, a) + o(h”) (S.10) 


(=the second order Taylor expansion of f :h > f(h) = ®(p + hii) near h = 0, cf. (S.2)). 
And Schwarz’s theorem tells that d?®(p) is symmetric when © is C?, i.e. d?®(p)(u, @) = d?®(p)(7, i). 


S.2. A basis and the j-th partial derivative 


Definition S.10 Let ® € C'(U;F), w € T(U) (a vector field), p € U. The derivative of © at p along w 
is defined by 
O(p + hii(p)) — &(p) 


Oz®(p) := dB(p).ti(p) (= jim F). (S.11) 
1—0 h 
This defines the directional derivative operator along it: 
CU F) 3 OUP 
Regie ert : (6.12) 
® > O7(®) :=d®.t, ie. Oz(®)(p) := dB(p).u(p). 


(And 0;(®)(p) ="°te4 G(®)(p) in differential geometry thanks to E ~ E** which gives 0; ~ tw.) 
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In particular, if (€;(p)) is a basis at p, then the j-th partial derivative of © at p is Oz, ®(p) =noted 0; ®(p) 
(the derivative along €}), and the j-th directional derivative operator is 


. ae + C°(U; F) 6.13) 


& + |0;8 :=d®.é)|, ie. O;(®)(p) := d®(p).é;(p). 


(In differential geometry 0;6 =°'e4 @; (6), so &;(®)(p) := d®(p).é;(p).) 


S.3 Application 1: Scalar valued functions 


8.3.1 Differential of a scalar valued function (objective) 


p — f(p) 
form). So df(p) € E* for all p € U, and df (p).@ = limp 49 L2*°-!®) € R for all 7 E. 


U +R 
Here & N2e4 is is a C' scalar valued function, so df € Q1(U)NC°(U; E*) (a C® differential 


Exercice $.11 Prove: If f,g € C!(U;R) then (derivative of a product) 


a(fg) = (df)g + f(dg), (S.14) 
ie., d(fg).w = (df.w)g + f(dg.w) for all w € T(U). 


Answer. limp_4o f(pth®)g(pthw)—f(p)g(p) _ limp_+o f(pthw)g(pthw)—f(p)g(pthw) + limp_s0 


limp—o Leth) FP) (gp) + o(1)) + limz+o f(y) Meteo) calculation that only requires the first order (affine) 
approximation of f and g: We get the same result as with the affine functions f(x) = ao+aix and g(x) = bo +biz, 
which give (fg)(x) = aobo + (aobit+aibo)x + aib,27, and then (fg)'(x) = aobit+aibo + 2a1bix, which is indeed 
equal to (f’g + fg’)(x) = a1(bo+bixz) + (aot+aiz)br. 7 


f(p)g(pthw)—f(p)g(p) _ 
h 


S.3.2 Quantification 
Let (&;(p)) be a basis at p. So 0; f(p) =(S19) df (p).2)(p) (= limp_4o LOM P)-FO)) and we write 


d;f(p) "4 fij(p). (8.15) 


So, with (7e;(p)) the dual basis of the basis (é;(p)), and with f,;(p) := tei(p).df(p) (j-th component. of 
df (p) in the basis (7e:(p))), we have 


df = Shine: and [df(p)\je=(fir(p) -  fin(p)) (row matrix). (S.16) 
j=l 
So df = Dy afijuy = [dfle-[dhe a tg = 0; ui(p)éi(p). In particular with a Cartesian basis, 
(tei (p)) snoted (dz;), and df = oe ioe 
Duality notations: 7; =e’, v= te é;, df = ay ej, df.a= ee and with a Cartesian 


basis, 1; = dx’ and df = ye 1 55 dev! 


Exercice S.12 Prove: (f9)\; = fj; 9+ f 9|; when f,g:U — R are C' scalar valued functions. 


Answer. Apply (S.7): here d(fg) = gdf + f dg, ie. d(fg).é; = (df.e€)) g + f (dg.é;) for all j. os 
And df(p) € E* satisfies the covariant change of basis formula for linear forms, i.e., if (@;(p)) and 
(b;(p)) are two bases at p and P(p) is the transition matrix from (d;(p)) to (b;(p)), then afte Nie (Ae) 

(df (p)]\z-P(p), or in short: 
laf lie = |df\\¢.P (covariance formula). (S.17) 
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8.3.3 Gradients (subjective) associated with a differential through inner dot products 


Let f € C'(U;R) (a C’ scalar valued function). Choose (subjective) an inner dot product (-,-)g in E. 


Definition S.13 The conjugate gradient grad, f (p) of f at p € U relative to (-,-),, also called the 
(-,-)g-conjugate gradient of f at p, is the (-,-)-Riesz representation vector of the linear form df(p) € E*: 


grad, f(p) = Rg (df(p)). (9.18) 


Le., the vector grad, f (p) € EF is characterized by, cf. (F.2), 


Vie EB, | df(p).a@ = (grad, f(p), @), |= grad, f(p)», @. (S.19) 


Fundamental: An English observer with his Euclidean dot product (-,-)q in foot and a French observer 
with his Euclidean dot product (-,-), in metre have the same differential df (defined independently of 
any unit of measurement); But do not have the same gradient: 


erad,f “=” 2erad,f with 22> 10. (S.20) 


Quite different vectors isn’t it? The “gradient vector” strongly depends on the chosen inner dot product. 
And to forget this fact leads to accidents like the crash of the Mars Climate Orbiter probe, cf. remark A.14. 


Subjective first order Taylor expansion: If an inner dot product (-,-), exists and is used, then the 
first order Taylor expansion (S.3) gives 


f(p+ hit) = f(p) +h (grad, f(p), ig +o(h) (= f(p) + herad, f(p) ¢, % + o(h)). (S.21) 


Fundamental once again (we insist): 

e An inner dot product does not always exist (as a meaningful tool), see § B.3.2 (thermodynamics), 
thus, for a C+ function, a gradient does not always exists (contrary to a differential). 

e df(p) is a linear form (covariant) while grad, f(p) is a vector (contravariant). In particular the 
change of basis formulas differ, cf. (A.28): 


[df] new = [df ]\ota-P, while [grad] jnew = P~ [grad,]jo1a: (S.22) 


e df cannot be identified grad f (with one?) (Recall; there is no natural canonical isomorphims between 
E and E*.) The differential df is also called the “covariant gradient”, and any of its associated gradient 
vectors is also called the “contravariant gradient relative to an inner dot product”. 


Isometric Euclidean framework: If one Euclidean dot product can be imposed to all observers (foot? 
metre?) then grad, f ="'4 gradf = Vf and (8.19) is written df. = gradf +i = Vf +d (isometric 
framework). 


Exercice 8.14 Cartesian basis (é;) and (-,-), given by [g]jz¢ = € 7 Give [df]|¢ and (grad, fj. 
7 Of 
Answer. [df])< = ( aan os ) (row matrix) and (8.19) gives [grad, f]j¢ = ( eth ! (column matrix 4 [df]”). 
2 deg 


S.4 Application 2: Coordinate system basis and Christoffel symbols 


(Necessary when dealing with covariance.) 


S.4.1 Coordinate system, and coordinate system basis 


Consider a (open) set Usar = {¢ €]a1, 61[X...x]an, bn[}, called the set of parameters, in the Cartesian 
space R”, consider an open set U C R”, called the set of geometric positions, and consider a C?- 
diffeomorphism WV : ¢ € Usar > p € U, called a coordinate system. 

Let (@;) the canonical basis of the parameter space, let ¢ = 0, qidi € Upar (the q are called the 
parameters). E.g., see the polar coordinate system at § 6.6.2 where ¢ = (qi, q2) = (1,6). 
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W being a diffeomorphism, at any p = U(qg) € U the vectors 


make a basis in F at p, and (dj,(p)) is called the coordinate system basis at p. Its dual basis at p is made 
of the linear forms dq;(p), so where, for all i, 7, 


dq;(p)-@jx(p) = 52. (8.24) 


Duality notations: dq‘ (p).d;.(p) = 6; for all i, j. 


S.4.2 Parametric expression of the differential of a scalar valued function 


U —R 


defined in U can be described 
p — f(p) 


With a coordinate system W, a scalar valued function f : 


Usar 7 R 


- defined in Usar, and g is called the 
@ — 9(M) = f(p) when p = V(9) : 


with the function g = foW: 


parametric expression of f. Thus 


dg(q) = df(p).d¥(q) when p = W(q), (S.25) 


in particular, 


FED = dod). A, = AF(n).A(0). A; = oF). 23.(0) "SE. (6.26) 


Warning, pay attention: f is a function of p, not a function of g, and the notations 5 (p) means 
- 


= ye) (¢) when p = Y(q), and nothing else. 


Thus with (dq;(p)) the dual basis of the coordinate basis (@;,.(p)) at p, 
(5.26) “ OF (py 
$.27 
pan (8.27) 


Duality notations: df(p) = ES 3gi (P L (p) dq) (p). 


Remark 8.15 Pay attention to the notations that could contradict themselves: 

1- In Usar the dual basis (74;) of the Cartesian basis (@;) is a uniform basis (independent of q)... and 
is (almost) never written (dq)... 

2- Indeed, (dq;(p)) is the name reserved for the dual basis of (@;,(p)) in the geometric space... Mind 
the notations! E.g. for polar coordinates (dqi(p),dq2(p)) = (dr(p), d0(p)) is the dual basis of the polar 
coordinate system basis (@.(p), @2(p)) at p, cf. (6.6.2). on 


Exercice S.16 Bases (a;) and (;) at p. A vector Z is expressed as = 0, aid; = D0; padi. Prove: 


Be odes sie of of of of 
b; 7 49 a a z - 
r Vi => ee ee or Bia OOuan) (S.28) 
(Change of unit formula.) Duality notations: 2 — Avs ; 


Answer. df(p).b;(p) = Adf(p).a;(p) (linearity of df(p)) reads (S.28). (Or [4f]\s = [df]\a-P with P = XJ here.) wh 


Exercice 8.17 [df]; = {df]|z.P, cf. (8.17), ie. ee = 1 P* is also noted 
Of of da, 


: : =. $.29 
Oxy, i=l Oxy Ox, 


Why? 
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Answer. Quick answer. [1']); = P" [#))a, Le. [Zz = P[&]\g, which means [2]\¢([Z])z) = P.[Z]jg, ie. 


ai(ah,.af)\ (Da Phal | 
= thus — (ch, ...,2%) = Pi, Vi, j. (S.30) 
ta (Lp, +, LF) ee b 
Thus (S.29) means 
Of “ Of One 54 n “ Of i 
: - : de th = - P; Jl 
ani (p) 2 Bi, (p) 7 Porte) thus Ds Dak (p) Pj, (8.31) 


as given in (S.17). 
Detailed answer. Let O be a point (origin) in U. If p € U, let = Op = eas = or hb. 
This define the function [Z]\z : [7],; > [Z]\a([Z]\z), and we have [z]|2([Z]\;) = P.[Z]\g (change of basis formula). 
Then let fa, fy : R” — R be defined by fa(([Z]\z) := f(p) and fo([Z])g) == f(p). (NB: fa and fs don’t have the 
same definition domain: They are different). 


Thus fala) = fo((Zlg) (= f(p)) when [Z((Z])lla = Pl, so (foo [élya)(@p) = follZ]g). ‘Thus 
(él) = oe ([a],g), thus the meaning of (S.29) is 
Die (Ala) 5a (A) = Sot (lA) (8.32) 


Question: Why did we introduce fa and f, (and not just keep f)? 

Answer: Because a vector is not just a collection of components (is not just a matrix), and Op cannot be 
reduced to a matrix of components (which one: [2]\z? [2]);?). Here f is a function acting on a point p (independent 
of a referential), while f, and f, are functions acting on matrices (dependent on the choice of a referential): The 
domain of definitions are different, so the functions f, fa and f, are different. os 


S.4.3 Christoffel symbols 
We use duality notations for readability and usage. 


Definition S.18 In a coordinate system basis (€;(p)) in E (previously called (@;,(p)), the Christoffel 


symbol ¥;,,(p) € R are the components of the vector dé (p).€;(p), ie. dé (p).€)(p) = 7p Vin (P)Ei(P), 80 


n n 
d&.2; = yin |, or dé;.& =) 7hee. (S.33) 
i=1 k=1 
(So, with (e’(p)) the dual basis of (é(p)), Vj, := e'.dé,.€), and, for calculations with contractions, 


dé, = vat Vin€i @ e/.) 

(The Christoffel symbols vanish in a Cartesian framework.) 

(Differential geometry in manifolds: Ve,é, = yet een ie. the 7; = e'.Ve,x are the component 
of the connection V, the usual connection in a surface in R” being the Riemannian connection, in which 
case Ve,€, is the orthogonal projection of dé,.é; on the surface relative to a Euclidean dot product.) 


E.g. for the polar coordinate system, see remark 6.12, dé).é = —ré,, thus ya. = —r and 3, = 0. 
Exercice $8.19 Prove: If (&;(p)) is the coordinate system basis of a C? coordinate system, then: 


oe Oru 
~ Oqidq 


Vi,j, dé;.€; = dé;.€; ), and Vi, j,k, vf, = a (symmetry for lower indices). (S.34) 


Answer. é;(p) = (& 0 ¥)(q) =@?* d¥(@).d; gives d(& 0 V)(q).4; = d(d¥(q).d;).d;, thus dé;(U(q)).dV¥(q).a; = 
ow 


gah ov 
aq? _ _ dai . . 2) __ 49> > _noted 0? n ko wn ko . 
a = On (Schwarz theorem since W is C*) = dé;.€; Sqiage thus a1 Vise = Wp Vjsee- os 


Exercice $.20 Consider two coordinate system bases (@;(p)) and (b;(p)) at p, P(p) = [P}(p)] the tran- 
sition matrix from (@;(p)) to (b;(p)), and Q = P~!. Using the generic notation dé,.é; = Ni ceey 
prove the change of basis formula for the Christoffel symbols: 


Vik,b = S- QPP PE yy at > Q\ Pi (dP; Gy.) (= >» RPP at), Q},(dPp.b;)). (S.35) 
A,p,Vv=1 A,p=1 A,p,v=1 A=1 


(Because of the term >7.,,, Q\ Pi (dPe.G,.); a derivation is not a tensor.) 
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Answer. bx(p) = , Pi (p)dv(p) gives dby.b; = Si, (dPy.bj)dy + Xi, Pk (da@v.b;) = X,,, Pi (dPE.Gy)av + 
Dv Pk PH (da,.@,,); And b' =, Qa’, thus 


Vjk,b = b'.dby.b; = S~ QYPH (dPK.G,)a*.d, + S~ QLPH Pia’. (day dy) = 25 O. PhaRC Gi) OPP Aas 


APY ApV Apv 


thus (S.35). 7 


S.5 Application 3: Differential of a vector field 


Here F = E =R”, & ="°ted a € [(U) is a vector field. Thus dw(p) € L(E; E) and dw. is a vector field 
in E for all @€ [(U), given by (diw.a)(p) = dwi(p).@(p) = limp 49 SEY) € Fp, 


Quantification: (é;(p)) is a basis at pin E. Call w;(p) € R the components of w(p), ie. w(p) = 
”_,w;(p)é;(p). And call w,);(p) the components of dw&(p) (endomorphism in E): 
i=1 lj 


B=) wiéi, dwo.e; = Soma | [dle = [wy,;] (Jacobian matrix). (S.36) 


i=l 


And tensorial notations for calculations with contractions: (7-;(p)) being the dual basis, 


dB = S/ wy je ® Tey. (S.37) 


ij=l 


Duality notations: w= S7"_,w'é;, dw.é; = age [dw]je = [wy,], and dw = agg @ ei. 

In a Cartesian basis: Here (€;) is uniform, so w(p) = )>;"_, wi(p)é; gives dw(p).€; = 07_, (dw; (p).€)) Gi, 
thus (S.36) gives 

Ow; 


Ox; 


Wil = > = wij, 80 [dwlje=[-—]. (S.38) 


Duality notations: wi; = = _ and [dt])z = [245]. 


In a coordinate system basis: With the coordinate system described in § $.4 and the duality notations 
for readability (and usage). w(p) = 7), w'(p)éi(p) gives, for all J, 


dw.é; = So (dw w' €;) €; + Yow (dé;.€;) (= S “wie: (S.39) 


(Tensorial notations to be used with contractions: dw = )>, é; @ dw' + Yo, w' dé; = rr, wi ei @ e/.) 
And )>, w'(dé.é;) =) wih ee = i, we yi,€i, thus, for all 4, j, 


4 


a 
w= a og tO" Raf where oe = dw'.é). (S.40) 


(Su 
q . “i « 
(In particular, if w= &; = 57, 6;€;, we recover déy.é; = )>, 0€; + >, NV Re: = i Yjekis cf. (S.33).) 


:= dw’ é; is the derivation along the j-th coordinate line of the scalar valued function w’). 


Exercice $.21 With exercise $.20, and @ = 0”_,u'd@; = 0, v'b;, check with calculations (dw is an 
endomorphism defined independently of any basis): 


[aig =P [diija-P, ie vy = 5 Qiuk.P. (S.41) 


kjl=1 
Answer. b; = >, Pfa for all i, Q = P!, and [ui 1g = Q.[t]\a reads v' = 7, Qiu" for all i. 


Cartesian basis: dv’.b) = As OL), Pity) = Dy, Qi,(du*.ae)P/, ged (here the Qj, are uniform i.e. 
independent of p). 
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Coordinate system basis: v’ = >, Q\u* gives dv'.b; = + (dQ4.b bj )u> + Qi (du* .b;); Thus 


i (S. 
oF ( 288)" a 5; oe vin. 


= Sow PH (dQ).du) + 5° QYPE (du>.d,) + S> (Qhuw)QUPH(dPY.d,) + S > (QEu QYPE Pe yi, 
AL Aw 


kApv kwApv 


And QE Pe = 62 gives (dQk..a,,) Pg + QE (dP2.é,,.) = 0, thus the third term reads 
Sd WQLPHQK (dPK.Gu) =— D0 wQLP! PK (dQ). au) =r PEGQs Ga), 


kApv kApv 


which cancels the first term: Thus vj; = ae Q)P# (du*.d,,) Pee BOP he = ay Qyuj,Ph, ie. (S.41). au 


S.6 Application 4: Differential of a differential form 


Here F = R, & ="°ted ¢ € ()!(U) (differential form) supposed C", p € U, so &(p) € E*. Its differential at p 
in a direction @ is dé(p).@ = limp 49 LAO") B*. And (dé(p).d).7 = limp, 49 CVO WE ECR 
for all u,v € E. 


Quantification: (7,;(p) its the dual basis. 
Call ¢;(p) € R the components of ¢(p), ie. €(p) = 0; ,6i(p)ei(p). And call €;);(p) the components 
of dé(p) € L(E; E*): 


t=) bine, dle = Sturmer [ddljz = [6:15]. (9.42) 


i=l 


Tensorial notations, to be used with contractions: at a 


igarlilj Met @ Tes. 


Duality notations: € = 0, fie’, dle) = VO laze", (ddlje = [ei], and dé = S77 ,_, Fige’ @ e. 
In a Cartesian basis: Here (@;) is uniform, so 
Ol; noted Ol; 
lig = ae ee dele S.43 
j= FeO 5, 90 lale= [FSI (8.43) 
Duality notations: ¢;; = dé;.é; = he and [dé)\z = (34). 
In a coordinate system basis: With duality notations and Christoffel symbols: 
de’ .é; = So yinet E (S.44) 


> 


Indeed, e’.&, = 5) gives (de‘.é;).&, + e’.(d&,.€;) = 0, thus (de’.€)).€, = —e. 0) ¥4,.€2 = —Vjx- Thus 


OL; 4 
Lj = wai te where Dei (p) := dé;(p).é;(p). (S.45) 


Indeed, £ = >); Lie" gives dl.€; = >0,(dt;.€))e* + D0, Ui(de*.€)) = >), (db.e)e* — ay, Ai, €*- 


S.7 Application 5: Differential of a 1 1 tensor 


1 UO => LCE" ER) U + LE; LE", E;R)) |, 

Consider a C1 tensor T : . Its differential dz : is 
=" | peal) >|) @ = dz{p) 

defined by dr(p).ii = limy_y9 22-2 € ¢(B*, B;R), s0 (dr(p).@)(E, 0) = limp yp LPO EE”) 


(€ R), for all 7,0 ¢ E and £€ E*. 


Quantification (duality notations): Basis (é;(p)) in E at p, dual basis (e'(p)), call 7}(p) the components 
of r(p), call rT}, (p) the components of dr(p): 


r=) 4 @e!, dr.€ a Thipei @ CF : (S.46) 
aj 


j=. 


Tensorial notations, to be used with contractions: dr = He pai Ty Ret Gel @ek. 


(Classical notations: 7 = ry, Tigi @ Tej, AL.Ek = ay Tij\Rei © Tez, and dr =D), «1, Tij/k€i @ Neji @ Tek-) 


ijk 
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Cartesian basis: dr(p).e, = )/;, (dri(p).€k)&; ® e7, so 


i _ 97} noted i (:= dri.&) (S.47) 
Tilk = ge — Thk (= 7}-€k). . 
Coordinate system basis: r(p) = )7) ,_,7}(p)éi(p) ® e’ (p) gives, for all k, 
dr.& = Wij 7} Ee Ei @ei + yy 7} (dé. Ex) @eF + a ‘E; ® (de? Ex) 
= Vij (AF-Ee)E @ CF + Vigo HV @ CF — Dige THe @ CF (S.48) 
= Wij 7} Ee Ei @e + ae TAY ees ® CF = ey TE Veg & @e 
thus 
Oi ae Le Or? ; 
Tk = age + Sori tke - S rive where age := dT;.€,. (S.49) 
=1 = 


(We have the + sign from vector fields, cf. (S.40), and the — sign from differential forms, cf. (S.45).) 
Exercice 8.22 If uc E, @ € E* then for the elementary (i ) tensor T = U@ ¢ prove: 

d( @ £).€; = (di.&,) @0+7@ (dL), and (COL, =ujpl; +u'lje, (S.50) 
when @ = 0, u’é;, C= »; tet, de. = y., U) Gis dl.é, = SS b5 ne. 


Answer. T=U@l= day Ti& @ e). where r} = u'£;, and dr.& = ear Ty Rei ® e? where 7} jie = (Ue; ) ie = 


Utne, + ul; ilk = (Z® 2); |x: Thus (similar to the derivation of a product): 


(& ® £)(pthés(p)) — (@ @ £)(p) U(pt+he,(p)) ® €(p+hé;(p)) — u(p) @ £(p) 


d(Z® )(p).€x(p) = Jim h = jim h 
— Tim Ulether(y)) @ Upthen(p)) — U(pther(p)) @ Up) |) Ulpthex(p)) @ Ep) — Up) @ Lp) 
h—0 h " h0 h 
= U(p) ® (de(p).€x(p)) + (du(p).€(p)) ® &(p), 
thus (S.50)1. Which gives d(t@ @ 0).é, = (D0, u'éi) ® (5 £5067) + (0; Uipei) @(%; é;e/), thus (8.50). ar 


S.8 Divergence of a vector field: Invariant 
T'(U) is the set of C+ vector fields in U, and Tr : £(E; E) > R is the trace operator. 


Definition S.23 The divergence operator is 


T(U) > C°(U;R) 


5.51 
wow > dive := Tr(dw), ie. divw(p) := Tr(dw(p)). aoe 


divs Tod 


(So divw(p) = trace of the endomorphism dw(p)). 
Tr and d are linear, hence div = Tr od is R-linear (composed of two R-linear maps). 


Proposition S.24 The divergence of a vector field is objective (is an invariant): Same value for all 
observers (objective quantity) intrinsic to W. 


u'd; = >>, v'b; gives 


Proof. The differential and the trace are oblectve: OF computation: w= \>, 
k } aT 


U5 = Dike ups, see (S.41), thus ahi = Vine Pi ute = Dore JR tly = Dine Up: 


Quantification: w € T'(U), (é;) is a basis, w@ = S3i_, wi with classical notations, and wj;,;(p) are the 
components of the vector dw(p).€)(p) in the basis (é;(p)). Thus 


divi = J Cwiii | (S.52) 


Duality notations: w= S7"_,w'é, dw.é; = a1 ,Eis [dw])e= [wi] div = Lia Y hi: 
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Cartesian basis (€;) (classical notations): dw;.é; ="°te4 Be and 
J 


Ow; Ow; 
1; =—>—, th divw = : S.53 
Wil; Dn," us divw = 2 os (S.53) 
Coordinate system basis (€;) (duality notations): With the Christoffel symbols, cf. (S.33), (S.40) gives 
; _ Jw . ki eae 
Wi =aat Sow Yin, thus divw = (S.54) 
og i=1 i=1 ik=1 
Exercice $8.25 Prove: 
div( fw) = df.w+ f divw. (S.55) 


Answer. d( fiw) = Ww ® df + f dw, thus Tr(d(fw)) = Tr(w ® df) + Tr(f dw) = df.w+ f Tr(dw). Use a coordinate 
system if you prefer. os 
Remark S.26 If a is a differential form, if (€;) is a basis and (e’) its dual basis, and if a = S>)"_,a;e', 
then da = ee ejet @ e), with Qi; >= &;.da.e;. Here it is impossible to define an objective trace of da 
like ie ie? The result depends on the choice of the basis (the Einstein convention is not satisfied, and 
e.g. with a Euclidean basis the result depends on the choice of unit of length: Foot? Meter?). Thus the 
objective (or intrinsic) divergence of a differential form is a nonsense. vs 


S.9 Objective divergence for 1 1 tensors 


To create an objective divergence for a second order G) tensor r € T}'(U), in (8.46) we have to contract an 
admissible index with the “differential index k”, So, no choice: Contract i and k to get dive = re 
Let us start with: 

Definition S.27 Let i € T'(U) and ¢ € 21(U) be C1. The objective divergence of the elementary ({) 
tensor 7 @ € € T}(U) is the differential form div(t @ £) € Q1(U) defined by 


div(@ @ 0) = (divi)é + d@.é, (S.56) 


i.e. defined by div(Z@ 0).e = (div) (¢.8) + (dé.w)d for all w € E. And the objective divergence operator 


~ {(T](U) ~V) 
div : ae is the linear map defined on elementary tensors with (S.56). 
© dive 


Quantification: (é;) is a basis, (e") its dual basis, i = )7, u'éi, = D0, ¢je7. Thus @l = 0, ule @e!, 
and (S.50)-(S.56) give 


div(@@ 0) = SO (uit; + Gjiu')e?. (S.57) 
i,j=1 

TG @ OF, and dre = Liz, Tei @ EF and div(z) = 
Darr THe, with Tj lk = = Ugly +u' care here with 7; = u AL; aad T ice = ui, 6; +u EC ies so T! ile = u,b; +u' cae 


Thus, by linearity of div, for all tensors rt €T,(U), we have with (S.46): 


So for an elementary tensor 7 = U@L7 =D); 


divr = Sane , Le. [divr]je= Sen eral) (S.58) 


1,j=1 


(row matrix since divr is a differential form). I.e., we have contracted i and & in (S.46). 
(Classical notations: divr := 77,1 TijjaMej, Le. [divz]je= (0; Taye D0; Tanya )-) 
So ’ 
a. Or: 
Cartesian bases: divr = S- a e’, 


see 


(S.59) 
Coord. sys. bases: divr = Se 


4,j=1 


-dir hy) 


Indeed: With rt = 50,()0, 7)4;) @ e? = D0, W; @ e? where 2 = 4, the linearity of div gives 
divr = =) div(wd; @ ® e/); Thus, with (S.56): 1- Cartesian basis: divw; = >, as 


a ae 


and de = 0 give divr = = 
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5 yo are! = Yj, 7) <e7, thus (S.59);; And 2- Coordinate system basis: divi; =(-4) p> at + Dae 7} 75 Vit 


and dei; = = DoE ridel 2 — See TF (- A ie e*), thus oz, de! Oy = — ik Gee = = —Yijn TH i Vege? , 
thus (S.59)o. 


Exercice 8.28 Prove: If f ¢ C'(U;R) and t= Donen Hee @®e €TH(U)NC' then 


div( fr) = df.c+ f divr. (S.60) 


Answer. fT = Dey Frei @ e? gives d(fr) = = Diagn (F7) Ke @ e @e = Dige Sets + fri, )& @ e? @ e*, thus 
div(fz) = Dar iris: a ft; jit Je’; And df. Tz + fdivr = = ay fit} e! ote f ae Tie? o 


Exercice 8.29 Prove: If 7 € T/(U) and w € T(U) then 


div(r.3) = div(z).8 + x @ did |, (S.61) 
Answer. 7 = ae J€; @e) and w= Do, w'é; give 1.0 = Ny tiw!é;, thus div(r.w) = D7, Tw +7} jul. os 


Exercice 8.30 If c € T/(U) check with component calculations (since div(r ) is objective): 


[div(r T))\o = [div(z)]ja-P (covariance formula), (S.62) 


where P is the transition matrix from a basis (@;) to a basis (0;). 
Answer. Let t= 0, oa; @ a) = vy 73; @b',s0 77 = ane GaP 
1- Cartesian bases: SD, 74), = Do, drj.bi = Di, Ua. @ Qhop Ft). s) Piady) = oe OVP! PF (dota = 


ate 5x P# (doy. ay) =, PF dot Gy) = Delay on j)Pf as desired. 
2- Coordinate system ee iT = _ (5:58) 477-4 + ye 3 ¥be, es Sy THY Gg. (with j fixed); With 


S-(dr}.bi) 


S > Q4 (do? rm) )PP+5°( dQ\..bi) o PEL SS Qh on ( (dP! .b:) 


a iA tA iAp 
= 5° QPHPY (dop.dv) + > of PHP! (dQh.d,) + > of QLP? (dP!.a,) 
iApV iAPV tApV 
= 5° PH (dop.d,) — D> of PPQ\(AP?.a.) + S— of (dP? Gy) 
Ab tA PV Ap 


since P’Q\, = 6X gives P’ (dQ\.a.) — Q\(dP?.a_). And, with (S.33), 


2% THe = DOO QAoRPP YD | QPP PH yB..a + | QaP) (AP .aa)) 


a ae “ (S.63) 
= on P axe + 3) onQa PH (APE Ga), 
Apa LrXpa 
and 
=~ rib = — LO> Dok PHD] PP PP Qirhs.a + >_ PP Qi (dP? ao)) 
ue wk dp aBw aw (S 64) 
== Yoh ee ~ Dail (dP!) 
App 
Thus $>, 7; iF = PH (dop..a@y) ee xis Bn PENS cy = ue rags Vye,0 = Laru PES is as desired. os 


S.9.1 Divergence of a 2 0 tensor 

Let r € T§(U) and t = Dy ,177 EE}, thus dz = ag mar? (Rei BEjOC*; Then two objective divergences 
may be defined: by contracting k with 7, or k with j. (The Einstein convention is then satisfied.) 

S.9.2 Divergence of a 0 2 tensor 


Let t= Sop a1 Te! @ e? € T(U). Thus dz = S77 ,,<17ijjne’ ® e? @ e*, and there are no indices to 
contract to satisfy Einstein convention: There is no objective divergence of 0 2 tensors. 
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S.10 Euclidean framework and “classic divergence” of a tensor (subjective) 


Let @ be a C' tensor of order 2 of any kind. An observer chooses a (Cartesian) Euclidean basis (é;) 
and call (-,-), the associated Euclidean dot product. And he calls o;; the components of Gd, e.g. writes 


Ej = DY, FH &i- 


Definition S.31 (Usual divergence in classical mechanics.) The divergence diva of ¢ relative to the 
basis (€;), is the column matrix (it is not a vector) 


ae 001; 
j=1 Oxi 


noted 


div.g = diva (a matrix). (S.65) 


n . Oonj 
ol oe 
(Take the divergences of the “row vectors” of [g]j¢ = [aij] to make the “column vector” [diveg].) 


Proposition 8.32 The “so called vector” diva, in (S.67), is not a vector: It does not satisfy the change 
of basis formula: If (@;) and (b;) are bases, if P is the transition matrix from (@;) to (bj), if [a o)ja = [Ais] 
and [a Zig = 
contravariant nor a covariant change of basis formula applies in general: 


[B;;], with the divergence of g relative to (G;) and (b;) called divag and div,a, then neither a 


neither [divya]); # P~*.[divag]|q nor [dive]; = [divag]/z-P (S.66) 


|b 


(compare with (S.62)). So diva as given in (S.67) is neither a contravariant vector nor a covariant vector 
(it is just a matrix which depends on an observer). 


Proof. Consider the simple case b; = AG;, for all i, X > 1: Transition matrix P = Me and P-! = +I. 
For a (;) tensor: a= dig (70) 5 i @bi = vig (7 a)sd; @ a3, [ol g = P*.[ohja-P = +-[a)ja-A = [a] ja, ie. 
(oa)', = (00) 5 for oe ,j. Thus (8.67) gives diva = )7,;(d(o b)5.-b;) dij (d(a. oa)'.(Xay)) (M4) = = diva. 
Thus [diva] iz # P~1 |diva]|¢ and [diva]; # (diva alia: P, 
For a (°) tensor: ¢ = )7,; 00,ijb' ® bi = ay Fag” ® a), and he = PT |aliz.P = ”[aja, ie. o6,43 = 
o4,i5 for all 4, j. hus (S.67) gives diya = ee (dov,i5- b;)bi = )? Wij (doa,ij (Adj) (AGi) = Mdivag. 
Thus [diva]; # P~1 |div,o]|¢ and [diva]; # (diva cles Pz 


6 
bj = 


For a (5) tensor: ¢ = D>, ob; @ by = wij 7d 4 ® Gj, and (a), = P~*.[a]ja-P~* = x2[a]\a, ie. 
o;) = j,0% for all i,j. Thus (S.67) gives diya = iy (doy).b;)b; = 54 ig (dow? (AG;))(AGi) = divag. 
Thus [diva] 5 # P-! [divya]ja and [divng] F # [divag] (7: P. = 

Remark: (S.65) can be written 

O0%5 2 
diva = ye an, EB; (S.67) 


where (E;) is the canonical basis in M,, the space of n * 1 column vectors. 


T Natural canonical isomorphisms 


T.1 The adjoint of a linear map 


Setting of § A.12: E and F are vector spaces, E* = £(E;IR) and F* = L(F;R) are their dual spaces, 
and the adjoint of a linear map P € L(E; F) is the linear map P* € L(F*; E*) canonically defined by 


Vee F*, P*(£):=loP, written P*L=LP (T.1) 
(dot notations P*(¢) =n°ted P* ¢ and oP =noted ¢.P since Cand P* are linear), i.e., for all (€,i) € F* x E, 
P*(€)(u) = &(P(a)), written (P*.0).a = 2.P.t. (T.2) 


Interpretation: If P is the push-forward of vector fields, then P* is the pull-back of differential forms, 
see remark 7.5. In particular, it will be interpreted with P € £;(E£; F) (linear and invertible = a change 
of observer). 
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T.2 An isomorphism F ~ E* is never natural (never objective) 


Two observers A and B consider a linear map L € £(E; E*); Let P € L(E; E) be the change of observer 
endomorphism. Willing to work together, A and B (“naturally”) consider the diagram 


BY EF : + considered by observer A 
Pl +P (T.3) 
E re E* + considered by observer B 


Definition T.1 (Spivak [17].) A linear map L € C(E; E*) is natural iff the diagram (T.3) commutes for 
all P € L(E; E): 


Le L(£;E*) is natural — > VP ELE; E), P*oLoP=L. (T.4) 


(In that case, if A computes L.v with the top line of the diagram, if B computes with the bottom line of 
the diagram, then they can easily check their results since here L.v = (P* o Lo P).t.) 


Question: Does there exist an endomorphism L such that the diagram (T.3) commutes for all change 
of observers? That is, do we have 


WL €L(E;E), VP €L,(E;E), P*oLoP=L? (T.5) 


Answer: Always no (if L 4 0): 
Theorem T.2 A (non-zero) linear map L € £L(E; E*) is not natural: If L € £L(E; E*) — {0}, then 
SIP EL (EE) st. LAP*oLoP. (T.6) 


Proof. (Spivak [17].) It suffices to prove this proposition for B = R. Let L € £(R; (R)*), L £0. 

Let (@) be a basis in R (chosen by A). Let (b,) be a basis in R (chosen by B). 

Consider P € £;(R;R) defined by P(a,) = b; (change of observer), and let \ € R s.t. b} = Ad). Then 
(T.1) gives P*(€)(@1) := €(P(a1)) = €(b1) = €(AG1) = AL(G), thus P*(£) = dC for all £ € (R)*. 

Thus P*(L(P(a1))) = P*(L(A@)) = XP*(L(@1)) = A2L (a1) A L(G) when A? 4 1. E.g., P = 21 gives 
L#P*oLoP (=4L), thus (T.6): A (non-zero) linear map & > E* cannot be natural. vn 


Example T.3 Consider FE s.t. dim E = 1, and consider the linear map L € £(E; E*) which sends a basis 
(a1) onto its dual basis (71), so L is defined by L.d, := m1. 
Question: If (6,) is another basis, \ 4 +1 and 6, = Aa, (change of unit of measurement), does 


Lb, = 71, 1.e. does L also sends (b1) onto its dual basis? 


Answer: No. Indeed, by = = Ad, gives 71 = <Tal, thus LB: AL.G, = AT a1 151 A M1 since 
d? £1. In words: L is not natural, cf. (T.6). 

A different presentation: Let L4 and Lg be defined by L4.d; = ma; and Lp.b; = 7, for all 7. And 
suppose that b; = Ad; for all j. Then, L4.b; = \La.d; = Atay = ?tj = A7Lg.by # Lp.bj when d? 1, 
that is, L.4 #4 Lg when \? 41: An operator that sends a basis onto its dual basis is not natural. 7 


Example T.4 Let (-,-), be an inner dot product in E = R”. Let R, € L(E*;E) be the Riesz rep- 
resentation map, that is, defined by R,() = ly where ly is defined by (£,,3)q = 0.0 for all & € R®, 
cf (F.3). 


Question: Is Ry natural? 


Answer: No: Consider the diagram a 4 ds P) with P = AJ, \# £1. Then P* = XI, and 


P.Ry.P*£ = MRL # R,.£ gives P.Ry.P* # R,: So Rg is not natural, cf. (T.6). (You may prefer to 
consider the diagram (T.3) with L = R71.) 

A different presentation: Consider two distinct Euclidean dot products (-,-), and (-,-), (e.g., built with 
a foot and built with a metre). So (-,-), = *(:, -)g with \? 4 1. Let Ry, Ry, € L(R”; R") be the Riesz 
operators relative to (-,-), and (-,-)n, that is Ry Le ly and Rn. L= Lr are given by @.0 = (2,8) = = (0,,0)n 
for all @ € R”. We have @), = NE, cf .(F.11), thus R, = 2 R, # Ry, since \? #1: A Riesz representation 
operator is not natural (it is observer dependent). wa 
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T.3 Natural canonical isomorphism EF ~ E** 


Two observers A and B consider the same linear map L € £(E; E**) (where E** = (E*)* = £(E*;R)). 
Willing to work together, they (“naturally”) consider the diagram 


L 


E— E™ < considered by observer A 
P 4, Pe (T.7) 
E a BE + considered by observer B 


where P € L(E;E) is a linear diffeomorphism, P* € L(E*; E*) its adjoint, given by P*(¢) = 2oP 
cf. (T.1), and P** € £,(E**; E**) the adjoint of P*, thus given by P**(u) = uo P* for all u € E** 
cf. (T.1), ie. P** is given by, for all (€,u) € E* x E**, 

(P*™*(u))\(Q) =u(loP), ie. (P*™*.u)l=u.(@P). (T.8) 


Question: Does there exist a linear map L € L(E; E**) that is natural? 
Answer: Yes (particular case of the next proposition): 


Proposition T.5 The canonical isomorphism 


pes E> E™ (T.9) 
e |) @ 3u=Jn(a) defined by Jp(a)(0):= 0a, Vee E*, 


is natural, that is, F being another finite dimensional vector space, the diagram 


Pa LP written Pt ee (T.10) 
FF Fr F— F™ 
Tr J 


commutes for all P € L(E; F), i.e. 
VP EL(E;F), P’oTg= IroP, andwewrite Ex EB. (T.11) 
Thus we can use the unambiguous notation (observer independent ) 
F(a) Mz, and F(a)er te (= 22). (T.12) 
(And u = J (it) is the derivation operator in the direction U.) 


Proof. (Spivak [17].) It is trivial that Ze is linear and bijective (E is finite dimensional): It is an 


isomorphism. Then (P** o Je(a))(0) = Je (@)(eP) 2 (t0 P)(@) = E(P(@)) “= Fe(P(@)) (0), for all 
€€ F* and all @ € E, thus P*™* o Je(t) = Jr(P(U)), for all v € FE, thus P** o Sg = Tp oP. o 


Proposition T.6 (Characterization of Jz.) Je sends any basis (G;) onto its bidual basis. (Expected, 
since Jp(t) is the directional derivative in the direction ti, whatever U.) 


Proof. Let (@;) be a basis and (74;) be its dual basis (defined by mq;.@; = 6;; for all i,j). Then (T.9) 
gives Jp (G;).Tai = Tai-Gj; = Oi; for all i, 7, thus (Zz(G;)) is the dual basis of (7a;), i.e., is the bidual basis 
of (@;); True for all basis: Ta (b;)-To = To -b; = 64; for all i, 7. 7. 


T.4 Natural canonical isomorphisms C(F; fF’) ~ C(f*, E;R) ~ L(E*; F*) 


E, FA, B are finite dimensional vector spaces. Consider the canonical isomorphism 


a {take + £(F*, E;R) aay 


L +L=QJpp(L) where L(¢,i@):=€L.0, V(l,a)€¢F*x E. 
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Let P; € £;(E; A) and Py € L(F; B), and consider the diagram 


Tor 


L(E; F) “S £L(F*, E;R) 
peom| | Ip (T.14) 
L(A;B) — L£(B*,A;R) 
TAB 
where tse " 
Tp(L) =P2.L.Py'! and Zp(L)(b,@) = L(b.P2,P,'.@) V(b,@) € B* x A. (T.15) 


(Zp and Zp are the push-forwards for linear maps L € £(E; F) and for bilinear forms L € £(F*, E;R).) 


Proposition T.7 The canonical isomorphism Jer is natural, that is, the diagram (T.14) commutes for 
all P, € £;(E, A) and all Pp € L(F, B): 


natural 


Lp 0 Jup = JapoLp, and L(E;F) L(F*, E;R). (T.16) 


natural 


Thus £L(E*;F*)  ~  L(E; F). 


~ (TA zl (T.13) 


_, (T.13 25 -1-s oe 
Proof. Jas(Zp(L))(b 2) “=” bIp(L).a =” b.(Pa.L.PL).d = (0-P2).L(P a) =” Top (Lb. P2, PD) 
(72°) T (Jep(L))(b, @), true for all L € L(E;F), b € B*, 2 A, thus (T.16). 
Thus £(E*; F*\ 2 0((F*)*, B":R) = LF, EVR) 2 L(E™; PF) = L(B; F). fh 
Consider the canonical isomorphism (defines the transposed of a bilinear map) 
L(E,F;R) > L(F, E;R) 
T)(é,0) :=T(0,2), Va@o)c EXxF, T.17 
Ker Toker) [> Ker(2VG) = 7@,A), Vlad) € Bx (T.17) 


> 


and Zap € L(E, F;R) > L(A, B;R) defined by Zap(T) (a,b) := T(P,'.@, Py '.b) for all (@,b) € Ax B. 


Proposition T.8 The canonical isomorphism Kg is natural: For all (P,,P2) € £L;(E; A) x L(F; B), the 


L(E, F;R) Ker L(F, E;R) 
diagram Zap J 1 ZBa commutes: L(E, F;R) ae L(F, E;R). 
L(A, B;R) — L(B,A;R) 
Kap 


= 


Proof. Ker (Zan (T))(b,@) = Zan (T)(a, b) = T(Pz*.b, Py !.@) and Zpa(Kar(T))(G, b) = Ker (T)(Py a, Py +b) = 


T (Pz +.b, P,1.a), thus Kap o Zap = Zp, o Kop. rs 


T.5 Natural canonical isomorphisms C(F;L(E; F)) ~ L(E, E; F) ~ LUE", E, E;R) 


For application to the second order derivative d(di) ~ d?t and, with @ € T}(U), the notation di € T}(U), 
then dt € T}(U), ..., d*t € T}(U), .. 
Consider the canonical isomernhien 


alee + L(E, E: F) 
Jae : 


oy T; ui, U := T)(U1).te © F, Vii}, te € EB, 
T, > T2= Hee Srze(Ti)(th, th) (ti )-t2 U1, U2 


(T.18) 
and the canonical isomorphism 


L(E, E;F) > £(F*,E, E;R) 
P2368 : 
T, — Jo3n(T2) = T3 


P T3(@, U, v) = £.To(t1, U2), Vu, tg € E, Vée F*. (T.19) 


Proposition T.9 2 and Jo3 are natural. Thus Jo3 0 Jig is natural. 
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Proof. 1- We have to prove that the following diagram commutes: 


: Siz 
£(A:£(A;B)) 224 £(A, A: B) Yap (Te) (da 2) = Te(Py th, Py a) : 


(the “push-forwards) for all @,@ € A and Lap € L(A; B). 
Let T, € L(E; L(E; F)). We have 
Ji2a(Zap(T1)) (a1 ).dg = Zap(T1)(G1).de = Ti (Py *.@1).(Py *.a2), and 
Yas (Srop(Ti)) Gi, da) = Sroe(T1)(Py 41, Py | .d2) = T1(Py_'-G1).(Py Ga), 
thus Ji24 0 Zap = Yap o Size, thus JQ is natural. 
2- We have to prove that the following diagram commutes: 


L(E, E; F) Soap L(F*, E, E;R) 
Zap { Yap where 


L(A, A; B) 234 £(B*, A, AR 


€3.Zap(T2) (G1, G2) := (€B-P2).Ta(Py 41, P] *.2), 
Yap (T3)(€p, G1, d2) = T3(€p-P2, Py di, Py Ga), 


wa 


(T.21) 
(the “push-forwards) for all @,,@ € A and lp € B*. 
Let Tp € L(E, E; F). We have 
Jozallp, Zap(T2)(ai, @2)) = lp.Zap(T2) (a1, a) = (ep. Pa). T,(Py anPas dz), and 
Yap (Jo3a(T2)) (Cp, G1, @2) = Joza(T2)(C5-P2,P; a1, Py G2) = lp-Pr2. hips G1, Py ' a2) 
thus Jo34 © Zap = Yap o Jo3n, thus Jo3 is natural. a 


U__ Distribution in brief: A covariant concept 


We refer to the books of Laurent Schwartz for a full description. In continuum mechanics, with 0 an 
open set in R” and for the space of the finite energy functions L?(Q) and its sub-spaces, a distribution 
gives a covariant formulation for the virtual power, as used by Germain. 


U.1 = Definitions 


Usual notations: Let p € [1, co[ (e.g. p = 2 for finite energy functions), and let 


TPO) ={F: QR: f If@PaX< oo} and [Ifllo=(f V@Panyr, (U1) 
the space of functions such that | f|? is Lebesgue integrable with |].||, its usual norm. Then (L?(Q), ||.||z2) 
is a Banach space (a complete normed space). And let 

De (Q) = {f:Q>R: sup((f(#)!) <oo}, and ||flloo = sup (lf()!); (U.2) 
the space of Lebesgue measurable bounded functions with |].||.. its usual norm. Then (L°(Q), ||.||z0) 


is a Banach space (a complete normed space). 


Definition U.1 If f € F(Q;R), then its support is the set 


supp(f) := {v €Q: f(a) £0} =the closure of {cv EQ: f(a) 4 0} (U.3) 
= the set where it is interesting to study f. 
The closure is required: E.g., if Q =]0,27[ and f(a) = sina for all x € w, then {x ©: f(x) £0} = 
]0, r[U]m, 27[; And the point 7 is a point of interest since sin varies in its vicinity: f’(a) = cos(z) = —1 4 0; 
So it is the closure supp(f) := ]0, a[U]7, 27[ = [0, 27] that is considered. 
Definition U.2 (Schwartz notation, D being the letter after C:) Let 


D(Q) := CS (Q;R) = {y € C°(Q;R) s.t. supp(y) is compact in O}. (U.4) 


188 


189 U.2. Derivation of a distribution 


E.g., Q=R, v(x) := eT? ife €]—1,1[ and y(x) := 0 elsewhere: y € D(R) with supp(y) = [—1, 1]. 


And D(Q) is a vector space which is dense in (L?(Q), ||.||z») for any p € [1, oof. 
Definition U.3 A distribution in Q is a linear D(Q)-continuous® function 
D(Q) +R 
i e + 7(e)"" 2,9) si 


The space of distribution in 2 is named D’(Q) (the dual of D(Q)). 
The notation (T,¢~)p(a),p(a9y = (T,) is the “duality bracket” = the “covariance-contravariance 
bracket” between a linear function T € D'(Q) and a vector y € D(Q). 


Definition U.4 Let f € L?(Q). The regular distribution Ty € D’(Q) associated to f is defined by 
v= f fe) fla)y(x) dQ, Vy € D(O). (U.6) 


So Ty is a measuring instrument with density dmy(x) = f(a) dQ, ie. Ts(y) := Jo v(x) dmy(z). 


Definition U.5 Let zo € R”. The Dirac measure at xo is the distribution T are 


by, for all y € D(R), 


dx € D’(R) defined 


dxo(¥) = P(#o), Le. (bx,) = 9(20)- (U.7) 


And 6,, is not a regular distribution (6,, is not a density measure): There is no integrable function f 
such that Ty = 6,,. Interpretation: 6,, corresponds to an ideal measuring device: The precision is perfect 
at to (gives the exact value y(xo) at xo). In real life 6,, is the ideal approximation of Ty, where f,, is 
e.g. given by f, (xr) = Migs moh] (drawing): For all y € D(Q), Ty, (Y) —en—sc0 5x9 (Y) = Y(Lo)- 


Generalization of the definition: In (U.5) D(Q) = C%(Q;R) is replaced by C&°(Q;R”). So if you 
consider a basis (é;) then @ € CS°(Q;R”) reads B = 7"_, y*é; with y’ € D(Q) for all i. 


Example U.6 Power: Let a : Q — TP(Q) be a differential form. Then P = T, defined by 
P(@) = Jy a.0dQ gives the virtual power associated to a relative to the vector field & (mechanics and 
thermodynamics). va 


U.2 Derivation of a distribution 


Let O be a point in R” (an origin). If p € R” and if (&) is a basis in R”, let # = Op = Seg tien 


Definition U.7 The derivative 2 5x of a distribution T € D’(Q) is the distribution € D’(Q) defined by, 
for all y € D(Q), 


OT Oy . OT Oy 
= —T e. ie : U.8 
sale) = -T(52), te. (Sy) = (7, 5%) (U8) 
(= is indeed a distribution: Easy check.) 
Example U.8 If T = T; is a regular distribution with f € oe then ors) = Tet): Indeed, for all 
yp € D(Q), oC) () = T; (22) = — fofla)x¢ dQ = + fo gt x) dQ + f.0dI, since y vanishes on 
T= 00 (the support of y is compact in ae ae og = Hae y) for all yp € D(Q). vn 


Example U.9 Consider the Heaviside function (the unit step function) Hp := IR, “7 the associated 
distribution T = Ty,. Then ((TH,)',%) := —(TH, 4’) = — fg Ho(2)y' (x) dx = — Jor ¥ x) dx = y(0) = 
(50, ¢) for any y € D(R), thus (Ty, )’ = 60. Written Ho’ = dp in D’(Q), which is not ina Mane between 
functions, because Ho is not derivable at 0 as a function, and do is not a function; It is equality between 
distributions: The notation Ho’ can only be used to compute Ho’ (y) (= (Ho’, y) := —(Ho, ¢’)). oc 


3The D(Q)-continuity of T is defined by: 1- A sequence (yn)y* in D(Q) converges in D(Q) towards a function y € D(Q) 


k 
iff there exists a compact K C 0 s.t. supp(gn) C K for all n, and lla? a ra £2 —||oo —*n-r00 0 for all k E N 
iy ty CPG, 


Vip 
and all i;; 2- T is continuous at y € D(Q) iff T(yn) ae T(y) for any sequence (yn)n € D(Q)S ae in D(Q). 
n co 
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U.3 Hilbert space H!(Q) 


U.3.1 Motivation 
=x+1if xé€ [-1,0], 
Consider the hat function A(x) < = 1-2 if x € [0,1], (drawing). When applying the finite element 


= 0 otherwise 
method, it is well-known that, if you use integrals (if you use the virtual power principle which makes 
you compute average values), then you can consider the derivative of the hat function A as if it was the 
usual derivative, i.e. at the points where the usual computation of A’ is meaningful, that is, 


= 1ifx€]-1,0, 
A(x) < = -1if x €]0,1], (U.9) 
0 if < €R—{-1,0,1} 


I 


(drawing). 
Problem: A’ is not defined at —1,0,1 (the function A is not derivable at —1,0, 1); 
Question: So does the “usual” computation J = J, A’(x)y(x) dx with (U.9) gives the good result? (This 
is not a trivial question: E.g., with Ho = 1p, instead of A, we would get the absurd result Hj = 0, 
absurd since Ho = do.) 
Answer: Yes: 

1- Consider T, the regular distribution associated to A, cf. (U.6); 


2. Then consider (T,)', cf. (U8): We get ((Tr)',y) ‘2 -(t,¢') = — | Ma)p'(e) de = 
R 


0 1 
-| A(x)y Hayao f A(a)y' (#) dx = +f 1j-10(2)p(@ Jac f 1jo,1(y(x) dx, for any y € D(R); 
=| 


3- Thus i. Ty where . = h-10, + ho, 1, that is (Z))’ is a regular distribution, And its is named 
f = A’ within the distribution Sake i.e., for computations (A’,y) := ((T,)’, y) with y € D(R) 


(value = fy f(x)y(a) dz). 


U.3.2 Definition of H'(Q) 


The space C1(Q;R) is too small in many applications (e.g., for the A function above); We need a larger 
space where the functions are “derivable is a weaker sense” which is the distribution sense. Consider a 
basis in R”: 


Definition U.10 The Sobolev space H1'(Q) is the subspace of L?(Q) restricted to functions whose gen- 
eralized derivatives are in L?(Q): 


0 


HQ) ={ve LQ): an € 17(), Vi=1,...,n}. (U.10) 


Usual shortened notation: H!(Q) = {v € L?(Q) : gradu € L?(Q)"}. 


So to check that v € H+(Q), even if ge ~ does not exists in the classic way (see the above hat function A), 
you have to: 

1- Consider its associated regular distribution T),, 

2- Compute 5 gr in D’(Q), 

3- And if, for “al i, there exists fj € L?(Q) s.t. 9 =Ty,, then v € H1(Q). 


4- And then f; is noted ge ~ when used within ve Lebesgue integrals J, 2° (x) p(x) dx with py € D(Q). 


E.g., A € H1(R) since (Tr) = = T; with f = h_19, + loa, € L7(R); And (Ty)! =P°te4 A’ (= f) in the 
distribution context (integral computations). 


Let (-,+)z2 and |].||z2 be the usual inner dot product and norm in L?(Q), i.e. 


(u,v) r2 = | u(a)v(a) dQ, and |le|lz2 = V/(v,v)p2 = (f v(x)? dQ)?. (U.11) 
Q Q 
(L7(Q), (-,-)z2) is a Hilbert space. Then define, for all u,v € H+(Q), 
Ou ous 1 
(u,v) = (u,v) 22 a+ ae = re, and |lvlla =(v,v)2a. (U.12) 


Then (H1(Q), (-,-)q1) is a Hilbert space (Riesz—Fisher theorem). 
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With a Euclidean dot product (-,-), in R” and a (-, -)-orthonormal basis, 
(u,v) pn = (u,v) p2 + (gradu, gradv) p>. (U.13) 
U.3.3 Subspace Hj(Q) and its dual space H~!() 
The boundary TP = 00 of Q is supposed to be regular. Let 
Hj (Q) := {uv € H'(Q) : yp = Of. (U.14) 


Then (H9(Q), (-,-)1) is a Hilbert space. 
—____ Ff} 


More generally (without any regularity assumption on [), Hd(Q) := D(Q) = the closure of D(Q) 
in (H'(Q),||.||71): This closure of D(Q) in H!(Q) enables the use of the distribution framework. 
Notation : The dual space of Hj(Q) is the space 


H~"(Q) = (Hg (Q))' = £(H9(Q); R) (U.15) 
equipped with the (usual) norm ||T||q-1 := sup |T(v)|. And (duality bracket), if v € H4(Q) and 
[olla =a 
T € H~'(Q) then 
T(v) "E* (T,v) p13 "EF (7,0). (U.16) 


Theorem U.11 (Characterization of H~'(Q) = (Hj(Q))’.) A distribution T is in H~'(Q) iff 


A(f, 9) € L?(Q) x L?(9)" st. T= f —divg (€ D’(Q)), (U.17) 


that is, for all v € H}(Q), 
(Tv) y-1,H2 = i fudQ +f dv.g dQ. (U.18) 
Q Q 


And if Q is bounded then we can choose f = 0. If moreover g € H'(Q)” then 
(T, v) y-1 a = | f(x)v(a) dx — i divg(x)v(x) dx. (U.19) 
Q Q 
(In fact we only need § € Haiy(Q) = {G € L?(Q)” : divg € L?(Q)}.) 


Proof. E.g., see Brezis [4]. va 


For boundary value problems with Neumann boundary conditions, we then need (H+(Q))/ the dual 
space of H'(Q). Characterization of (H1(Q))/: We still have (U.18), but we have to replace (U.17) 
or (U.19) by, with a Euclidean dot product in IR”, see Brezis [4], 


(Tv) (Hy A = [ fere) dx — [ vata dx + | G(x) « v(x) v(x) da. (U.20) 


rT 
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